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Abstract— In this paper, we propose an improvement of the 
previously proposed decoder for split LDPC codes defined over 
finite groups. The output of the check nodes is adjusted such 
that it bears better resemblance to that of more complex and 
efficient algorithms. There is a significant improvement in the 
decoding performance with almost no oeffect on the decoding 
complexity. The hardware architecture for the proposed 
decoder is explained in detail and we show with Monte-Carlo 
simulations that the performance is indeed improved.  
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I.  INTRODUCTION 

Non-binary Low Density Parity Check (LDPC) codes are 
decoded optimally using the Belief-Propagation (BP) 
algorithm which is also referred to as the Sum-Product (SP) 
algorithm [1]. The major problem in the implementation of 
non-binary LDPC decoders lies in its high decoding 
complexity. A lot of research has been carried out towards 
decreasing the decoding complexity and various sub-optimal 
algorithms were proposed (see e.g. [2]-[4]). 

 
A practical decoding algorithm, termed as the Extended Min-
Sum (EMS), was proposed in [3], then further studies in [5]. 
This decoder performs well in the waterfall region for 
various codes; however, an early error floor zone is 
encountered for longer codes. Split codes were introduced in 
[6] with the goal of better codes construction. Split LDPC 
codes use the binary matrix representation of the non-binary 
symbols of the parity matrix [7], and split them into sub-
matrices. These sub-matrices are then placed freely in the 
parity matrix giving freedom in terms of code construction.  
In [8] an algorithm was presented for the decoding of split 
LDPC codes, with the codes defined over finite groups and 
not over finite Galois fields.  

 
In this paper, we present an improvement of the algorithm of 
[8] which brings along a significant improvement in 
decoding performance without increasing the overall 
complexity. We present our proposed hardware architecture 
for the decoder which is serial in nature. The paper is 
organized as follows. In section 2, we revisit the idea of 
codes defined over finite groups. In section 3, we present the 
check update process with the proposed modifications. In 

section 4, with simulation results, we prove the performance 
of our proposed decoder for different codes and various 
parameters of the decoder. In section 5, we give a detailed 
description of the hardware architecture and section 6 
concludes the paper.  

II. SPLIT CODES DEFIND OVER FINITE GROUPS 

For LDPC codes defined over a finite Galois field GF(q), the 
parity constraints correspond to multiplications in the field. 
However, for a code defined over a group G, the parity 
constraints are generalized to a general function [9],[10]. The 
parity equation thus becomes: 

 

   0)(
0

=∑
=

cd

i
ii uf                                    (1) 

 
Where fi(.) is the function which can be either linear or non-
linear, 0 is the all-zero vector and ui are the inputs to the 
degree-dc check node. When the function fi(.) is linear and 
has a binary square matrix representation Hi of size (p × p), 
it represents a linear mapping between elements of the group 
G where q=2p is the order of the group [11]. 
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with {n,m}=0,…,q-1. Considering {βαn[k]} k=1,…,p and 
{βαm[k]} k=1,…,p as the binary representations of αn and αm  
respectively, the mapping function is obtained as: 
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The idea of generalizing the function nodes by a linear 
function is extended to split codes in [8]. In split codes, the 
matrix representation Hi is a rectangular cluster i.e. it is of 
order (p2 × p1), where p1 < p2. With this concept the check 
nodes are processed in order 2p2 whereas the order of the 
variable nodes is reduced to 2p2. Consequently a 2p1-order 
message being passed from the variable nodes towards the 
check nodes is transformed into a 2p2-order message by the 
function nodes. Similarly, in the reverse direction, 2p2-order 
messages are transformed to order-2p1. 
 



Fig. 1 shows a rectangular binary cluster and its associated 
projections. As we can observe, the elements {αn}n=0,…,3 
of an order 4-message are mapped to a message of order-16 
with the elements {αm}m=0,…,15. The message indices 
which are not in the image of the mapping function are set to 
zero. 
 

