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Abstract— In this paper, we study the asymptotic minimum
distance of non-binary cluster-LDPC codes whose subjacent
binary parity-check matrix is composed of localized density of
ones, concentrated in clusters of bits. A particular attention
is given to cluster codes represented by ultra-sparse bipartite
graphs, in the sense that each symbol-node is connected to
exactly dv = 2 constraint-nodes. We derive a lower bound on
the minimum distance of non-binary cluster-LDPC codes and
we show that there exist ensembles of ultra-sparse codes whose
minimum distance grows linearly with the code length (with
probability going to 1 as the code length goes to infinity). This
result is in contrast with “classical” non-binary LDPC codes
based on graphs with strictly regular dv = 2 symbol-nodes, whose
minimum distance grows at most logarithmically with the code
length. We also show that one can build practical non-binary
cluster-LDPC codes with various finite codeword lengths, whose
minimum distance is close to the Gilbert-Varshamov bound.

Index Terms— Non-binary cluster-LDPC codes, graph codes,
minimum distance, Gilbert-Varshamov bound.

I. INTRODUCTION

Low Density Parity Check (LDPC) codes over non-binary
alphabets have been first proposed by Gallager [1], by using
modular arithmetic; that is to say, Gallager considered non-
binary codes defined over the ring Z/qZ of integers modulo
q. In more general settings, non-binary LDPC codes can be
defined by considering a non-binary alphabet A, which for
practical reasons is often considered to be endowed with a
vector-space structure over the binary field F2 = {0, 1}, and
a semigroup G acting on A. A non-binary code of length N
is hence defined as the set of solutions X ∈ AN of a linear
system HXT = 0, where H is a matrix with coefficients in
G, referred to as the parity-check matrix of the code.

In this paper we consider a very general construction of
non-binary codes, which will be referred to as non-binary
cluster-LDPC codes (NB-cluster-LDPC codes). The structure
of the sparse parity check matrix is organized in dense clusters
of bits, where each cluster is either a full-rank or a zero
(p × r) binary matrix determined by p consecutive rows and
r consecutive columns of H . The case p = r corresponds
to the family of non-binary LDPC codes defined over the
General Linear group [2], while the case p < r corresponds
to the more general codes studied in this paper. This type of
codes has been first introduced in [3], in the case of general
ensemble of irregular graphs, and can be seen as a non-binary
generalization of the GLD codes proposed in [4].
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The case of codes for which the underlying bipartite graph is
ultra-sparse, in the sense that each symbol node is connected
to exactly dv = 2 linear-constraint nodes, is of particular
interest. First, very large girths can be obtained for Tanner
graphs with dv = 2, as demonstrated in [5], [6]. It has also
been pointed out [7], [3] that when the size of the non-
binary alphabet grows, best decoding thresholds are obtained
for average density of edges closer and closer to dv = 2.
Practically, for NB codes defined over Galois fields Fq with
q ≥ 64, best codes, both asymptotically and at finite lengths,
are ultra-sparse codes. Despite those advantages, the ultra-
sparse LDPC codes in Fq suffer from a serious drawback,
as their minimum distance is limited and grows at best as
O(log(N)), where N is the number of symbol nodes [8].

In this work, we show that the new class of NB-cluster-
LDPC codes does not suffer from the same limitations, and
there are dv = 2 codes for which the minimum distance
grows linearly with the codeword length. This is a very nice
theoretical result since it is a common belief that LDPC codes
based on graphs with strictly regular dv = 2 symbol nodes
cannot be good codes. This result is summarized in Theorem
3, where we show that the asymptotic linear growth rate of the
minimum distance is achieved if the component code, which
defines the generalized parity-checks, is “strong enough” – i.e.
its minimum distance is above the second eigenvalue of the
graph. Although this result holds in the asymptotic limit of the
code length, it gives us some confidence that we can find NB-
cluster-LDPC codes of moderate lengths with good minimum
distance properties. In order to support this statement, we give
in Section IV the minimum distance of some small length
R = 1/2 NB-cluster-LDPC codes that we have build. The
minimum distance we obtain is not too far from the Gilbert-
Varshamov bound, and in any case way better than for existing
comparable binary or non-binary LDPC codes.

