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Abstract—We present a finite alphabet iterative decoders
(FAIDs), a new type of decoders for low-density parity check
(LDPC) codes, which outperform much more complex belief-
propagation-based counterparts in the error floor region. The
FAID variable node update is a simple Boolean map, and we
show that by varying this map one can achieve a class of
decoders capable of correcting wide range of distinct error
patterns uncorrectable by a single FAID. We call this concept
decoding diversity, and present a low-complexity architecture
and error performance analysis of the FAID diversity decoder
for column-weight three LDPC codes on the binary symmetric
channel (BSC).

I. INTRODUCTION

Recently, we introduced a new class of finite alphabet iter-
ative decoders (FAIDs) for low-density parity-check (LDPC)
codes [1]. These decoders are capable of surpassing belief
propagation (BP) in the error floor region on the binary
symmetric channel (BSC) with much lower complexity. We
also introduced a variant of FAID scheme which uses a
plurality of FAIDs which collectively correct more error
patterns than a single FAID on a given code. The collection of
FAIDs is judiciously chosen to ensure that individual decoders
have different decoding dynamics and correct different error
patterns. Consequently, they can collectively correct a diverse
set of error patterns, which is referred to as decoder diversity
[2].

This paper reviews the basic principles of diversity and
discusses intuition and tradeoffs in designing a FAID diversity
system. We provide a systematic method to generate the set
of FAIDs for decoder diversity on a given code based on the
knowledge of the most harmful trapping sets present in the
code. We show that the guaranteed error correction capability
on short length LDPC codes can be significantly increased
with decoder diversity.

The main idea of the diversity approach is to identify a set of
FAIDs that when used sequentially can correct a fixed number
of errors. A brute force approach would rely on checking all
possible error patterns up to certain weight for every FAID
considered, and then choosing the set of FAIDs that correct
all the patterns. However, this brute force approach would be
prohibitively complex. Instead, we consider only error patterns
associated with the harmful topologies present in the code that
could be trapping sets. Our approach then involves searching
for such topologies in the code, considering all error patterns

up to certain weight whose support lies in these topologies,
and then finding a combination of FAIDs that can correct all
these particular error patterns. In order to further reduce the
computational complexity of our methodology, we make use
of the group automorphisms of the Tanner graph of structured
LDPC codes to reduce the number of considered topologies
and associated error patterns.

In a second part of the paper, we discuss shortly the
hardware realization of the proposed diversity scheme. We
propose a fully parallel flooding schedule, based on the
architecture proposed in [3] in order to reach very high
throughput that is usually required for optical communication
and data storage systems. The fact that update functions of
FAIDs in the diversity set do not differ significantly, allows
important savings in area and power consumption. Our scheme
is simpler than the existing approaches [4], [5], [7] as it does
not need neither multiple decoding trials with large overhead
post-processing nor complicated variable node processing,
which makes it a viable candidate for implementation in high
throughput systems with stringent hardware complexity and
power constraints.

II. PRELIMINARIES

A. LDPC Codes and Channel Assumptions

Let G denote the Tanner graph of an (N,K) binary LDPC
code C of rate R = K/N , which consists of the set of N
variable nodes V and the set of M check nodes C. Variable
and check nodes are gracefully labeled, i.e, V = [N ] and
C = [M ]. Two nodes are neighbors if there is an edge between
them. The degree of a node in G is the number of its neighbors
in G. A code C represented by the graph G is said to be have
a regular column-weight dv if all variable nodes in V have
the same degree dv . Equivalently, such code is said to be dv-
variable-node regular or just dv-regular. The set of neighbors
of a node u is denoted as Nu and NU denotes the set of
neighbors of all u ∈ U . A path in G is a finite sequence
of distinct vertices (variables or checks) u0, . . . , uk such that
ui−1 and ui are neighbors for 1 ≤ i ≤ k. A k-cycle in G is
a path u0, . . . , uk in G with u0 = uk. Clearly in a bipartite
graph G, k must be even. The girth of G is the length of
shortest cycle in G.