      
 

Figure 1:    A rectangular binary cluster and its associated  
                  projections 

 

III.  THE CHECK NODE UPDATE PROCESS FOR SPLIT 

CODES  

The variable and check nodes are processed in orders G(q1) 
and G(q2) respectively with the function nodes mapping the 
messages between the two orders.  In [8] an algorithm was 
presented for the decoding of split LDPC codes, with the 
codes defined over finite groups and not over finite Galois 
fields. At the check nodes, the forward-backward strategy is 
employed which is based on breaking down the whole 
process into several elementary modules. Each elementary 
module has only two input messages composed of LLRs of 
the symbols in G(q2). Fig. 2 shows the forward-backward 
strategy employed to a degree-5 check node. The boxes 
represent the elementary modules. The messages U0,…,U4 
joined together with the intermediate messages T1,…,T4 
form the output messages V0,…,V4. 

 
 

 
             

 
Figure 2:    The Forward-backward procedure for a degree-5  

                 check node 
 

To reduce the message size at the check nodes also the 
intermediate messages are computed as the highest nm 
combinations of the input values satisfying the parity 
equation. The remaining values which are not computed are 
replaced by zero. The algorithm proposed in [8] uses the 
same elementary module to calculate the output messages. 
The function nodes then map these messages into order 
G(q1) as: 
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Where Vfv is the order-q1 message from the function node f to 
the variable node v, Vcf and βVcf are the order-q2 output 
message and their corresponding symbol indices of the check 
node c and βf represent the symbol indices to be mapped by 
the function node. 

 
In this paper we modify the check update process by 
introducing a second elementary module to calculate the 
output messages. Hence we have two types of elementary 
modules; Elementary Module 1: To calculate the 
intermediate messages. Elementary Module 2: To compute 
the output messages. The two types of modules are 
illustrated in Fig. 2 by white and dark boxes respectively. 
 

A. Elementary Module 1 

 
This elementary module is used to compute an intermediate 
message which is composed of the nm symbols with the 
highest combinations of input LLRs satisfying the parity. 
Fig. 3 illustrates the process. The two inputs are sorted in 
descending order and their combination form a 2D-matrix. 
The higher values are present in the upper left triangle with 
the highest element at index-(0,0).  
 

            
 

Figure 3: The elementary module algorithm 
 
The LLR-value at index-(0,0) is fed to the sorter which then 
copies it to the output. This value is then replaced in the 
sorter by the next possible highest value. It is either its right 
neighbor or the bottom neighbor. The right neighbor is 
copied if there is no LLR-value in the sorter which belongs 
to the same column. Similarly, the bottom value is copied if 
there is no preceding value in the sorter belonging to the 
same row. Evidently there is no preceding LLR-value for 
both neighbors of the first element. The highest value of the 



sorter is copied to the output provided that the symbol 
corresponding to the LLR-value has not already been copied 
to the output. This value is then replaced in the sorter by its 
neighbors and this process continues on until the nm highest 
values are computed. 
 
Fig. 3 shows a case where neither neighbor is required to be 
inserted into the sorter. As we can observed that both 
neighbors (white) of the current highest value (crossed) has 
preceding element (grey) in the sorter. However, in this case 
the right neighbor is inserted into the sorter for future use. 
The black elements represent the values which have already 
been processed by the symbol verification unit. The upper 
limit on the number of elements to be processed is nm

2/2 but 
it is generally not the case and we find the nm highest 
elements well before hand.  
 

B. Elementary Module 2 

 
This elementary module corresponds to the main 
improvement compared to the algorithm presented in [8], 
and is used to compute the output messages of the check 
node. Along with the two input messages, it also requires βf, 
the set of symbols to be mapped by the function node 
corresponding to the edge for which the message is being 
calculated. It uses the same method as Elementary Module 1 
except for the symbol verification unit. An LLR value is 
copied to the output vector only if the corresponding symbol 
belongs to the set βf. Thus the output message is of the same 
length as the variable nodes order, 2p1, which eliminates the 
need of a separate mapping process between the group orders 
q2 and q1. 
 