II. NON-BINARY CLUSTER-LDPC CODES

A. Algebraic definition of NB-cluster-LDPC codes

Let us first consider LDPC codes defined over a non-binary
alphabet A ' Fp2. Elements of A will be called symbols,
and we denote by [x0, . . . , xp−1] ∈ Fp2 the binary image of
a symbol X ∈ A. A non-binary LDPC code is defined by a
sparse parity-check matrix H of size M×N , with coefficients
in some semigroup G acting on A. Hence, a codeword is a
length-N sequence X = (X1, . . . , XN ) ∈ AN that verifies the
linear system HXT = 0⇔

∑N
j=1 hijXj = 0, ∀i = 1, . . . ,M .



The action of G on A gives an embedding G ⊂ End(A),
which identifies an element h ∈ G with the corresponding A-
endomorphism X 7→ hX . Therefore, each element h ∈ G
has also a binary image, consisting of the p × p matrix
associated with the above A-endomorphism. Rewriting the
above systems in terms of binary images, we get a binary
parity-check matrix Hbin, which is the binary image of H . Put
differently, Hbin is obtained by replacing each entry hij of H
by the corresponding binary p×p matrix. We will denote either
the A-endomorphism or its binary image by the same notation
hij . Hence, Hbin is a locally dense matrix of size pM × pN ,
with dense p× p clusters hij .

The structure of the binary parity-check matrix can be
generalized by allowing clusters with rectangular shapes. This
yields to the definition of non-binary cluster-LDPC codes (NB-
cluster-LDPC), whose parity-check matrices are locally dense,
with possibly rectangular clusters, but which are globally
cluster-wise sparse. We further generalize the definition by
allowing the sizes of the clusters to be different for different
values of the indices i and j.

Let us consider two sequences of integers {pi}i=1...M and
{rj}j=1...N , defining the clustering of the parity-check matrix
Hbin = (hij)i = 1 . . .M

j = 1 . . . N
, where each cluster hij is a binary

matrix of size pi × rj . A codeword is a sequence of binary
vectors X = (X1, . . . , Xn), with Xj ∈ Aj

def= Frj2 , such that:
N∑
j=1

hijXj = 0, ∀i = 1, . . . ,M

From a non-binary perspective, this means that the ith non-
binary linear constraint of the above system corresponds to pi
binary parity-checks, while the jth non-binary coded symbol
corresponds to rj coded bits. We note that the binary parity
check matrix Hbin is of size Mbin × Nbin, where Mbin =∑M
i=1 pi and Nbin =

∑N
j=1 rj . The parameter Nbin will be

referred to as the binary length of the NB-cluster-LDPC code.
Under these settings, each hij may be seen as a linear

transformation from the alphabet Aj of the jth coded symbol
to the vector-space of the ith non-binary constraint:

hij : Aj ' Frj2 → Fpi2

We will further make the following assumption:
[Full-rank assumption] Each non-zero cluster hij is an em-
bedding (injective linear transformation). Hence, for each non-
zero hij we have rj ≤ pi and rank(hij) = rj .

Figure 1 gives an example of a cluster with (p, r) = (4, 3)
and draws the associated linear transformation.

The ith non-binary linear constraint is composed of some
number, say d, of nonzero clusters {hijk}k=1...d. They form a
binary code Hc

i with length
∑d
k=1 rjk bits and co-dimension

pi. Throughout the paper, this binary code will be referred to
as the ith component code; hence, it is the kernel of the binary
matrix Hc

i :
Hc
i = [hij1 hij2 · · · hijd ]

Note also that two component matrices Hc
i1

and Hc
i2

might
be equal, possibly after some column or row permutation, even

0 0 0 0

0 0 0 1

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 1

1 0 0 1

1 0 1 0

0 1 1 0

1 0 0 0

1 0 1 1

1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1

0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1

1  0  0
0  1  0
0  0  1
1  0  1

h
i,j
 = 

Fig. 1. Linear transformation associated with a rectangular cluster of size
4× 3. The cluster is of rank 3 and defines an embedding of F3

2 to F4
2.

if the number and the size of non-zero clusters participating
in the non-binary constraints i1 and i2 are different. Put
differently, the same component matrix Hc

i1
= Hc

i2
can be

split into clusters in different manners.

