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Abstract—In this paper, we present an improvement and a new
implementation of a simplified decoding algorithm for non-binary
low density parity-check codes (NB-LDPC) in Galois fields GF(q).
The base algorithm that we use is the Extended Min-Sum (EMS)
algorithm, which has been widely studied in the recent literature,
and has been shown to approach the performance of the belief
propagation (BP) algorithm, with limited complexity. In our
work, we propose a new way to compute modified configuration
sets, using a trellis representation of incoming messages to check
nodes. We call our modification of the EMS algorithm trellis-EMS
(T-EMS). In the T-EMS, the algorithm operates directly on the
deviation space by considering a trellis built from differential
messages, which serves as a new reliability measure to sort
the configurations. We show that this new trellis representation
reduces the computational complexity, without any performance
degradation. In addition, we show that our modifications of the
algorithm allows to greatly reduce the decoding latency, by using
a larger degree of hardware parallelization.

Index Terms—Extended Min-Sum, Non-binary LDPC,
message-passing decoder, trellis representation, hardware
implementation, layered decoder.

I. INTRODUCTION

OVer past decades, iteratively decodable codes, such as
Turbo-codes and LDPC codes [1], [2], have revolution-

ized the area of error control coding, and these codes have
rapidly found their way towards applications and standards [3].
Although these codes have shown impressive results for binary
transmissions using long codewords (N > 10 000), their
advantage compared to other coding schemes weakens when
the application constraints include: (i) Very high-throughput
transmission requiring multi-antenna communication or very
high-order modulation (256-QAM and beyond), (ii) short
frame transmission (typically N = [500, 3000]), when latency
issue is concerned to ensure real-time transmissions, or (iii)
quasi-error free transmission, where very low frame error rates
are required (typically below FER = 10−9). After the early
works of Davey [4], non-binary generalizations of LDPC codes
have been extensively studied in the academic world. This
includes, in particular, non-binary LDPC codes defined on
larger order Galois fields GF(q) [5], [6], [7]. The important
gains that NB-LDPC codes provide have to be balanced with
the increased decoding complexity of NB-LDPC decoders,
which has often been thought as an unavoidable bottleneck
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preventing the implementation of NB-LDPC decoders in prac-
tical systems. However, it has been shown that simplified,
sub-optimal implementations of NB-LDPC decoders are in-
dustrially feasible, in terms of implementation complexity [8],
[9], [10], [11], [12], [13], [14]. In particular, the complexity
of the check node operator has been reduced from O(q2),
for a direct implementation of the belief propagation (BP)
update equations [4], to O(nm log nm), with nm << q, using
the Extended Min-Sum (EMS) algorithm [9], [10]. The EMS
algorithm has received much attention in the recent literature,
and will serve as a basis for our work. This algorithm
reduces both the computational and the storage complexities
by choosing only nm most reliable values from each incoming
vector message. With only nm values in each message, the
EMS algorithm builds configuration sets conf(nm, nc), where
nc is the number of deviations from the most reliable output
configuration, and computes the extrinsic messages using those
sets.

In this paper, we propose a new way of computing a sub-set
of the configuration sets, by using a trellis representation of the
input messages to the check nodes. Preliminary treatments of
this algorithm have been introduced in [15], [12]. We call our
modification of the EMS algorithm trellis-EMS (T-EMS). In
the T-EMS, we propose to directly work on the deviation space
by considering a trellis built from differential messages, which
serves as a new reliability measure to sort the configurations.
In the trellis representation, we only select the nr most reliable
messages in each row of the trellis, then combine at most nc
of them to form the output message at the check node, where
nc now represents the number of deviation rows from the most
reliable configuration.

The T-EMS algorithm has the following advantages com-
pared to the original EMS algorithm or its modified versions.
One is that we do not select nm most reliable values from
a q-sized vector, but we only select nr most reliable values
from a dc-sized vector (where dc is the check node degree).
This reduces the number of configurations tested, especially
for large values of dc. We show by simulations that reduced
complexity does not impact the error correction performance
of the algorithm. Another feature of the T-EMS is that, thanks
to the structure of the trellis and the inclusion of an extra
trellis column, which represents reliabilities of the syndrome
values, it is possible to perform the check node updates in
a block-wise fashion. That is, we can compute the dc output
vector messages from the dc incoming messages in parallel,
and not sequentially or in a forward-backward (F/B) fashion
[9], [16]. As a result, with a sufficient level of parallelism in
the hardware implementation of the T-EMS, a factor gain of dc
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could be achieved in decoding throughput/latency compared to
other algorithms.

In a second part of the paper, a high-level hardware model of
the T-EMS under layered scheduling is presented and hardware
synthesis measures are computed for the T-EMS algorithm on
a high-rate GF(4) NB-LDPC code, which has been proposed
as error-correcting code for magnetic recording applications.
We show that the T-EMS has a decoding throughput up to
3.6 Gbits/s with a reasonable synthesis area. Monte Carlo
simulations are conducted for various codes, and comparisons
with the BP-decoder and the regular EMS-decoder are shown.
A discussion on the advantages of the T-EMS architecture
compared to other solutions proposed in [17], [18], [19], [20],
[13] is also provided.

II. NOTATIONS AND BASIC DEFINITIONS

A NB-LDPC code is defined by a very sparse parity-
check matrix HM×N (hereinafter referred to as H), which
can be represented by a bipartite Tanner (or factor) graph [21],
[22]. The matrix H has M rows and N columns: each row
corresponds to one non-binary parity-check equation (i.e., one
check node of the Tanner graph) and each column corresponds
to one GF(q) symbol of the codeword (i.e., one variable node
of the graph). To simplify the description of the Tanner graph
and the message passing algorithms, we use a single notation
dv for the variable nodes degree and dc for the check nodes
degree. When the LDPC code has irregular degree distribution,
the values of dv and dc are varying with the nodes indices. Let
α be a primitive element in GF(q), then all the elements in this
field can be represented as: 0, 1, α, α2, . . . , αq−2. The code
rate is defined as R = (N −M)/N , assuming that the matrix
H is full rank. Let {hvc}v,c denote the non-binary elements
in the matrix H , which are values in the Galois field GF(q).
The c-th parity-check equation can be written as

dc∑
v=1

hvcxv = 0 in GF(q)