Moreover, we add a constraint that if the complete first row 
of the 2D-matrix has been explored without finding all the 
output values, the remaining output values are filled with the 
last value of the row. This not only results in a better 
estimation of the LLRs i.e. closer to the optimal case, but it 
also places an upper limit of nm

2/2 on the number of elements 
to be scanned which is same as the first elementary module. 
Hence we have an improvement in performance without 
affecting the decoding complexity.  

IV.  SIMULATION RESULTS 

 
In this section, we present the simulation results and compare 
the performance of our proposed spit-EMS(new) with other 
low complexity algorithms, EMS [5] and our previously 
proposed algorithm split-EMS(old) [8]. 
 
Fig. 4 shows the performance for a code of rate R=0.5, 
N=576 bits and cluster size (4 × 6) i.e. the variable nodes are 
processed in a group of order 24=16 while the check nodes 
are processed check nodes in a group of order 26=64. We use 
flooding scheduling with a maximum of 100 iterations 
allowed for decoding. We compare the performance for 
different complexities nm=12 and nm=18. Let us recall that 
split codes were proposed to have better results in the error 

floor region while accepting a slight degradation in the 
waterfall region. 
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Figure 4:   EMS vs. split-EMS (old and new) 
                            R=0.5, N=576 bits, G(64), {p1,p2}={4,6}  

 
Let us first use Fig. 4 to discuss the performance in the 
waterfall region. As compared to EMS, split-EMS(old) has a 
performance loss of 0.3dB and 0.4dB for nm=12 and nm=18 
respectively, where, with split-EMS(new) the loss is 
significantly reduced to 0.1dB and 0.15dB respectively. Note 
that this performance loss comes mainly from the code itself 
rather than from the decoder behavior, so this small loss was 
expected. This is verified since the performance degradation 
is further reduced for lower error rates, until split-EMS(new) 
outperforms EMS eventually.  
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Figure 5:   EMS vs. Split-EMS (old and new) 
                           R=0.5, N=2304 bits, G(64), {p1,p2}={4,6} 
 
In Fig. 5, we consider a longer code with R=0.5, N=2304 
bits and cluster size (4 × 6). Like in the previous case the 
split-EMS(new) exhibits a loss in performance in the 
waterfall region. However, it outperforms EMS for Eb/No > 
1.8dB for both, nm=12 and nm=18. There is a gain of almost 
0.25dB as compared to split-EMS(old) for both values nm, 
which demonstrates the superiority of the new proposed 



approach using the two elementary modules of different 
types instead of one. 
 
In Fig. 6 we present the performance of the fixed point 
implementation of our proposed algorithm for a code of rate 
R=0.5 and N=3000 bits. The quantization procedure uses a 
specific structure for the LLRs which will be explained in the 
next section. 
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                     Figure 6:   EMS vs. Split-EMS(old and new)  
                                       R=0.5, N=3000 bits, G(64), {p1,p2}={3,6} & {4,6}  
 

V. ARCHITECTURE OF SPLIT-EMS(NEW) DECODER 

 
Our proposed architecture is sequential in nature, hence, 
reducing the resource requirement which is critical for a non-
binary LDPC decoder. Fig. 7 depicts the main components of 
the decoding process. The various components of our 
proposed architecture requires less resources as compared to 
the architecture presented in [12]. 
 

 
 

Figure 7: Main decoder components 
 
The channel information is stored in likelihood vectors 
{L i} i=0,…,N-1, each of size 2p1, and acting as inputs to the 
variable nodes. The LLRs are structured as: 
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Where αmax is the symbol with the most reliable likelihood. 
With this representation a higher LLR value represents a 
lower probability of the symbol and vice-versa. For 5-bits 
quantization, the most reliable symbol in each message is 

stored with an LLR value of 0, whereas the least reliable 
symbol value is labeled by 31. With this structure, saturation 
occurs at the least probable symbols, hence the least 
significant information required for decoding. This reduces 
the overall impact of the saturation noise on decoding, and 
we verified by simulation that this quantization model is 
actually more robust for all considered codes and SNRs.  
 