B. Graphical representation of NB-Cluster-LDPC codes

Although NB-cluster-LDPC codes have been defined
through some specific properties of their binary parity-
check matrix, their non-binary nature is better highlighted
through their graphical representation. Consider a NB-cluster-
LDPC code defined by a binary parity-check matrix Hbin =
(hij)i = 1 . . .M

j = 1 . . . N
, where each hij is a binary matrix of size pi×rj .

The bipartite graph associated with the NB-cluster-LDPC code
consists of N symbol-nodes and M constraint nodes, which
are connected according to the non-zero clusters hij . The jth

symbol-node represents a plurality of rj coded bits, while the
ith constraint-node represents a plurality of pi binary parity-
checks. The nodes are connected by an edge if and only if the
cluster hij is non-zero, in which case the corresponding edge
is considered as being labeled by hij . The labels on the edges
correspond to the generalization of the non-zero field values
in regular NB-LDPC codes [9].

Conversely, it is also possible to define NB-cluster-LDPC
codes starting with their graphical representation rather than
their binary parity-check matrix. Consider a bipartite graph
with N symbol-nodes and M constraint nodes, and two sets
of positive integers {r1, . . . , rN} and {p1, . . . , pM} associated
respectively with the N symbol-nodes and the M constraint
nodes. Furthermore, assume that for any edge, denoted by i ∼
j, between the ith constraint-node and the jth symbol-node,
we have rj ≤ pi. Now, labeling the graph edges with a set
of full-rank matrices {hij}i∼j of size pi × rj defines a NB-
cluster-LDPC code.

III. LOWER BOUND ON THE MINIMUM DISTANCE OF
NB-CLUSTER-LDPC CODES

Throughout this section, a symbol (-node) dimensioned
bipartite-graph refers to a pair (Γ,R) consisting of a bipartite
graph Γ and a set of integers R = {rj}j indexed by the
symbol-nodes of Γ. We will denote by G2(M,d) the ensemble
of symbol-dimensioned bipartite-graphs (Γ,R), such that:
• Γ has no loops nor multiple edges,
• all the symbol-nodes of Γ are of degree dv = 2,



•
∑
j∼i rj = d, for any constraint-node i (the sum is taken

over all symbol-nodes j connected to i).
No assumption is made on the number of symbol-nodes N
of Γ; however, it can be easily seen that

∑N
j=1 rj = Md

2 . For
each (Γ,R) ∈ G2(M,d), we define a weighted graph B(Γ,R),
which is said to be obtained by bypassing symbol-nodes of Γ,
as follows.
• the vertex set of B(Γ,R) is equal to the set of constraint-

nodes {1, . . . , i, . . . ,M} of Γ,
• for each symbol-node j of Γ, we draw an edge between

its two neighbor constraint nodes, and we set the edge
weight to be equal to rj .

To simplify the notation, we simply write B(Γ) instead of
B(Γ,R). The degree of a vertex of B(Γ) is defined as the
sum of weights of all the incident edges. It follows that B(Γ)
is a d-regular weighted graphs with M vertices, without loops,
but possibly with multiple edges.

Let G(M,d) denote the ensemble of d-regular weighted
graphs with M vertices (without loops, but possibly with
multiple edges). If e is an edge of such a graph, we denote
by w(e) the weight of e, and we write e : i1 ∼ i2 to
indicate that e is connecting i1 and i2 (several edges may
have the same endpoints). One can easily verifies that the
bypassing operation defines a one-to-one correspondence B :
G2(M,d) ∼→ G(M,d).

We denote by BΓ the adjacency matrix of B(Γ). Thus, BΓ

is a M ×M matrix, and BΓ(i1, i2) is equal to the sum of
the weights of all the edges with endpoints i1 and i2; that is
BΓ(i1, i2) =

∑
e:i1∼i2 w(e). Hence, the adjacency matrix BΓ

satisfies the following properties:
(1) BΓ is a symmetric matrix,
(2) BΓ(i, i) = 0, ∀i (since B(Γ) contains no loops),
(3)

∑M
i1=1BΓ(i1, i2) =

∑M
i2=1BΓ(i1, i2) = d.

Note that two different graphs may have the same adjacency
matrix, as illustrated on Figure 2. However, for a given matrix
B verifying the above properties (1)–(3), there is a unique
graph B(Γ) ∈ G(M,d), such that B(Γ) has no multiple edges
and BΓ = B. In this case the bipartite graph Γ does not
contain cycles of length 4, and has girth ≥ 6.