x = (x1, x2, . . . , xN ) denote a codeword of C that is
transmitted over the BSC, where xv denotes the value of



the bit associated with variable node v, and let the vector
received from the BSC be y = {y1, y2, . . . , yN}. Let e =
(e1, e2, . . . , eN ) denote the error pattern introduced by the
BSC with cross-over probability α such that r = x ⊕ e, and
⊕ is the component-wise modulo-two sum. The support of
an error vector e = (e1, e2, . . . , eN ), denoted by supp(e), is
defined as the set of all positions i such that ei 6= 0. The
Hamming weight (referred to as jut weight in the rest of the
paper), of an error pattern e is the size of supp(e). The error
pattern is considered to be low-weight if its weight is less than
or equal to b(dmin − 1)/2c, where dmin is the weight of the
minimum weight codeword in C.

Let y = (y1, y2, . . . , yN ) be the input to the decoder, where
each yv is referred to as channel value of the variable node
v. We shall refer to variable nodes initially in error as error
nodes and variable nodes initially correct as correct nodes.

The decoder is iterative and at k-th iteration (k ∈ [0,K],
where K is maximal number of iterations) produces the
estimated codeword x̂(k) as an output. During the analysis
of decoders, we shall assume that the all-zero codeword was
transmitted. This is a valid assumption since the decoders we
consider are symmetric [8], i.e., they treat the binary zeros and
ones in the same way.

B. Finite Alphabet Iterative Decoders

The decoders considered in this paper have a property that
both variable and node processing functions are symmetric
in incoming messages. In other words, any permutation of
incoming messages to a node yields to the same message sent
from that variable node and the same estimated value of a
check or variable node. Thus, without loss of generality we
can assume that m(k) ∈ {M}dv−1, n(k) ∈ {M}dc−1, l(k) ∈
{M}dv and i(k) ∈ {M}dc . {A}k, k > 1 denotes a set of
k-multisets (unordered k-tuples) of the set A.

An |M|-level finite alphabet iterative decoder (FAID) [1] is
a 4-tuple D = (M,Y,Φ,Ψ). The messages are levels confined
to a finite alphabet M = [±s] consisting of |M| = 2s + 1
levels.

The message from variable node v are initialized to
Φ(yv,0), and in each iteration updated according to the rules
Φ and Ψ as described in the next paragraphs. The sign of a
message x ∈ M can be interpreted as the estimate of the bit
(positive for zero and negative for one) associated with the
variable node to or from which x is being passed, and the
magnitude of x a measure of how reliable this value is. The
message 0 in the alphabet can be interpreted as an erasure
message.

Input Alphabet: The set Y denotes the set of possible
channel values. For the case of BSC, Y = {±C}, where
C ∈ [s]. By convention, +C corresponds to the input 0 and
−C to 1. Different choices for the value C affect not only the
implementation of the update function Φ but also the decoding
dynamics.

Check Node Update Function: The function Ψ :
{M}dc−1 → M is used for update at a check node with

degree dc and is defined as

Ψ(n) =
(∏

sgn(n)
)

min(|n|) (1)

Note that Ψ is a symmetric function, i.e., it any permutation
of its variables leaves the function unchanged.

Variable Node Update Function: The function Φ : Y ×
{M}dv−1 → M is used for updating outgoing message of
a variable node with degree dv . In addition, we impose the
symmetry and monotonicity properties on the map Φ [1].
Because of symmetry, it is sufficient to describe the map Φ
for a channel value +C only.

The function Φ can be also visualized as a (dv − 1)-
dimensional array or look-up table (LUT). An example of a
7-level FAID for dv = 3 described in LUT form is shown
in Table I. The 2-multisets correspond to the upper triangluar
portion of the table.