where xv, v = 1 . . . dc are the code symbols involved in the
c–th parity-check equation. In order to decode a NB-LDPC
code, one uses iterative message passing decoders, for which
the messages are defined as q-dimensional vectors. We will use
the notations of [8] for the vector messages (as shown in Fig.
1). Aside from the variable nodes (VN) and the parity-check
nodes (CN), the factor graph of a NB-LDPC code comprises
extra function nodes named as permutation nodes (PN), which
represent the action of the non-binary values in H [8]. Let
Vpv, p = 1 . . . dv denote the vector messages coming into VN
v of degree dv , and Uvp be the output vector message of v.
The entry Uvp[β] in the vector message means that the variable
node v takes the value β ∈ GF(q) with reliability Uvp[β]. The
notation ‘vp’ means that message flows from VNs to PNs, and
‘pv’ means that the message goes in the opposite direction. We
define similar vector messages Upc, p = 1 . . . dc and Vcp for a
degree dc CN.
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Figure 1. Message notations on a NB-LDPC factor graph.

III. BRIEF PRESENTATION OF EMS-BASED NB-LDPC
DECODERS

A. Log-domain update rules based on Min-Sum

All practical decoders are defined in the logarithm domain,
and can be decomposed into the five following steps. Note
that in this section, all messages are assumed to be vectors of
size q.
• Initialization: For each variable node v(v = 1 . . . N), the

initial Log-Likelihood Ratio (LLR) message is given as:

Lv[β] = log
Pr(yv/xv = β)

Pr(yv/xv = 0)
, β ∈ GF(q) (1)

where xv (resp. yv) is the coded symbol (resp. channel
value) corresponding to the v-th variable node. During
the first iteration, each variable node sends the vector
message Uvp[β] = Lv[β] to the permutation nodes
connected with it. Note that taking xv = 0 as a reference
symbol is arbitrary, and other equivalent LLRs could be
defined.

• Variable nodes update: Each variable node v has dv
incoming messages {Vpv}p=1...dv ∈ Rq . By combining
the channel values with extrinsic input messages, the
variable node v sends the extrinsic output messages Uvp
to its adjacent permutation nodes:

Uvp[β] = Lv[β] +

dv∑
t=1,t6=p

Vtv[β],
β ∈ GF(q)
p = 1 . . . dv

(2)

• Permutation: During the decoding of NB-LDPC codes,
one needs to perform permutations of the vector messages
due to the effect of the non-binary elements hvc labeling
the edges of the Tanner graph. The output message of a
variable node is permuted as:

Upc[β] = Uvp[h
−1
vc β],

β ∈ GF(q)
p = 1 . . . dv

After the check node update, the inverse permutation is
performed as:

Vpv[β] = Vcp[hvcβ],
β ∈ GF(q)
p = 1 . . . dc
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• Check node update: For each check node c, we consider
dc incoming messages {Upc}p=1...dc ∈ Rq . The check
node c sends extrinsic output messages {Vcp}p=1...dc

to its dc adjacent permutation nodes. The check node
update function for a Min-Sum based algorithm consists
in replacing the convolution operation of the BP equations
by a min operation, the following way:

Vcp[β] = min
βt 6=p;

∑
t βt=β

dc∑
t=1,t6=p

Utc[βt] ∀β ∈ GF(q)

(3)
The complexity of the check node update is of the order
of O(q2) using a recursive implementation of equation
(3), in the so-called Forward/Backward manner [23].

• Tentative decision: For each variable node v, the es-
timated symbol x̂v is deduced from the dv incoming
vector messages of the adjacent permutation nodes and
the channel value.

x̂v = arg max
β∈GF(q)

(
Lv[β] +

dv∑
p=1

Vpv[β]

)
(4)

For NB-LDPC decoding, the most complicated step is the
check node update and the complexity increases significantly
as the field size q and the check node degree dc increase. The
EMS algorithm [8], [9] that we briefly describe in the next
section has been introduced to reduce the complexity of the
parity-check node update.

B. EMS algorithm

In EMS, the messages are truncated to only nm << q
values [8], [9], by selecting the nm most reliable values in
each message. In [8], the authors introduced the concept of
configuration sets to reduce the complexity of the check node
update. The configuration sets are defined in the following
manner:

conf(nm) =
{
βK = [β

(k1)
1 . . . β

(kdc−1)
dc−1 ]T :

∀K = [k1 . . . kdc−1]T ∈ {1 . . . nm}dc−1
} (5)

ki in the configuration set means the ki-th most reliable
value from the i-th incoming vector message. Any vector of
dc−1 field elements β(ki)

i in this set is called a configuration.
The configuration set conf(1) contains only one element that
forms the most reliable output configuration. We denote it, in
the rest of the paper, as 0-order configuration. A configuration
that differs from the 0-order configuration is called a deviated
configuration. In order to further reduce the number of config-
urations used for the check node update, one can restrict the
maximum number of deviations from the 0-order configuration
to nc. Let us assume that the output message is at the dc-th
edge of the check node, the following configuration set:

confβ(nm, nc) =

{
βK ∈ conf(nm, nc) : β +

dc−1∑
p=1

β(kp)
p = 0

}
(6)

is used to compute the output value at index β ∈ GF(q) of the
dc-th output message. Using this definition of configuration

set, the EMS update equation for the check node can be
written:

Vcdc [β] = max
βK∈confβ(nm,nc)

dc−1∑
p=1

Upc[β
(kp)
p ] ∀β ∈ GF(q)

(7)
Let us take an example that we will use to stress out the

differences between the EMS and our new T-EMS algorithm.
In Fig. 2, we represent the trellis of messages for a check
node with degree dc = 5 on GF(4). Each row represents the
possible symbol values in GF(4). Note that the trellis that we
use in this paper is not the same as the ones of convolutional
codes or of Markovian state spaces, but represents the different
Galois field values that the symbols participating to a parity-
check can take. The same trellis representation has been used
in other papers [14].
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Figure 2. Trellis for a check node in the EMS with nm = 3.