The adjacency matrix BΓ is symmetric, thus diagonalizable,
and let λ1 ≥ λ2 ≥ · · · ≥ λM denote its eigenvalues. We define
λ(Γ) as the second eigenvalue of BΓ, that is:

λ(Γ) = λ2

Since BΓ has every row and column sum equal to d, it
can easily be seen that the maximum eigenvalue is equal to
d, and its multiplicity is equal to the number of connected
components of Γ. Thus, if Γ is connected, we have:

d = λ1 > λ2 = λ(Γ)

Now, consider a pair (Γ,R) associated with some cluster
code C. For each constraint-node i of Γ, let Ci denote the corre-
sponding component code (Section II); that is, Ci = Ker(Hc

i ),
where Hc

i is the pi × d matrix obtained by concatenating all
the clusters hij labeling the edges incident to i. Let also δi
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Fig. 2. Bipartite graph and corresponding bypassing graph for different
binary parity check matrices Hbin. The bottom matrix may be seen as a
reclusterization of the top one: although the bipartite and the bypassing graphs
are different, the adjacency matrix of the bypassing graph remains unchanged.

denote the minimum distance of the component code Ci. The
local minimum distance of C is defined as:

δ = min{δi | i = 1, . . . ,M}

Using arguments similar to those in [10], one can derive the
following lower bound on the minimum distance of C:

Proposition 1: Let C be a NB-cluster-LDPC code with local
minimum distance δ. Assume that Γ is connected. Then the
minimum distance of C, denoted by ∆, satisfies:

∆ ≥M δ(δ − λ(Γ))
2(d− λ(Γ))

= Nbin
δ(δ − λ(Γ))
d(d− λ(Γ))

Proof. Let X = (X1, . . . , XN ), where Xj ∈ Frj2 , be a non-
zero codeword of C. Let ωj be the weight (number of non-
zero bits) of Xj , and ω =

∑N
j=1 ωj be the weight of X . For

each constraint-node i, define θi =
∑
j∼i ωj . Hence θi is the

number of non-zero bits participating into the ith constraint-
node, and since the minimum distance of the ith component
code is δi ≥ δ, we have either θi = 0 or θi ≥ δ. Moreover,
since any bit of X participates into exactly two component
codes, we get

∑M
i=1 θi = 2ω

We define Jω = {j | ωj > 0} and Iθ = {i | θi > 0}.
Symbol-nodes j ∈ Jω and constraint-nodes i ∈ Iθ will be
referred to as active. We also denote by Eθ∼θ = {e : i1 ∼ i2 |
i1, i2 ∈ Iθ} the set of edges connecting two active constraint
nodes in B(Γ). We remark that if j ∈ Jθ is an active symbol-
node, then its two neighbor constraint-nodes in Γ, say i1 and
i2, are active. Hence, the symbol-node j gives rise to an edge
connecting i1 and i2 in B(Γ), denoted by ej ∈ Eθ∼θ, of
weight w(ej) = rj . However, the converse need not be true:
there might be some edge ej ∈ Eθ∼θ connecting two active
constraint-nodes i1 and i2 in B(Γ), such that symbol-node j
is not active.

Let U = (u1, . . . , uM ) be a real valued vector that has a one
in every active constraint-node position and zero elsewhere,
and let V = (v1, . . . , vM ) = BΓU . It follows that vi =∑
i′∈Iθ BΓ(i, i′) and 〈V,U〉 = 2

∑
e∈Eθ∼θ w(e). On the other



hand, counting the non-zero bits of X , and tacking into
account the correspondence between symbol-node dimensions
in Γ and edge weights in B(Γ), we get ω =

∑
j∈Jω ωj ≤∑

j∈Jω rj ≤
∑
e∈Eθ∼θ w(e) = 1

2 〈V,U〉.
Now, since B(Γ) is d-regular and connected, we have

d = λ1 > λ2, and the eigenspace of λ1 is 1-dimensional
and spanned by P1 = (1, . . . , 1)T /

√
M . Let also P2, . . . , PM

be eigenvectors of λ2, . . . , λM , such that {P1, P2, . . . , PM}
is a orthonormal basis of RM . Let U =

∑M
i=1 αiPi, where

αi = 〈U,Pi〉. We obtain 〈V,U〉 = 〈BΓU,U〉 =
∑M
i=1 λiα

2
i

≤ λ1α
2
1 + λ2

∑M
i=2 α

2
i = λ1α

2
1 + λ2(‖U‖2 − α2

1).
Let u =

∑M
i=1 ui be the number of active constraint-nodes.