TABLE I
THE VARIABLE NODE UPDATE FUNCTION Φ OF A 7-LEVEL FAID FOR A

NODE v WITH dv = 3 AND yv = +C

m1/m2 −3 −2 −1 0 +1 +2 +3

-3 -3 -3 -2 -1 -1 -1 +1

-2 -3 -1 -1 0 +1 +1 +3

-1 -2 -1 0 0 +1 +2 +3

0 -1 0 0 +1 +2 +3 +3

+1 -1 +1 +1 +2 +2 +3 +3

+2 -1 +1 +2 +3 +3 +3 +3

+3 +1 +3 +3 +3 +3 +3 +3

Although it is difficult to establish direct correspondence
between the FAID non-linearities and error correction, the
FAID analysis in [1], [2], shows that there is a set of non-linear
update rules leading improving error performance, especially
in the error floor region. The methodology used for design-
ing FAIDs relies on the knowledge of potentially harmful
structures called trapping sets [10] that could be present in
the Tanner graph of the code, and which cause conventional
iterative decoders to fail for certain low-weight error patterns.
A notation typically used to denote a trapping set (TS) is (a, b)
where a is the number of variable nodes and b is the number
of odd-degree check nodes in the subgraph induced by the
variable nodes [10].

The selection method for FAIDs begins by identifying such
harmful trapping sets from the trapping set ontology which
is a database of trapping sets with hierarchy established by
their topological relations [11], and then analyzing the message
passing of a given FAID on each of these isolated structures in
order to examine its error correction capability. The influence
of an arbitrary neighborhood of the harmful structure during
message-passing is partially captured by considering different
possible messages that enter the trapping set. Based on the
analysis on each trapping set, the FAID with the best error
correction capability is chosen. For the design of the FAID
defined by Table I, the analysis of the message passing was
done on the (5, 3) TS as well as (6, 4). More details on the
strategies and algorithms used to design good FAIDs can be
found in [1].



Using the above approach, it is possible to design 7-level
FAIDs that are capable of outperforming the floating-point
BP as well as the quantized Min-Sum-based decoders in the
error floor on a given code. Moreover, a single particularly
good 7-level FAID identified from the selection methodology
is capable of surpassing BP on several codes.

In this paper we consider a different aspect of FAID - the
diversity, which is described in details in the next section.

III. FAID DIVERSITY - COLLECTIVE ERROR CORRECTION

A. Decoder Diversity Principle

Let us assume that we have at our disposal a collection
of N |M|-level FAIDs {Di}1≤i≤N . Let also assume that Di

differ only in the variable node update function, i.e., Di =
(M,Y,Φ(i),Ψ) We refer to D as a decoder diversity set with
cardinality N .

Given a code C, we would like to determine whether the
FAIDs in the set D could be used in combination in order to
guarantee the correction of all error patterns up to a certain
weight t. We first introduce the notation used to denote the
set of error patterns correctable by a decoder. Let E denote an
arbitrary set of error patterns that are considered for a code C
whose Tanner graph is G, i.e., a set of vectors e with non-zero
weight. Let EDi

⊆ E denote the subset of error patterns that
are correctable by a FAID Di ∈ D. We say that the set of
error patterns E is correctable by a decoder diversity set D if
E =

⋃N
i=1 EDi

Given a set of error patterns up to a certain weight t on
the code C, one would like to determine the smallest decoder
diversity set that can correct all such error patterns. It is clear
that this is equivalent to the Set Covering Problem, and is
NP-hard. In this paper, we propose a greedy algorithm which
can provide a decoder diversity set D of FAIDs that may
not necessarily be the smallest set, but can still dramatically
improve the number of small weight error patterns that can
be corrected, therefore potentially increasing the guaranteed
error correction capability of a given code. Furthermore we
would like to achieve this in the smallest possible number of
iterations.