In the trellis, the solid path connects the most reliable values
of each incoming vector message and forms the main path
corresponding to the 0-order configuration in confβ(nm, nc).
The most reliable path is formed from the sequence of field
values β(0)

p , p = 1 . . . dc−1. Then, we select nc columns from
which deviated symbols are chosen from the second largest
value to the nm-th largest value. The update of the output
message is then the maximum reliability of all configurations
in confβ(nm, nc). Based on the Forward/Backward (F/B)
implementation [9], an efficient way to select recursively the
configuration with the largest reliabilities was proposed in
[11]. This implementation makes use of 2(dc−3) intermediate
messages, each of which is computed with a maximum of
O
(
nm
√
nm
)

comparisons. The decoding complexity of the
check node update was then greatly reduced, with a negligible
loss in the waterfall region and no loss in the error floor region.

Let us finish this section with a discussion about the de-
coding latency. In the implementations of the EMS algorithm
proposed in the literature, the check node update is based
on a sequential computation of the elementary steps, and it
is indeed difficult to consider a parallel hardware implemen-
tation that would reduce the decoding latency. Even with a
high degree of parallellism allowing the computation of one
elementary step in one clock cycle, the minimum number of
clock cycles to implement the check node update is dc − 1,
and as a result, the decoding latency is very poor for high rate
codes (large values of dc). We propose in the next section a
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modification of the EMS algorithm, which reduces the number
of required configurations for the message updates, and solves
the latency issues.

IV. EMS ALGORITHM BASED ON TRELLIS: T-EMS

A. Modified trellis representation

In order to introduce our T-EMS algorithm, we need to
define a new vector message domain: the delta message
domain, which has already been used in other works [15],
[24]. Let Upc be a full (not truncated) vector message of size
q, and β

(0)
p be the index of the most reliable element in this

vector. The delta message associated with Upc, and denoted
as∆Upc is defined by:

∆Upc[η = β(0)
p + β] = Upc[β

(0)
p ]− Upc[β],

β ∈ GF(q)
p = 1 . . . dc

(8)
Using the largest element as a reference makes the delta

message entries all positive. It should be also noted that using
this representation, the k-th most reliable index in a message
corresponds to the k-th smallest value in the delta domain, so
that the ‘maximum’ operator of the preceding section will be
replaced by the ‘minimum’ operator. In the rest of the paper,
when the messages are considered in their non-delta form, they
will be refered to as normal-domain messages. The trellis of a
check node is transformed from the original one in Fig. 2 to a
trellis in the delta domain, as shown in Fig. 3. With this new
trellis representation, the most reliable output path (0-order
configuration) corresponds to the first row of the trellis. The
deviated configurations forming the configuration sets will be
chosen in this new trellis.
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Figure 3. Trellis in GF(4) for delta message and delta index

Additionally, we propose to add an extra column in the
trellis, whose purpose is to represent the syndrome values of
the non-binary parity-check. Let β(0)

p , p = 1 . . . dc denote the
Galois field values forming the 0-order configuration (note that
in the T-EMS, we consider the dc input together instead of
only the dc − 1 extrinsic messages as in the EMS algorithm).
The value βmax =

∑dc
p=1 β

(0)
p is the syndrome value of the

parity-check equation, when we use the most reliable values
in the messages Upc, p = 1 . . . dc for each of the incoming

symbols. We use the value βmax to build the delta domain
representation of the extra column in the trellis, which makes
the 0-order configuration path to end at the zero state in the
delta domain trellis (see Fig. 3). Note that when the values
β
(0)
p , p = 1 . . . dc verify the parity-check, then βmax = 0. The

log-reliability metric Lmax associated with βmax is defined
as:

Lmax =

dc∑
p=1

Upc[β
(0)
p ] βmax =

dc∑
p=1

β(0)
p (9)

B. T-EMS configuration sets

The deviations are built from selected states in the trellis
that are chosen row-wise. Only the nr minimum values out of
the dc possible values are kept, and a deviated configuration of
order nc (which differs from the 0-order configuration in only
nc indices), involves the selection of nc different rows in the
delta domain trellis. Let us define the new configuration sets,
denoted Tconfη(nr, nc), accordingly. Following the notations
of configuration sets in equation (6), but changing the symbol
notations from the normal domain to the delta domain, a
configuration in the delta domain trellis will be denoted by
ηK = [η

(k1)
1 . . . η

(kdc )
dc

]T , where η
(kp)
p represents the kp-th

symbol in the p-th column of the delta domain trellis. The
possible values for η(kp)p belong to a limited number of trellis
nodes, which are selected row-wise. Let us denote by A the
subset of trellis nodes considered to build the configuration
sets. Additionally, we denote by Ap (respectively, Aj) the
subset of A which contains the symbol values on the p-th
column (respectively, the j-th row) of the trellis. Therefore,
we have:

A =

dc⋃
p=1

Ap =

q−1⋃
j=0

Aj (10)

A0 contains all the symbols composing the first row (0-
order configuration), that is β(0)

p , p = 1 . . . dc, or equivalently
η
(0)
p = 0, p = 1 . . . dc. Then we add to A the nr smallest

values in each row of the delta domain trellis, denoted as Aj =(
η
(j)
kj1
, . . . , η

(j)
kjnr

)
for the j-th row, j = 1 . . . (q−1). The total

number of nodes which compose A is therefore dc+nr (q−1).
As a result of this selection of nodes in the trellis, the number
of possible symbol values in each column p is not constant,
as opposed to the regular EMS algorithm, where exactly nm
values were chosen in each column. This constitutes the main
difference between the EMS and the T-EMS algorithms. In
order to illustrate the functioning of the T-EMS, let us present
a simple numerical example based on Fig. 3.

Exemple

In Fig. 3, we have selected nr = 2 values in each row, and
the number of selected nodes in each column is not constant
as column 2 has 3 possible states (including the state of the
0-order configuration), while the other columns have only 2
possible states.