A. Variable Update Process 

 
The variable update in our proposed architecture is a very 
simple process because the messages are smaller in size due 
to the reduced order of the variable nodes. The output Ui is 
computed as a simple addition of the input messages Vi with 
the channel output Li. For a degree dv=2 variable node of 
order-2p1, it requires 2p1 cycles.  
 

                                
 
                    Figure 8: The variable update process 
 
For a higher degree, the number of cycles is increased (dv-1) 
times. However, we can divide the update process into 
several elementary steps with each elementary step having 
only two inputs. With a parallel architecture, using 2p1 
processing units in parallel will execute the process in a 
single clock cycle. This shows that non-binary split LDPC 
codes with the proposed architecture could be a viable 
solution for very high rate transmissions. 
 

B. Check Update Process 

 
For the check update, the two types of elementary modules 
depicted in section-3 are combined in the forward-backward 
strategy. We present the architecture for the two types of 
elementary modules. 
 
Elementary Process 1:  
 
Our proposed architecture is presented in Fig. 9. It consists 
of a sorter, an adder, a GF-adder and a symbol verification 
unit. The sorted input LLRs and their corresponding symbol 
index information are received in a serial fashion and stored 
in the input registers. The two input LLRs to be added are 
fed to the adder. The symbol index information also flows 
along with the LLRs until the final output. To compute the 
nm highest values, the architecture presented in [12] requires 
a sorter of length nm. However our proposed architecture 
requires a shorter length sorter, e.g. a sorter of length-5 is 
sufficient to find the nm=12 highest values. In the worst case, 
the maximum number of elements to sort is 5. We compute 
the highest nm values before we require any higher number of 
values to sort. 
 



 
 

Figure 9: Architecture for the elementary module 
 
Moreover, the serial architecture of [12] requires the 
initialization of the sorter which takes nm cycles, however 
our serial architecture does not require the initialization of 
the sorter. The process is executed as the first values of both 
inputs are received. This leads to the reduction of the overall 
latency.  
 
The highest LLR-value of the sorter and its corresponding 
symbol are then copied to the output provided that the same 
symbol has not already been copied to the output. This 
verification is processed by the symbol verification unit 
(SVU). In the next cycle, new LLR-values and their 
corresponding symbol information are fetched and processed 
as explained in section-3. When the two neighboring values 
have to be fetched, no value is copied to the output during 
the first cycle. During the second cycle, the highest value of 
the sorter is copied to the output after the second neighbor is 
fetched in order to avoid the wastage of the cycle. We have 
verified through various simulations that the number of 
cycles for this elementary step when fixed to nm+5 gives 
good performance. 
 
Elementary Process 2: 
 
The second elementary process follows the same architecture 
as the first one except for the symbol verification unit. The 
symbol verification unit allows an LLR-value to be delivered 
at the output only if the corresponding symbol belongs to the 
set of symbols mapped by the function node which is also 
given as an input. This architecture has the same overall 
complexity as for the elementary process 1, but we showed 
that the symbol verification unit has a strong impact on the 
error correcting performance.   
 

 

VI.  CONCLUSION 

 
In this paper, we proposed a modification in the previously 
proposed decoding algorithm for split LDPC codes defined 
over groups bringing along a noticeable improvement in the 
decoding performance without increasing the decoding 
complexity. Our new solution also eliminates the need of a 
separate function node for mapping the higher order 
messages to lower order. We then presented a hardware 
architecture for the proposed decoding algorithm. As a 
conclusion, the sequential architecture presented gives good 
trade-off between decoding complexity and performance 
allowing the use of non-binary split LDPC codes for high 
rate transmission schemes.  
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