B. Generation of FAID Diversity Sets

Let Λa,b denote the set of all nonisomorphic (a, b) trap-
ping sets present C. The error sets associated with Λa,b are
defined as Ek(Λa,b) =

⋃
T ∈Λa,b

Ek(T ) and E [t](Λa,b) =⋃
k∈[t] Ek(Λa,b).
Finally Λ(A,B) =

⋃
a∈[A],b∈[B] Λa,b is a collection of all

nonisomorphic trapping sets up to size (A,B). The corre-
sponding error set is E [t](Λ(A,B)) =

⋃
a∈[A],b∈[B] E [t](Λa,b).

The procedure for obtaining, D[t], the FAID diversity set
that guarantees the correction of all error patterns in the set
E [t](Λ(A,B)) is as follows.

Let us assume that we are given a large set of candidate
FAIDs Dbase that are considered for possible inclusion in
the diversity set. This set could be obtained from simulations
on different codes or by using a selection technique that

was presented in [1]. Our goal is to build a possibly small
set D[t] from FAIDs belonging to Dbase, that collectively
corrects all error patterns in E [t](Λ(A,B)). In essence, the
procedure described runs over all error patterns in E [t](Λ(A,B))
and determines their correctability when decoded by different
FAIDs from Dbase. NI is the maximum number of decoding
iterations and ErDi

denotes the subset of error patterns of Er
that are correctable by the FAID Di.

The algorithm starts by building the diversity set D[k]

for a given k, then iteratively expands to the diversity sets
D[k+1],D[k+2], . . . ,D[t] by including more and more FAIDs
from Dbase that collectively correct error patterns with increas-
ing weight in E [t](Λ(A,B)). The iterative selection of FAIDs
is carried out by keeping track, at each iterative stage, of the
set of unresolved error patterns Er ⊂ E [t](Λ(A,B)) which are
not collectively correctable by the FAIDs selected so far, and
then choosing additional FAIDs to correct these patterns. For
example, if D1,D2, . . . ,DL are the FAIDs selected so far for
D[t], and E [t]

Di
denotes the subset of error patterns correctable

by FAID Di, then the set of unresolved error patterns is

Er = E [t](Λ(A,B))\
⋃

1≤i≤L

E [t]
Di
.

The algorithm terminates when Er = Ø, which means that
the set of FAIDs selected up to that point collectively correct
all error patterns in E [t](Λ(A,B)), and therefore constitute
the desired diversity set D[t]. The algorithm gives the FAID
diversity sets D[k] for k < t.

For example, suppose we want to build a decoder diversity
set D[7] that achieves a guaranteed error correction of t = 7
on a code C, and suppose we know that all FAIDs in the
given Dbase guarantee a correction of t = 4. We then choose
an intitial value of k = 5 in Step 1 of the algorithm. The
algorithm then starts by building the decoder diversity set D[5]

on the considered error set E5(Λ(10,B)) with the given choices
of Dbase, NI , and B. The FAIDs are selected from Dbase in
a greedy manner and included in D[5] until all error patterns
in E5(Λ(10,B)) are collectively corrected. Then the algorithm
next considers the error set E6(Λ(12,B)) in order to build the
set D[6]. First, all the error patterns correctable by the set D[5]

are removed from the set E6(Λ(12,B)) to constitute the set Er.
Then additional FAIDs from Dbase are selected to correct all
the error patterns remaining in Er, which, together with the
FAIDs in D[5], forms the diversity set D[6] = D[5] ∪ D6. The
algorithm repeats the procedure for building D[7] by operating
on the set of error patterns in E7(Λ(14,B)).

Note that the choices of NI and Dbase can play an important
role inn whether or not the algorithm is successful in building
the desired decoder diversity set. Determining the optimal NI

is beyond the scope of this paper. However, if the algorithm
fails in Step 2d, then increasing the value of NI or considering
a larger set for Dbase typically allows the algorithm to progress
further. We adopted this strategy to obtain a decoder diversity
improving the error correction on the a set of high rate codes,
as shown in the next section.