A configuration for the T-EMS algorithm is then a deviated
path, which differs in at most nc symbol locations from the 0-
order configuration. The deviations are taken row-wise in the
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set A described above. In addition, when the NB-LDPC code
is designed over an extension Field with characteristic 2, i.e.,
when q = 2p, and when nc ≥ 2 we forbid the deviated path to
select two nodes in the same row, such that all values in ηK =

[η
(k1)
1 . . . η

(kdc )
dc

]T , which differ from the 0-order configuration
belong to exactly nc different rows. Indeed, in the case of
binary extension Fields GF(2p), removing such deviated paths
does not lose generality for the following reason. In the delta
domain, let us take a path ηK with nc deviations, which has
two deviated symbols in the same row j ≥ 1 and for which
the Galois field sum is equal to η =

∑dc
p=1 η

(kp)
p . Let us now

take a modified path η∗K with only nc − 2 deviations such
that the two symbols with the same row in ηK are set to the
symbols in the first row in η∗K . Both configurations ηK and
η∗K have the same syndrome value η, but η∗K will always have
a larger reliability1. The deviated paths with two symbols in
the same row j ≥ 1 will then not contribute to the check node
update: we can remove them from the configuration sets. Note
that this constraint follows from the fact that we consider the
check node update in the delta domain and is only limited
to NB-LDPC codes in GF(2p), and it could also be used in
the regular EMS algorithm or in MS-based algorithms [13],
[25]. The configuration sets Tconfη(nr, nc) for the T-EMS
algorithm are then defined the following way:

Tconfη(nr, nc) =

{
ηK = [η

(k1)
1 . . . η

(kdc )
dc

]T : η =

dc∑
p=1

η(kp)p ,

∀
(
ki1 , . . . , kinc

)
∈ Aki1 ⊗ . . .⊗Akinc ,

1 ≤ i1 < i2 < . . . < inc ≤ dc, kis ≥ 1, kis 6= kit}
(11)

In the above definition, taking the nc deviations in the
Kronecker product of row-wise symbol sets Aki1⊗. . .⊗Akinc
ensures that the configurations we consider have nc devi-
ations belonging to distinct rows. Note that the nc devia-
tions

(
ki1 , . . . , kinc

)
also belong to the Kronecker product

of column-wise symbol sets Ai1 ⊗ . . . ⊗ Ainc . The config-
uration set Tconfη(nr, nc) defined above contains all valid
configurations used for the T-EMS algorithm, that have exactly
nc deviations from the 0-order configuration. Finally, we
introduce the following notation for the configuration set that
contains all valid configurations with at most nc deviations:

Tη(nr, nc) =

nc⋃
n=0

Tconfη(nr, n) (12)

The total number of configurations in Tη(nr, nc) impacts the
complexity of the decoding algorithm, and the T-EMS aims
at minimizing the cardinality of the configuration sets when
the delta domain trellis is used. The cardinality of Tη(nr, nc)
depends on how the nr (q − 1) values are spread among the
columns of the trellis. However, we can give an upper bound
on this number, which corresponds to the worst case where all
selected values are spread uniformly among the trellis sections.

This upper bound is given by
(
q − 1
nc

)
nr
nc . As we can

1Recall that the symbols in the first row of the delta domain trellis are the
ones with maximum reliability.

see, this number does not depend on dc, which makes the
T-EMS algorithm complexity and latency approximately the
same for all coding rates. The only additional complexity when
dc grows lies in the selection of the nr minimum values in
each row of the trellis. This feature of the T-EMS algorithm is
especially interesting for very high rate codes with R ≥ 0.9,
and for which the existing NB-LDPC decoders show a very
poor latency.

C. T-EMS Algorithm Description

The T-EMS algorithm is described in this section, only for
the parity-check node update. For clarity of the presentation,
the description of the check node update is decomposed into
four different steps listed in Algorithm 1. Let us define some
notations first. As explained in the preceding section, one
feature of the T-EMS algorithm is that it makes use of an extra
column in the trellis, which represents the syndrome values
of the parity-check equation. We associate with each node of
this extra column reliability values stored in vector ∆W [η],
∀η ∈ GF(q). Note that in particular, the path with maximum
reliability in the delta domain is stored in ∆W [0] = Lmax
(see equation (9)).

Algorithm 1 T-EMS Implementation steps of a check node
update

a) Build the delta domain messages ∆Upc, p = 1 . . . dc,
and the corresponding trellis from the messages Upc,
p = 1 . . . dc,

b) Compute the configuration sets of the T-EMS,
Tη(nr, nc), and compute the reliabilities for the extra
column, ∆W [η], ∀η ∈ GF(q),

c) Initialize output extrinsic messages ∆Vcp with the
maximum allowed amplitude Amax, then compute the
extrinsic messages for each output edge from the values
of ∆W [η] ∀η = 0, . . . , αq−2,

d) Transform the messages back to the normal domain and
perform offset/factor compensation.

Let us now describe in details each step in the Algorithm
1.

a) Compute delta domain messages:
In the T-EMS algorithm, the vector messages are not truncated
to nm values, and the delta domain vector messages of size q
are obtained using equation (8), for each incoming message
Upc, p = 1 . . . dc, of a check node.

b) Compute syndrome column reliabilities from configu-
ration sets:
Compute the configuration sets Tη(nr, nc) following equations
(11) and (12). The reliabilities of the extra column are then
updated using the configurations stored in Tη(nr, nc) with the
usual min() operator:

∆W [η] = min
ηK∈Tη(nr,nc)

dc∑
p=1

∆Upc[η
(kp)
p ] (13)

Note that due to the use of the extra column in the treillis,
the minimum in equation (13) uses configurations built from
all the dc incoming messages to a check node, while in the
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original EMS algorithm, the minimum was computed using
only the extrinsic messages for a particular output edge (i.e.
the EMS configurations used only (dc−1) incoming messages
to a check node). However, since we make use of all the the
extra column reliabilities ∆W [η], η ∈ GF(q) to compute the
output extrinsic messages (see next step of the algorithm),
there is no loss of generality in considering dc incoming
messages instead of dc times (dc−1) messages. In other words,
even if the configuration sets in the EMS and the T-EMS
are different, they are built such that they both contain the
configurations which lead to the maximum output reliabilities
at the extrinsic level. Assume, for instance, that you want to
fill the extrinsic value for the first entry of the dc-th column,
i.e. ∆Vdcc[0]. In the EMS, you would consider configurations
such that

∑dc−1
p=1 ηK(p) = 0, while in the T-EMS, we consider

all configurations such that η = η
(η)
K (dc) (clear from equation

(14)), which are both the same constraint. Since we compute
all q possible values of η in the last column with equation (13),
we cannot miss the configuration with maximum reliability.