We have α1 = 〈U,P1〉 = 1√
M
u and ‖U‖2 = u. Using the

inequalities derived above, we get 2ω ≤ λ1
u2

M + λ2(u− u2

M ).
Since 2ω =

∑M
i=1 θi ≥ δ

∑M
i=1 ui = δu, it follows that:

δu ≤ λ1
u2

M
+ λ2(u− u2

M
)⇔ u ≥M δ − λ2

λ1 − λ2

Using ∆ ≥ ω ≥ δ
2u, λ1 = d, and λ2 = λ(Γ), we get the

stated bound for ∆. �
We can remark that the above lower bound on the minimum

distance is positive if and only if λ(Γ) < δ. Hence, a natural
question is if there exist ensembles of cluster codes that
(asymptotically) satisfy this inequality. A theorem of Nilli [11]
states that for any d-regular graph of diameter b ≥ 4, its second
eigenvalue satisfies λ2 > 2

√
d− 1− 4

√
d−1−2
b−2 . Since λ(Γ) is

by definition the second eigenvalue of the bypassing graph
B(Γ), whose diameter b goes to infinity as the number of
vertices M goes to infinity, we have:

liminf
m→∞

λ(Γ) ≥ 2
√
d− 1

Ramanujan graphs are one example of graphs with λ2 ≤
2
√
d− 1. A Ramanujan graph is a d-regular graph such that

any non-trivial eigenvalue1 has an absolute value less than or
equal to 2

√
d− 1. Such graphs can be explicitly constructed

for a fixed d and M → ∞. Lubotzky, Phillips, and Sarnak
[12] and independently Margulis [13] constructed infinite
families of d-regular Ramanujan graphs. Such graphs are also
known to have very good girth properties, and have been
already considered for the design of LDPC codes, although
the approach was different from our. First Margulis [14],
then Rosenthal and Vontobel [15], used Ramanujan graphs to
construct regular binary LDPC codes. The later authors have
constructed a (3, 6)-regular binary LDPC code, outperforming
randomly constructed codes with the same parameters. They
have also noticed that “we have indications by simulations
that the code has also a good minimum distance”.

The following property is a corollary of Proposition 1.
Proposition 2: Let (CM )M be an infinite family of NB-

cluster-LDPC codes with local minimum distance δ >
2
√
d− 1, whose subjacent bypassing graphs are d-regular

1A non-trivial eigenvalue is any eigenvalue λi 6= ±d. It can be seen that
−d is an eigenvalue if and only if the graph is bipartite, in which case its
multiplicity is equal to the number of connected components of the graph.

Ramanujan graphs with M vertices. Then, the minimum
distance of CM grows linearly with M . �

In [16], Alon conjectured that for any ε > 0, λ2 >
2
√
d− 1 + ε with probability going to 1 as the number of

vertices of the graph goes to infinity. Put differently, this meas
that “most” d-regular graphs on a sufficiently large number of
vertices are “almost” Ramanujan. This conjecture has recently
been proved by Friedman [17]. Therefore, the above proposi-
tion can be generalized by the following theorem, whose proof
will be given in an extended version of this paper.

Theorem 3: Let CR(M,d, δ) denote the ensemble of NB-
cluster-LDPC codes with designed rate R, subjacent symbol-
dimensioned bipartite graph (Γ,R) ∈ G2(M,d), and local
minimum distance δ. The minimum distance of a cluster code
C will be denoted by ∆C . Fix any k > 0. Then there exist
two positive constants, ck, depending only on k, and dR,k,
depending only on R and k, such that, setting fk(d) :=
2
√
d− 1 + ck, the following assertion holds:

For any d ≥ dR,k, there exists a parameter δ, verifying
d > δ > fk(d), such that CR(M,d, δ) is not empty ∀M > 1.
Furthermore, there exists Md,k, depending only on d and k,
such that for any M > Md,k the following inequality holds:

Pr
(

∆C > M
δ(δ − fk(d))
2(d− fk(d))