IV. NUMERICAL RESULTS

We consider the (7807, 7177) QC-LDPC code as example
and our goal is not only to improve the error correction
performance in the error floor region, but also to target a
guaranteed error correction feature of the FAIDs using the
concept of diversity. In order to do so, the additional FAIDs
rules (appart from the first one described in Table I) will
be code dependent as designed to specifically correct the
dominant low-weight error patterns of the (7807, 7177) QC-
LDPC code. Since the (N = 7807,K = 7177) QC-LDPC
code we use in this paper has minimum distance Dmin = 10,
we have targeted a guaranteed error correction of k = 4 errors.
The problematic error patterns of Hamming weight k = 4 have
been detected using the knowledge of the small Trapping sets
in the LDPC code [12], [13] and a set of ND = 7 FAIDs has
been selected to correct all the identified error patterns. The
list of the ND = 7 FAIDs is given in Table IV, with D0 being
the FAID of Table I). Although we do not have a proof that
the set of ND = 7 FAIDs can guarantee the correction of all
4-error patterns, we rely on the conjecture presented in [2] to
have a strong confidence that it is the case.

As an additional result, when one uses the ND = 7 FAIDs
in a serial manner in the decoding algorithm, the performance
in the error floor is greatly increased as we gain a decade in
the error floor region compared to the use of a single FAID
decoder (see Fig. 1). In this figure, all decoders have been
run for a maximum of 100 decoding iterations, and stopped
when a codeword was detected. To conclude, the performance
of 7-level FAIDs with diversity surpass all other decoders by
one to several order of magnitude in the error floor, including
the offset-corrected Min-Sum with 6 bits of precision.
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Fig. 1. Performance of FAID diversity for the (7807, 7177) QC-LDPC code

V. HARDWARE REALIZATION DISCUSSION

Using different decoders in series improves the perfor-
mance. The decoders are only different in the tables used

Fig. 2. Different entries between Table I and those in [2]

for the variable node processing. Hence, only the variable
update functions need to be modified in order to accommodate
multiple decoders. Most of the entries in the 7 FAIDs listed
in Table IV are the same. As a result, many logic gates can
be shared to implement the seven tables. Fig. 2 shows the
different entries of the tables. This figure has 7 × 7 blocks
denoting the 7 × 7 entries in a table. If a table has an entry
different from that in D0, shown in Table I, a dot is put into
the corresponding block. Dots of different colors correspond
to different tables. The dots in this figure only indicate
the locations of the differences. However, they facilitate the
discovery of the groups of tables among D2 to D7 that share
the same entries. For example, the entries for l1,7, l3,7, l7,1 and
l7,3 in Fig. 2 have the same four colored dots and tell that D3,
D4, D5, and D7 are different from Table I in these entries.
From Table IV, it can be also observed that the these four
entries in the four tables are actually the same, and hence the
corresponding logic can be shared in the implementations of
D3, D4, D5, and D7. Similarly, by observing the other blocks
in Fig. 2 that have the same colored dots and then referring
to Table IV, the other terms sharable in the implementation
of different tables are located. The synthesis results of the
VNU implementing 7 tables are listed in the last column of
Table II. The VNU implmeneting 7 tables is set with the same
timing constraint as the one-table counterpart. As can be seen
in Table II, only 89% extra area is required when 7 tables
are all involved. The major reason is that by taking advantage
of the characteristics of the 7 tables, many logic gates can
be shared and thus many cases can be grouped together for
the 7-table VNU instead of implementing 7 individual tables
separately.

Finally, the synthesis results of the overall (7807,7177) QC-
LDPC decoders are listed in Table III. Compared to the Min-
Sum decoders using the architecture in [?], the proposed FAID
needs 52% or less of the area of the Min-Sum decoders, for
the same target throughput of 33.3Gbps. More details about
the global hardware realization can be found in [9].

