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ABSTRACT
We consider the iterative reconstruction of the Compressed Sens-
ing (CS) problem over reals. The iterative reconstruction allows in-
terpretation as a channel-coding problem, and it guarantees perfect
reconstruction for properly chosen measurement matrices and suffi-
ciently sparse error vectors. In this paper, we give a summary on re-
construction algorithms for compressed sensing and examine how
the iterative reconstruction performs on quasi-cyclic low-density
parity check (QC-LDPC) measurement matrices.

Categories and Subject Descriptors
E.4 [Data]: Coding and information theory
F.2.1 [ Theory of Computation]: Analysis of algorithms and prob-
lem complexity—Numerical Algorithms and Problems

General Terms
Algorithms

Keywords
bipartite graphs, compressed sensing, message-passing algorithm,
low-density parity check codes.

1. INTRODUCTION
We consider the problem of finding the sparsest solution of an
under-determined system of linear equations y = Ax. Sparsity
minimization, i.e. finding a vector x with the smallest `0-norm is
NP-hard [?, ?], and one method [?] is to relax the difficult `0-norm
minimization to `1-norm minimization, and use linear program-
ming (LP) to reconstruct x. LP has remarkable performance [?],
but is computationally expensive for applications where the matrix
A has large dimensions and/or fast reconstruction is required. Such
applications typically rely on sparse matrices, thus making the mes-
sage passing algorithms for inference in graphical models [?], and
codes on graph-based error correcting codes [?] a natural choice. A
number of iterative algorithm based on message passing has been
proposed recently. In this paper, we consider the recovery of a
non-negative real signal vector x (x ∈ Rn≥0) from measurements

y = Ax ∈ Rm≥0 where Am×n is a zero-one measurement ma-
trix; i.e. all entries belong to {0, 1} and m � n. Our first re-
sults are related to noise free measurements which are modeled as
y = Ax. Then, we consider the reconstruction of x from noisy
measurements. The two canonical models of noisy measurements
are y = A(x + e′) and y = Ax + e where e′ ∈ Rn and e ∈ Rm
are error vectors. Our results for noisy measurements correspond
to the first noisy measurements, i.e. y = A(x+ e′).

The rest of the paper is organized as follows. In Section 2, we will
review the prior works on compressed sensing reconstruction algo-
rithms and in Section 3, we will provide simulation results on an
iterative message passing reconstruction algorithm for compressed
sensing. Section 4 gives possible directions for future works.

2. PRIOR WORKS
Both linear programming techniques and iterative algorithms were
developed to find the sparsest vector x from noisy or noise free
measurements. LP solution of compressed sensing is known as
Basis Pursuit (BasP) which finds the minimum `1-norm x from
measurements y. While LP techniques guarantees complete recov-
ery for sufficiently sparse vectors and measurement matrices sat-
isfying Restricted Isometry Property (RIP), their cubic complex-
ity in n, makes them impractical in some applications. Different
iterative compressed sensing algorithms were presented to recon-
struct x. Sarvothan et al. [?] introduced a new scheme called
CS-LDPC which is an extension of encoding and decoding tech-
niques over reals. They also used a measurement matrix with en-
tries in {−1, 0, 1} and showed how message passing algorithms
can be used to reconstruct an approximately sparse signals. To
design an approximately sparse signal vectors, they used the two-
state Gaussian mixture distribution model as follows. Let X =
[X1, X2, ..., Xn] and C = [C1, C2, ..., Cn] be random vectors in
Rn and {0, 1}n, respectively. Let Ci has Bernoulli distribution
with parameter k

n
; i.e. Pr({Ci = 1}) = k

n
, where k is the known

sparsity parameter. Then,

Xi ∼
{
N(0, σ2

1) if Ci = 1,
N(0, σ2

2) if Ci = 0,

where σ2
1 > σ2

2 . The method which is used to reconstruct approx-
imately sparse vectors is applying a message passing algorithms
on the following Bayesian inference problems (MAP and MMSE
estimates):

x̂MMSE = arg minx̂ E‖ X − x̂ ‖22 s.t. y = Ax̂,

x̂MAP = arg minx̂ Pr({X = x̂}) s.t. y = Ax̂,



where ‖ . ‖2 is `2-norm. Belief propagation (BP) provides an ap-
proximate solution to the above Bayesian inference problem by
propagating messages (beliefs) over the factor graph corresponding
to the measurement matrix A. A factor graph is a bipartite graph
with two sets of nodes: variable nodes and check nodes. Each vari-
able (resp. check) node represents a column (resp. row) of A. A
variable node j is connected to a check node i iff Aij 6= 0. The
decoding complexity of this algorithm is O(n log n) and the mini-
mum number of measurements is O(k log n). They have also pro-
vided a comparison between complexity and the minimum number
of measurements required for the recovery of x. In [?], Sarvotham
et al. provides a reconstruction algorithm for strictly sparse vectors
called Sudocodes and showed the minimum number of measure-
ments is less than that of other algorithms.