Example (cont’d)

The first value of the extra column ∆W [η = 0] = 0 is filled
with the maximum reliability in the delta domain, which is
zero, and the corresponding path is the 0-order configuration.
The second value of the extra column ∆W [η = 1] = 5 is
filled with the sum of the reliabilities on the configuration that
has only one deviation in the second column ηK = [0 1 0 0 0].
The third value ∆W [η = α] = 10 corresponds also to one
deviation, but this time in the first column, and finally, the last
value ∆W [η = α2] = 15 corresponds to a configuration with
two deviations ηK = [α 1 0 0 0].

c) Compute extrinsic output messages:
From the previous step, we have now computed the extra
column vector ∆W [η], η ∈ GF(q), and we have also stored
in a local memory the configurations (set of Field values),
which have reliability ∆W [η]. Let η(η)K denote the configura-
tion that has reliability ∆W [η]. The output messages ∆Vcp,
p = 1, . . . , dc are computed using the following equation,
p = 1 . . . dc:

∆Vcp[η
(η)
K (p) + η] =

min
(

∆Vcp[η
(η)
K (p) + η] , ∆W [η]−∆Upc[η

(η)
K (p)]

) (14)

In equation (14), the index η
(η)
K (p) corresponds to the

deviation symbol in the p-th column, for the configuration η(η)K

whose syndrome value is η. Note that when a configuration
has no deviation at location p, then the update equation is
restricted to a simple copy of ∆W [η]. As we can observe,
the dc extrinsic messages ∆Vcp can be updated in parallel,
using the reliabilities in the extra message ∆W and the local
input messages ∆Upc. This parallel computation is a feature
that was not presented in the low complexity algorithms for
NB-LDPC codes proposed in the literature [18], [13], [11],
[14].

After this step is completed, there are some entries in
the extrinsic messages that are not updated, and have the

initialization value Amax. For example, when a configuration
has only one deviation in column p with symbol value η(η)K (p),
then since η = η

(kp)
p , the corresponding output value would be

at index 0 of the extrinsic message, i.e., ∆Vcp[0]. This entry
has already been filled with the most reliable configuration
∆Vcp[0] = 0, and then will not be updated. But as a con-
sequence, the entry ∆Vcp[η

(η)
K (p)] will not be updated either

and will stay at its initialization value ∆Vcp[η
(η)
K (p)] = Amax.

For those output values that are not filled with equation (14)
using only one deviation, one can efficiently use the second
minimum in the corresponding row to fill the required output
value, by replacing the value ∆Vcp[η

(η)
K (p)] = Amax by the

second minimum in row η
(η)
K (p). In the case that the missing

output values are not filled with equation (14), and when
using configurations with more than one deviation, the missing
entries can be filled either with the first minimum or the second
minimum, depending whether or not the first minimum is in
the corresponding column.

Example (cont’d)

Let us take configuration ηK = [0 1 0 0 0] corresponding to
∆W [1] = 5 in Fig. 3 as an example. All the values of ∆Vcp[1],
except in the second column, are set to the value of ∆W [1] =
5. For the value of the second column, since the output index is
η
(η)
K (p)+η = 0, this entry is already filled with 0, and then will

not be updated. As a consequence, the value of ∆V2p[1] is not
filled, and will be updated by the second minimum in the row
η = 1, i.e., ∆V2p[1] = ∆Up5[1] = 10. We proceed the same
way for the other values and configurations of ∆W [η]. As
such, the output values filled by the configuration drawn in Fig.
3 are: ∆V1p[1] = ∆W [α2]−∆Up1[α] = 15− 10, ∆V2p[α] =
∆W [α2] − ∆Up2[1] = 15 − 5, ∆V3p[α

2] = ∆W [α2] = 15,
∆V4p[α

2] = ∆W [α2] = 15, ∆V4p[α
2] = ∆W [α2] = 15.

d) Compute normal-domain message and compensate:
Finally, the messages ∆Vcp are transformed back to the normal
domain before the variable node update using the converse of
equation (8):

Vcp[β = η−βmax+β(0)
p ] = −∆Vcp[η]

η ∈ GF(q)
p = 1 . . . dc

(15)

The index β is calculated by subtracting the most reliable
symbols’ indices in each column except the output column,
i.e., β(0)

p . The reason is that when we build the delta domain
trellis with equation (8), we add β

(0)
p in each node of every

column p, so the output configuration contains the sum of all
these {β(0)

p }p=1,...,dc−1 (which is βmax) in the delta domain.
When we transform the delta message domain back to the
normal domain, we therefore need to subtract βmax − β(0)

p .
Note also that contrary to equation (8), we do not need to use
the reference value Upc[β

(0)
p ] for transforming the messages

from the delta domain to the normal domain. The reason is that
the correctness of the T-EMS algorithm does not depend on a
shift of the messages by a constant value, since the constant
will be cancelled out in the transformation of messages from
the normal domain to the delta domain during step (a).

Now the messages need to be compensated in the nor-
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mal domain before being used at the variable node update.
Similarly to the case of other NB-LDPC decoders, the T-
EMS algorithm needs an offset compensation in order to get
good performance in the waterfall region. Since the delta
messages are all non-negative, it follows that the normal
domain messages are all non-positive, and the messages in
the T-EMS are compensated with a positive offset value, as
follows:

Vcp[β] = min (Vcp[β] + δ, 0)
β ∈ GF(q)
p = 1 . . . dc

(16)

The offset parameter δ in equation (16) can be optimized
through simulation or numerical density evolution. We draw
in Fig. 4 the performance results for a length N = 155, rate
R = 0.4 NB-LDPC code in GF(8) and decoded with the T-
EMS algorithm, for different values of the offset parameter δ.
As we can see from the figure, the gain with a compensation
offset δ = 1.0 is large, and approaches the performance of the
BP decoder.
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Figure 4. Offset optimization through Monte-Carlo simulation

D. Advantages of the T-EMS Algorithm

The first advantage in our T-EMS algorithm is the way
we select the trellis nodes in the set A. Since the nodes are
selected row-wise, each column of the trellis would end up
with a possibly different number of selected nodes. Typically,
on memoryless channels, symbols vi which experience a small
noise, will have a small number of nodes in the set Ai, while
symbols v′i with a large noise realization will have a large num-
ber of nodes in A′i. This selection then allows for a dynamical
consideration of different noise realizations on the codeword
symbols. This allows us to consider less configurations in the
configuration sets, by focusing more efficiently than the EMS
on the ones with the largest reliabilities.