VI. CONCLUSIONS

We introduced a general decoding scheme that utilizes a
collection of several different FAIDs, which is referred to
as a decoder diversity set, in order to further increase the
guaranteed error correction capability of a given LDPC code



TABLE II
SYNTHESIS RESULTS FOR VNUS USING 180nm CMOS TECHNOLOGY

Min-Sum VNU [3] Offset Min-Sum VNU [3] Proposed FAID VNU Proposed FAID VNU
(w = 5) (w = 6) (w = 3) (w = 3, 7 tables)

Area (µm2) (normalized) 5009 (1) 6370(1.27) 4454 (0.89) 8418 (1.68)
Max. freq. (Mhz) (normalized) 555 (1) 500 (0.90) 625 (1.13) 625 (1.13)

Latency (# of clks) 1 2 1 1

TABLE IV
LIST OF THE 7-LEVEL FAIDS USED IN THIS PAPER. THE SEVEN FAIDS ARE CONJECTURED TO GUARANTEE AN ERROR CORRECTION OF t = 4 ON THE

(7807, 7177) QC-LDPC CODE. li,j DENOTES THE LUT ENTRY AT ROW i AND COLUMN j .

FAID l1,1 l1,2 l1,3 l1,4 l1,5 l1,6 l1,7 l2,2 l2,3 l2,4 l2,5 l2,6 l2,7 l3,3 l3,4 l3,5 l3,6 l3,7 l4,4 l4,5 l4,6 l4,7 l5,5 l5,6 l5,7 l6,6 l6,7 l7,7

D0 −3 −3 −3 −3 −3 −3 0 −3 −3 −2 −2 −1 +1 −2 −2 −1 0 +2 −1 0 +1 +2 0 +1 +2 +2 +3 +3

D1 −3 −3 −3 −3 −3 −3 0 −3 −3 −3 −2 −1 +1 −2 −1 −1 0 +2 −1 0 +1 +2 +1 +1 +2 +1 +2 +2

D2 −3 −3 −3 −3 −3 −3 −1 −3 −3 −3 −3 −2 +1 −2 −1 −1 −1 +1 −1 −1 +0 +2 0 +1 +2 +1 +2 +3

D3 −3 −3 −3 −2 −2 −2 −1 −3 −3 −2 −2 −2 +1 −3 −2 −1 0 +1 −1 0 0 +3 0 +1 +3 +1 +3 +3

D4 −3 −3 −3 −3 −3 −3 −1 −3 −3 −2 −2 −1 +1 −2 −2 −1 0 +1 −1 0 +1 +1 +1 +1 +1 +1 +3 +3

D5 −3 −3 −3 −3 −3 −3 0 −3 −3 −2 −2 −2 +1 −2 −2 −1 0 +2 −1 0 0 +2 +1 +1 +2 +1 +2 +2

D6 −3 −3 −3 −3 −3 −3 −1 −3 −3 −3 −2 −2 +1 −2 −1 −1 0 +1 −1 0 0 +2 0 +1 +2 +1 +2 +3

TABLE III
SYNTHESIS RESULTS OF (7807, 7177) QC-LDPC DECODERS USING

180nm CMOS TECHNOLOGY

Min-Sum [3] Offset Min-Sum [3] Proposed FAID
(w = 5) (w = 6) (w = 3)

Area (mm2) (normalized) 69.3 (1) 79.8(1.15) 36.1 (0.52)
Max. freq. (Mhz) 384 384 384

Latency (# of clks) 180 210 180
Throughput (Gbps) (15 iter.) 33.3 28.5 33.3

on the BSC. We provided a methodology to build the decoder
diversity sets based on using the trapping set distribution of the
code, and considering error patterns that are only associated
with the trapping sets. As an example, we were able to
improve the error correction capability of a (7807, 7177) QC-
LDPC code to t = 4 guaranteed error correction, showing an
important gain the error floor performance. We also discuss
the hardware implementation of FAID diversity and provide
synthesis results compared with Min-Sum-based decoders. We
showed that with our VLSI architecture, FAIDs provide sub-
stantial gains in chip area, by capitalizing on logic synthesis
re-use to implement the collection of FAIDs.
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