In the context of CS, the sparsity of the vector x is an important
parameter to recover x from measurements. In [?], Donoho et al.
considered three canonical models for the signal vector x as fol-
lows:
1) Non-negative k-sparse: a non-negative vector x with at most k
non-zero entries.
2) Real k-sparse: a real-value vector x with at most k non-zero en-
tries.
3) k-sparse in [−1, 1]n: a real value vector x with at most k entries
in (−1, 1).

In this paper, we focus our attention to the first model, a non-
negative k-sparse signal vector x and use a zero-one measurement
matrix to construct measurements y = Ax and apply an iterative
message passing reconstruction algorithm to recovery x from both
noise free and noisy measurements.

2.1 Message Passing
A message passing algorithm was introduced by Donoho et al.
in [?] for noise free measurements. The variables in message pass-
ing algorithms are associated with edges in a bipartite graph of the
matrix A. Messages are updated according to the rules

x
(l+1)
i→a = ηl(

∑
b∈N(i)\a

Ab,iz
(l)
b→i)

z
(l)
a→i = ya −

∑
j∈N(a)\i

Aa,jx
(l)
j→a (1)

where ηl is a sequence of threshold functions (applied component-
wise), x(l) ∈ Rn is the current estimate of the solution x, z(l) ∈ Rn
is the current residual and N(v) is the set of neighbor nodes of the
node v in the Tanner graph.

Pham et al. [?] introduced two low-complexity algorithms, list
decoding and multiple-basis belief propagation. The basic idea
behind using BP decoders in these algorithms is to identify the
columns of the measurement matrix A that maximizes the corre-
lation with y. The measurement matrix A is constructed in the
following manner. First, an LDPC code C of length n is consid-
ered. Then, all codewords of C are converted to their Binary Phase
Shift Keying (BPSK) images and are normalized by 1√

n
. The nor-

malized BPSK images of codewords are used as the columns of A.
In list-based BP algorithm, a list of T vectors based on y, a biasing
value b and sparsity parameter k is constructed. A binary parity-
check matrix H of C with the row-weight dc is chosen uniformly
from the ensemble of binary matrices of the same size and with the
row-weight dc. Running the BP algorithms gives a list of binary
words w1, w2, ..., wT . The repeated words or those which do not

satisfy H.wi = 0 are deleted. The outputs are at most k words
whose (BPSK) images have the largest correlation with y.

In case of a non-binary vector x, they proposed another algorithm,
multiple basis belief propagation (MBBP) which uses more than
one parity-check matrix to find the columns of A with the largest
correlation with y. The MBBP algorithm begins with initializ-
ing the sparsity parameter k, the measurement vector y and γ
parity-check matrices H1, H2, ..., Hγ . The interference is mod-
eled as a zero-mean Gaussian variable with the variance σ2 =
max(|y|) k−1

k
. Running BP algorithm for the received vector y and

using the parity-check matrix Hi (i = 1, 2, ..., γ) outputs a word
wi. The words wi which do not satisfy Hi.wi = 0 are deleted and
the codeword whose BPSK image has the largest correlation with
y is set to be output.

Combination of the list decoding with Orthogonal Matching Pur-
suit (OMP), (Algorithm 2: BP-OMP Algorithm in [?]), has an
asymptotic optimal performance with computational complexity
O(kT log n). Also, the simulation results show that both algo-
rithms, list decoding and MBBP, have good performance for recov-
ery of sparse signals.

A simple message passing algorithm was introduced by Chandar
et al. in [?] in which they introduced an iterative algorithm to re-
construct a non-negative vector x from measurements y = Ax,
where A is a zero-one measurement matrix. The main idea in
this algorithm is that messages passing through edges in the fac-
tor graph corresponding to A are intervals as I = [µ,M ]. They
have also showed that for the regular factor graphs with suffi-
cient expansion, this message passing algorithm produces an es-
timate x̂ of x which satisfies ‖ x− x̂ ‖1 ≤ O(n

k
)‖ x− x(k) ‖1,

where ‖ . ‖ is `1 norm and x(k) = min‖ x− x′ ‖1 s.t. x′ ∈
Rn≥0 : ‖ x′ ‖0 ≤ k (‖ . ‖ is `0 norm). Furthermore, the num-
ber of measurements is m = O(k log(n

k
)) and the complexity of

algorithm is O(n(log(n
k
))2 log(k)). This algorithm was further

modified by Krishnan et al. [?]. This algorithm which is called
Interval Message Passing algorithm has low-complexity and good
performance and running time. Moreover, it is very suitable for ap-
plications when vectors are long. We illustrate this algorithm here
and use it in our analysis.