Another advantage of the T-EMS is the better latency
coming from a higher degree of parallelism in the hardware
implementation. The latency issue of the EMS algorithm was
presented in [9] and [11] as its main drawback. Because
the principle of the EMS is, in its F/B implementation, to
decompose the check node update into elementary steps that

need to be computed sequentially, the best latency that one
could expect is of the order of dc − 1 (log2(dc − 1) when
a tree-structure is implemented) clock cycles. This limitation
becomes rapidly cumbersome when the check node degree
dc grows (dc ≥ 16). In our T-EMS, the extra column corre-
sponding to the syndrome reliabilities allows a fully parallel
hardware model for the check node update, as explained in
section V. Indeed, once the reliabilities ∆W in the extra
column have been computed, all the messages outputs can
be filled in parallel using equation (14) for a given syndrome
value η. This means in particular that the parameter dc does
not impact anymore on the latency of the decoder. This is
especially important since NB-LDPC codes have been advised
mainly to replace RS or BCH codes for high rate applications
[6], [10]. These two advantages are due to the specific features
of the T-EMS, and come at the price of a larger storage
complexity, as we work with full vector messages composed
of q reliabilities, while the EMS algorithm uses truncated
messages with nm << q reliabilities.

V. HARDWARE ARCHITECTURE FOR T-EMS

In this section, we propose an efficient hardware realization
for T-EMS. For NB-LDPC codes, the non-layered decoder
introduced in [18] includes the VNU (Variable Node Unit),
PNU (Permutation Node Unit), Inverse Permutation Node Unit
(IPNU), CNU (Check Node Unit) and tentative decision part.
We will keep these notations for the hardware units in this
section, although a layered implementation will be proposed.

A. Check node unit for T-EMS

In Fig. 5, we show the micro architecture of parallel CNU
for the T-EMS. The CNU processing involves two processing
steps which are described thereafter:
(a) The Min-finder unit builds the delta domain trellis, which

only contains (q−1)×nr minimum values, and computes
the final state (FS) for each row of the delta domain
trellis. It is composed of the following blocks: Max, Map,
and Min-finder-tree:

– Using equation (8), in the Max block, we find the
most reliable value and its index β(0)

p for an incoming
vector message Upc. The indices are stored in βmax
register for each edge message vector.

– Then, based on equation (8), we transform the
message to the delta domain. This needs (q − 1)
subtractors (for the maximum value, we just set it to
zero), which form the Map block.

– Now the (q−1)×nr trellis nodes composing A need
to be selected. For all the (q−1) rows aside from the
main path, the Min-finder-tree selects nr minimum
values and indices for nc − 1 minimums from a dc-
sized vector. With nr = 2 in Fig. 5, (Min1,Min2)
and (Min1Index,Min2Index) are computed at the end
of this stage. These minimum values are stored in
registers called final states (FS). The min finder can
be built, for instance, by the comparator tree circuits
described in [26], [27].



8

(b) the V-select unit computes the extra column values and
the extrinsic V messages. This unit is composed of the
following blocks: Extra-out, dc-out and De-map:

– The Extra-out block builds the configuration set
Tη(nr, nc) and generates the syndrome reliabilities
∆W (i.e. extra column outputs) based on equation
(13) using the values in the FS registers. For the com-
putation of each syndrome value ∆W [η], the number
of comparisons we need to do is |Tη(nr, nc)|. This
number of comparisons is a key metric for the
CNU complexity. The configuration associated to
each of the value ∆W [η] is also stored. Since each
configuration includes at most nc deviated positions,
we store only the nc deviation row and column
indices.
For the case of configurations with one deviation, the
output ∆W [η] is simply the Min1 value of the η-th
row. For two deviations, the output ∆W [η] is the
minimum between the Min1 value of the η-th row,
and all the combinations of message at index η1 and
η2 such that η1 + η2 = η. For example, in GF(4),
there is only one possible combination for each value
of η (e.g. we can combine the two symbols η1 = 1
and η2 = 1+α to get η = α). If the two Min1s of the
symbols used in the combination are from different
columns, the reliability of ∆W [η] is the sum of the
two Min1s. Otherwise, ∆W [η] is assigned with the
minimum between Min1η1+Min2η2 and Min1η2+
Min2η1 , where the superscript means the minimum
values from that row. The row and column indices
for the deviations (i.e. η1 and η2 for the Min1s/Min2s
used) are stored in temporary registers ocated in the
Extra-out block. Thus the Extra-out block consists of
simple adders and multiplexers for each of the q− 1
values ∆W [η].

– Using equation (14), the dc-out block fills all dc
extrinsic messages with the values in ∆W and the
q − 1 stored configurations. Although equation (14)
implies that we need ∆Upc messages in addition to
∆W messages, the ∆Upc messages are only used
when a deviation is formed with this particular input.
As a result, the required messages for a given row
and column update is always either Min1 or Min2.
The dc-out block requires q × dc subtractors.

– Finally, The message de-mapping in the De-map
block corresponds to the transformation of messages
back to the normal domain, and is based on equation
(15). This last step of the CNU requires q − 1
subtractors.

From the above discussion, and as shown in the structure
in Fig. 5, all output messages of check node unit can be
generated based on a) the extra column values which in turn
can be generated from min values stored as part of Final State
and b) the minimum values stored as part of Final State.
In summary, all the check node output can be efficiently
generated using min values stored in Final State registers
and very simple hardware circuits consisting of multiplexors

V Select Unit

Max Map

Min1

Min2 

Finder 

Tree

Out

Max Map

Max Map

FS

FS

FS

De-map

De-map

De-map

Min Finder

1U

2U

cdU

1U

2U

cdU

(0)

cd

(0)

2

(0)

1

1V

2V

cdV

1V

2V

cdV

Extra

Out

W

Path

 info

cd

max

max

max

Figure 5. CNU Micro-Architecture, Parallel Implementation

and adders/subtractors. The main advantage of this model of
CNU for the T-EMS algorithm is therefore its better latency,
compared to other existing decoders [9], [24] for which the
serial implementation induces a latency which grows linearly
with dc. With the T-EMS, we can generate all Final State
values in ∆W in one clock cycle using a comparator tree
circuit [26], [27]. Then, the dc check node output messages
can be filled in parallel in one clock cycle, using simple adders
and multiplexer. In total, only 2 clock cycles are needed to
perform the full check node update in T-EMS, while dc clock
cycles are typically needed for the EMS algorithm with the
F/B implementation [9].