∣∣∣∣ C ∈ CR(M,d, δ)
)
> 1− 1

Mk

The last probability goes to 1 as M goes to the infinity. �
Before closing this section, we remark that finding a

component matrix Hc with length d and minimum distance
δ > 2

√
d− 1 is always possible, but we could get clusters

whose size is far from being practical. For instance, for a
designed code rate R = 1/2, the component matrix Hc must
be of size p × d, where p = d 1−R

2 = d/4, and minimum
distance δ > 2

√
d− 1. Finding the smallest d value for which

such a component matrix exits is an arduous task. Yet, the
smallest d value for which the existence of such a matrix is
ensured by the Gilbert-Varshamov bound is d = 2208, which
gives p = 552. This is obviously way too large to be able to
decode such NB-cluster-LDPC code with an iterative Belief
Propagation decoder.

IV. FINITE LENGTH CODE DESIGN

Although it holds in the asymptotic limit of the code length,
the Theorem 3 gives some hope that one can get very good
NB-cluster-LDPC codes in terms of minimum distance, even
at small lengths and for reasonable values of the cluster
sizes (p ≤ 8). From the perspective of Proposition 1, a NB-
cluster-LDPC code with good minimum distance could be
build if (i) the subjacent bypassing graph B(Γ) has a small
second eigenvalue (which, for short codes, might be way below
2
√
d− 1), and (ii) the component codes Hc

i are choosen with
the largest minimum distance.

We have designed codes using the graphs build with the
modified PEG algorithm presented in [6]. Since this modified
PEG algorithm is stochastic, we have build several instances
of the adjacency graphs with a given size, and selected the
one with the lowest value of λ2. Then we selected a mother



component code Hc, with large minimum distance, from
which we designed M different component codes Hc

i by
permutation of the columns of Hc. The mother component
code used is an extended-Hamming code with minimum
distance δ = 4. As a consequence, all M component codes
Hc
i have minimum distance δi = 4. The way the column

permutations are chosen is not naı̈ve and has an impact on the
global minimum distance of the NB-cluster-LDPC code. We
have implemented an iterative greedy algorithm which allows
the design of codes with good global minimum distance ∆.
For lack of space in this paper, we do not present in details
this procedure.

We have then estimated the minimum distance of our NB-
cluster-LDPC with the improved impulse algorithm presented
in [18]. The estimated minimum distance of our codes are
plotted in Figure 3, together with the minimum distance of
other low-density codes. In squares, we have indicated the
minimum distance of regular (dv = 3, dc = 6) binary LDPC
codes constructed by D. MacKay [19]. With a cross, we have
indicated the minimum distance of the Nbin = 848 bits duo-
binary Turbo-Code of the DVB-S2 standard [20].

The NB-cluster-LDPC we designed have a very good mini-
mum distance, especially if we consider that they have a sparse
representation at the cluster-level (girth g = 6 or g = 8), and
therefore we expect good waterfall performance with iterative
decoding. Even if the hypothesis of Theorem 3 are not fulfilled
for these particular short codes, it seems that the slope of
the minimum distance is close to be linear. The slope of
the NB-cluster-LDPC codes corresponds to ∆ ' 0.053Nbin,
where Nbin is the coded length in bits. Even if we do not
expect the slope to still be linear for larger length codes
with small value of the cluster size, we got at least a very
noticeable improvement of the minimum distance compared
to other classes of codes. As an example, we were able to
get a code with minimum distance ∆ = 30 for a codeword
length Nbin = 400 bits, while the same minimum distance is
obtained with Nbin = 1000 bits for (dv = 3, dc = 6) binary
LDPC codes.

V. CONCLUSION

In this paper, we have derived a lower bound on the
minimum distance of a particular family of non-binary LDPC
codes, named NB-cluster-LDPC codes. The main result of this
paper is that the lower bound grows linearly with the code
length, while the associated non-binary Tanner graph is ultra-
sparse, with constant symbol-node connexion degree dv = 2.
This result is in contrast with “classical” non-binary LDPC
codes based on graphs with strictly regular dv = 2 symbol-
nodes, whose minimum distance grows at most logarithmically
with the code length. The NB-cluster-LDPC codes that we
designed for short length using arguments from the derivation
of the lower bound have good minimum distance, close to the
Gilbert-Varshamov bound.
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