First, let v1, v2, ..., vn be the variable nodes corresponding to the
n columns of the measurement matrix A and c1, c2, ..., cm be the
check nodes corresponding to the m rows of A. At each iteration
of the algorithm a message I = [µ,M ] is sent through edges. At
the lth iteration, the lower (resp. upper) message from a variable
node vi to a check node cj is denoted by µ(l)

vi→cj (resp. M (l)
vi→cj )

and the lower (resp. upper) message from a check node cj to a
variable node vi is denoted by µ(l)

cj→vi (resp. M (l)
cj→vi ). At the first

iteration l = 0, the messages are initialized as µ(0)
cj→vi = 0 and

M
(0)
cj→vi = yj . For l > 0, the messages from variable node vi to

the check node cj are updated as follows:

µ(l)
vi→cj = max

c′
j
∈N(vi)\{cj}

(µ
(l−1)

c′j→vi
) (2)

M (l)
vi→cj = min

c′
j
∈N(vi)\{cj}

(M
(l−1)

c′j→vi
) (3)

and the messages from the check node cj to the variable node vi



are updated as:

µ(l)
cj→vi = max{0, yj −

∑
v′i∈N(cj)\{vi}

M
(l)

v′i→cj
} (4)

M (l)
cj→vi = yj −

∑
v′i∈N(cj)\{vi}

µ
(l)

v′i→cj
(5)

Krishnan et al. [?] have shown that the algorithm fails on recovery
of a k-sparse vector if k be the size of the smallest stopping set
(stopping distance) in the measurement matrix A.

2.2 Verification Decoding
Zhang and Pfister [?] used two decoding algorithms, LM1 and
LM2, based on verification algorithm, to reconstruct strictly sparse
signals. The reconstruction method is an iterative algorithm in
which the messages correspond to the vertices (variable and check
nodes in the factor graph) not to the edges. Hence, the algorithm
can be considered as a bit flipping algorithm as introduced in [?].
The decoder is analyzed using density evolution to find the av-
erage fraction of verified messages. Then, for each decoder and
for regular LDPC code ensembles and strictly sparse signals with
kn = bδnc, they provided a threshold δ∗ such that for all δ < δ∗,
iterative decoding can recover the original signal with high proba-
bility as n → ∞. Using stopping set analysis, they analyzed the
performance of regular LDPC codes in the high-rate regime and
found thresholds below than given by density evolution [?]. Then,
they generalized their results to the reconstruction of strictly sparse
signals in CS using both uniform reconstruction and non-uniform
(randomized) reconstruction. For uniform reconstruction, stopping
set analysis and for non-uniform reconstruction, density evolution
were used to evaluate the performance of these reconstruction CS
systems. They also showed that randomized reconstruction CS has
linear-time reconstruction for strictly sparse signals.

2.3 Iterative Thresholding
Donoho’s et al. [?] iterative thresholding algorithm, called the ap-
proximate message passing (AMP) follows from the message pass-
ing algorithm given in (1).
The authors argue that the right side of the equation for update of
messages x(l)i→a in (1) does not depend strongly on the index a (spe-
cially if the matrix A is dense in which case only one out of n
terms is excluded). They also argue that the the right-hand side of
the equation for updating z(l)a→i does not depend strongly on i. If
these two dependences are neglected, the messages are associated
to graph vertices (x to variable nodes and z to summation (check)
nodes), and the algorithm has a flavor of a bit flipping algorithm [?].
In contrast to message passing which in general has to update nm
messages, the bit flipping algorithms update only n variable nodes
and m summation nodes.
The first algorithm [?] starts from an initial guess x(0) = 0 and
z(0) = y, and iteratively proceeds by calculating

x(l+1) = ηl(A
T z(l) + x(l))

z(l) = y −Ax(l) + 1

δ
z(l−1)〈η′l−1(A

T z(l−1) + x(l−1))〉,

where ηl is a sequence of threshold functions (applied compo-
nentwise), x(l) ∈ Rn is the current estimate of the solution x,
AT denotes the transpose of A and η′(u) = ∂η(u)/∂u. The
bracket 〈〉 operator applied on a vector v = (vi)1≤i≤n gives
〈v〉 = (1/n)

∑
1≤i≤n vi. The role of the additional term in the

update of z(l) is to cancel the correlation between the present vec-
tor estimates and their past values. A typical thresholding function

η is the soft thresholding given by

η(x;λ) = sgn(x)(|x| − λ)+
where the subscript (u)+ = uI(u ≥ (0)), and I is the indicator
function equal to one when the Boolean expression in his argument
is true, and zero otherwise. An algorithm by Tropp and Wright [?]
uses slightly modified update equations

x(l+1) = ηl((1/c)A
T z(l) + x(l))

z(l) = y −Ax(l),

where the constant c is chosen to help the convergence.