B. Decoder structure for T-EMS

In this section, we present the hardware model for a layered
shedule decoder, for quasi-cyclic non-binary LDPC codes
(QC-NB-LDPC) based on [27-28]. Note that the decoders
presented in [27-28] are applicable for both binary and non-
binary LDPC codes. While using the same data path archi-
tecture, memory and decoder scheduling, we use the concepts
presented in the earlier sections of this paper to reduce the
complexity of the parity-check node unit block of the decoder.
A QC-NB-LDPC is obtained through a protograph based
construction, in which a small binary mother matrix is lifted
to the actual parity-check matrix, by replacing each and every
“1” in the mother matrix by a block matrix of size p × p.
The block matrix is either a diagonal composed of GF(q)
values, or a cyclically shifted version of it. As a result of
this particular construction: 1) one variable node symbol in a
block participates in only one check equation in the block, and
2) each check equation in the block involves only one symbol
from the block. We use as example a QC-NB-LDPC code in
GF(4) with constant connexion degree (dv = 3, dc = 27),
and a block matrix size p = 36. We use the labels S,U, V and
HD for total reliability, variable node message, check node
message and hard decision respectively. L stands for channel
log-likelihood ratios. In a layered schedule decoding, the QC-
NB-LDPC with dv block rows can be viewed as concatenation
of dv layers or constituent sub-codes. We present the decoding
structure for a single layer, referred to as the current layer,
and for which we define a variable S which is initialized as
Sv[x] = Lv[x], x ∈ GF(q). Let l denote the iteration number.
For all the variable nodes which belong to the current layer,
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we update the messages U (l)
vp as:

U (l)
vp [x] = S[x]− V (l−1)

pv [x], x ∈ GF(q) (17)

In QC-NB-LDPC codes, the variable nodes in each layer
just participate to one check node in the current layer. We
update all check nodes in current layer as following:

V (l)
cp [x] = f2(FS(l)

c ), FS(l)
c [x] = f1({∆U (l)

tc }t=1,2,...,dc [x]),

x ∈ GF(q)
(18)

where functions f1(x) and f2(x) describe the check node
processing for one layer using the variable FS introduced in the
previous section. Then, the updated messages are immediately
used to update the column sum Sv as:

Sv[x] = Sv[x]+V (l)
pv [x]−V (l−1)

pv [x] = V (l)
pv [x]+U (l)

vp [x] (19)

The values in Sv are then provided for processing the
next layer as in equation (18). This differs from the standard
flooding decoding, where all check nodes are processed in
a first half-iteration and then messages are propagated to
the variable node processing for a second half-iteration. In
a layered schedule, each decoding iteration is composed of dv
sub-iterations (number of layers), and the completion of check
node processing and associated variable-node processing of
all layers constitutes one iteration. The block parallel layered
decoder architecture is shown in Fig. 6. While the block serial
layered architecture is not shown here for brevity, it was based
on decoder architecture explained in Fig. 12 and relevant
sections of [28]. We give for both serial and block parallel
implementations the ASIC synthesis results in the next section.
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Figure 6. Block Parallel Layered Decoder for T-EMS

C. Synthesis Results and Discussion

Table I gives the ASIC implementation results of our T-
EMS hardware model, for a serial layered and a block-parallel
layered architectures. The efficiency in our implementation
(for both cases) comes from two key factors: the first one
is the low complexity check node decoding algorithm which
has reduced logic and memory requirements, and the second
one is the low complexity layered decoder implementation. It

can be observed that the block parallel layered decoder gives,
as expected, a larger throughput for the same silicon area and
number of iterations.

Finally, let us conclude this section with a discussion on the
efficiency of our hardware model of the T-EMS compared to
the recent solutions published in the literature [13], [18], [19],
[20].
• In [18], the authors present an FPGA implementation for

a GF(8) LDPC code of length N = 720 and rate R = 0.5,
based on a serial architecture, with an operating frequency
of 99.73 MHz. Adapting the solution in [18] to our GF(4)
code of length N = 3888 and rate R = 8/9 would
require at least 1.5 mm2 to achieve 3.6 Gbps throughput.
This estimate is extrapolated from the logic and memory
requirements given by the authors in [18]. As it turns out,
our model using T-EMS is 3 times more efficient than the
one of [18].

• In the recent papers [19], [20], the authors proposed an
ASIC implementation of NB-LDPC decoders, which are
more efficient than the one proposed in [17]. In [20], the
implementation needs 79K XOR2 gates, 35K registers
and 426K bits for a (N = 837,K = 726) GF(32)
LDPC code with (dv = 4, dc = 27) using a serial
CNU implementation. The throughput is estimated as 10
Mbps at decoder operating frequency of 150MHz and
sustained average of 15 iterations. Although not shown in
the table I, we have estimated the hardware complexity of
our proposed T-EMS implementation for the same LDPC
code and a 180nm processor. Using the block-parallel
CNU model and a layered implementation, our solution
needs around 4M NAND2 gates (or equivalent of 1M
XOR2 gates), 50K registers and 313K bits for the same
code as in [20]. The throughput of our model is estimated
to be 384 Mbps, which results in an improvement of logic
area efficiency by 3 times better compared to the one in
[20], as well as a memory requirement reduction of 26%.

• Finally, we have compared our work to the one in
[13], using the same edge parallelization for the Sliced
Message Processing (SMP) architecture in both cases. We
have modified the SMP architecture in [13] by processing
around 7 columns per clock rather than one column.
For this, we used the CNU of [13] such that 7 outputs
are calculated in each clock cycle. The gate count is
around 9M gates, the frequency is 50MHz for 180nm
synthesis and P&R with an effective throughput of 127
Mbps. This design also has frequency limitation due to
excessive interconnect and logic. As it turns out, our T-
EMS algorithm is more scalable and area efficient, at least
for high throughput decoding.

The logic efficiency improvement of our proposed decoder
compared to the literature is attributed to various aspects of
the architecture: (i) the optimized layered decoder data path
with out-of-order processing (ii) the use of block-parallel CNU
vs block-serial CNU, (iii) a very simple CNU implementation
with the min1-min2 finder described in the preceding section,
and finally (iv) further savings in CNU V Select unit imple-
mentation. As for the memory efficiency of our decoder, it is
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Block Serial Layered Decoder based on T-EMS Block Parallel Layered Decoder based on T-EMS
Code length 3888 3888
Symbol GF(4) GF(4)
Code rate 8/9 8/9
Circulant Size 36 144
CN degree dc 27 27
VN degree dv 3 3
Number of rows in matrix 432 432
Number of layers (Number of
rows in base matrix)

12 3

Number of Block Columns 108 27
Circulants/Blocks Number 324 81
Quantization 5-bits for edge messages and 8-bits for stored U and

W messages
5-bits for edge messages and 8-bits for U andW mes-
sages

CNU Update T-EMS T-EMS
Decoding Layered Layered
Technology 40 nm 40 nm
Frequency(after P&R) 1 GHz 1 GHz
Technique to avoid pipeline la-
tency

out-of-order processing [26], [29], [28] out-of-order processing [26], [29], [28]

Pipeline depth 5 5
Parallelization / Processing
Granularity

36 symbols (1-circulant processing) 2 rows (54 symbols in each clock)

U Memory configuration 3 memory banks of 108× (36× 8) 3× 27 memory banks of 72× (2× 8)
FS Memory configuration 3*(6 layers of 36 registers of FS (5 bits for Min1+5

bits for Min2+2 bits cumulative symbol β(1)+5 bits for
Min1 index + 5 bits for Min2 index)). FS is supplied
for one layer at each read port.

3*(6 layers of 36 registers of FS (5 bits for Min1+5
bits for Min2+2 bits cumulative symbol β(1)+5 bits for
Min1 index + 5 bits for Min2 index)). Need to supply
FS for two rows each clock cycles.

HD Memory configuration 1 memory bank of 108× 36× 2 1 memory bank of 72× 54× 2

β(0) Memory configuration,
symbol register file

1 memory bank of 324× 36× 2 1 memory bank of 216× 54× 2

Number of U memories 2 (ping-pong) 2 (ping-pong)
Number of HD memories 2 (ping-pong) 2 (ping-pong)
Clock Cycles Per Iteration 324 216
Max. Iterations 10 10
Throughput 2.4 Gb/s 3.6 Gb/s
Synthesis Area of Decoder 0.72 mm2 0.80 mm2

Table I
ASIC SYNTHESIS RESULTS

mainly attributed to the value-reuse property [15] which needs
the storage of only Min1, Min2, Min1Index, Min2Index and
cumulative symbol along with dc symbols in βmax for each
row instead of storing dc V messages.

VI. SIMULATION RESULTS

In this section, we give simulation results on several dif-
ferent NB-LDPC codes, and we compare the T-EMS with the
BP-FFT algorithm. All the simulations assume a transmission
over a BPSK-AWGN channel. Both the T-EMS and the BP-
FFT have beed simulated on floating point implementation
using the layered scheduling. Fig. 7 shows the performance
comparison of a QC-NB-LDPC code in GF(4) with length
Ns = 1536 symbols and degree distribution (dv, dc) = (4, 32).
The parameters of the T-EMS are nr = 2 and nc = 3. As we
can see, after the offset compensation, the T-EMS shows sim-
ilar performance compared to BP-FFT. The good performance
of the T-EMS is also shown after only 10 decoding iterations,
where the T-EMS has better performance than the BP-FFT in
the error floor region. Note finally that although the value of
the offset δ = 0.8 given by the threshold analysis has been
used in the simulations, we have verified that an offset value of
δ = 1.0 gives performance with no measurable degradation in
the waterfall region. Using a value of δ = 1.0 is an advantage
since it limits the number of precision bits that represent the

offset value in the hardware implementation of the T-EMS (the
figures reported on table I assume a value of δ = 1.0).
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Figure 7. performance comparison for code in GF(4) of length Ns = 1536,
(dv , dc) = (4, 32)

Fig. 8 shows the performance comparison of a GF(4) code
with length Ns = 3888 symbols with (dv, dc) = (3, 27) [30].
The parameters of the T-EMS are nr = 2 and nc = 3. For
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Figure 8. performance comparison for a code in GF(4) of length Ns = 3888
symbols, (dv , dc) = (3, 27)

such code, which corresponds to the implementation measures
presented in Table I, the column degree dv = 3 is too low
and shows a pronounced error floor at FER=10−6. With the
T-EMS, and after both 10 and 100 decoding iterations, we
get a performance gain in the error floor (the error floor is
at FER=10−7 for the T-EMS), with practically no loss in the
waterfall region.

Finally, in order to show that the T-EMS is also an efficient
decoding solution for higher Galois field orders, we show
in Fig. 9 the performance of a GF(8) code with length
Ns = 1536 symbols and (dv, dc) = (4, 32), and in Fig. 10
the performance of a GF(64) code with length Ns = 192
symbols and (dv, dc) = (2, 8).

For the GF(8) code, the parameters of the T-EMS are (nr =
2, nc = 3). In this case, the loss of T-EMS compared to BP-
FFT is more important than in GF(4), but stays reasonable,
as the loss in the waterfall region is only between 0.05dB
and 0.10dB. Note that for the code in Fig. 9, the rate is very
high (R= 0.875), and the corresponding very large value of
dc prevents the use of the EMS for simulations, due to its
extremely poor decoding latency.

As for the GF(64) code with small length and much lower
rate, it can be seen that the T-EMS with parameters (nr =
2, nc = 3) and the EMS with parameters (nm = 13, nc = 3)
have the same decoding performance, and are both very close
to the BP results with optimized offset compensation. This
last figure shows that although the T-EMS reduces the number
of configurations compared to the EMS, it does not lose any
performance.

VII. CONCLUSION

In this paper, we have introduced a new trellis-based imple-
mentation of the EMS using transformed delta messages. Our
new algorithm, named T-EMS, improves the selection of the
configuration sets used for the check node update, such that
superior performance can be achieved at a reduced complexity
compared to the other EMS-based algorithms. We have also
proposed a solution to solve the latency issue of existing
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Figure 9. performance comparison for a code in GF(8) of length Ns = 1536
symbols, (dv , dc) = (4, 32)
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Figure 10. performance comparison for a code in GF(64) of length Ns =
192 symbols, (dv , dc) = (2, 8)

algorithms, and our algorithm has a decoding throughput that
is almost independent on the degree of the check node, which
makes the T-EMS especially interesting for high rate codes
(large values of dc). However, the complexity of T-EMS is
too large when the order of the Field grows (q ≥ 64), and
future research should try to combine the advantages of other
techniques proposed in the literature [9], [11], [13], [25] and
the T-EMS structure.
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