2.4 Measurement matrices A based on LDPC
codes

The relation between the theory of LDPC codes and CS was ex-
plored in the work of Dimakis and Vontobel [?], who studied the
relation between two linear programs: the BasP of CS which can be
restated as a Linear Program (LP) and the so-called LP-decoder [?]
of a related LDPC code. (The LP decoder is a sub-optimal de-
coder whose performance is governed by the parity-check matrix
used to define the LP constraints.) It was shown in [?] that a bi-
nary matrix A which is a good parity check matrix for LP de-
coding of the corresponding LDPC code is also a good measure-
ment matrix for BasP in the respective CS problem over a bi-
nary alphabet. Dimakis et al. [?] presented a necessary and suf-
ficient condition for a good measurement matrix for k-sparse sig-
nals. While Restricted Isometry Property (RIP) provides a suffi-
cient condition for a good measurement matrix for CS, Null Space
Property (NSP) which is defined below, provides the necessary and
sufficient condition for a good CS measurement matrix. Let V
the set of columns of a measurement matrix A and the null-space
NSpace(A) = {ω ∈ Rn : Aω = 0}. The measurement matrix A
has the Null Space Property (NSP) if for k ∈ Z≥0, c ∈ R≥0 and
I ′ = V \I .

c‖ ωI ‖1 ≤ ‖ ωI′ ‖1 ∀ ω ∈ NSpace(A), ∀I ⊆ V, |I| ≤ k

Before giving the main result representing the connection between
channel coding and compressed sensing, a summary of LP decod-
ing and some related definitions are explained.

Let C be a binary linear code and let H be a parity-check matrix
of C with the set of columns V and the set of rows C. For every
j ∈ C, let hj be the jth row of H and let

NullC(j) = {x ∈ {0, 1}n|
∑
i∈V

hji.xi = 0 mod 2}.

Then, the fundamental polytope P of H is defined as P (H) =
∩j∈Cconv(NullC(j)), where conv(NullC(j)) is the convex hull
of NullC(j). The conic hull of H is called fundamental cone and
is denoted by K(H). Hence,

K(H) = conic(P (H)) = ∩j∈Cconic(NullC(j)).

The LP decoding [?] tries to solve the following optimization prob-
lem.

minimize

n∑
i=1

λi.fi s.t. f ∈ P (H)

where λi = logPr(yi|0)
Pr(yi|1)

and y = (y1, y2, ..., yn) is the received
word. In analyzing the performance of LP decoder, it is assumed
that the all-zero codeword is transmitted. So, the LP decoder will



succeed on decoding when the all-zero codeword has the lowest
value on the cost function

∑n
i=1 λi.fi compared to the all non-

zero vectors in K(H). With these preliminaries, the fundamental
connection between channel coding and compressed sensing is pro-
vided as follows.

If A be a zero-one measurement matrix, then

ω ∈ NSpace(A)⇒ |ω| ∈ K(A).

This result was also extended to a measurement matrix A with en-
tries in C such that |Aij | ∈ {0, 1} for all (i, j) ∈ V × C (Lemma
12 [?]). Also, based on definitions of pseudo-weight on BSC, BEC
and AWGNC, they provided some results for performance guar-
antee of CS LP-decoder. Moreover, using expander graphs, they
obtained threshold results (strong and weak bounds [?]) for CS LP-
decoder and provided a discussion on construction of good mea-
surement matrices with large girth.
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Figure 1: Reconstruction of noise free measurements with QC-
LDPC matrices of lengths n = 120 and 1800 and column
weight dv = 4.

3. SIMULATION RESULTS
In this section, we provide simulation results on CS reconstruc-
tion of both noise free and noisy measurements using the Inter-
val Message Passing algorithm with QC-LDPC measurement ma-
trices. This algorithm has linear complexity and is amenable to
fixed-point implementation. In the noise free case, the k-sparse

signal x = (x1, x2, ..., xn) is modeled as follows. First, the spar-
sity parameter k is chosen from the Poisson distribution with pa-
rameter λ denoted by P (λ). The locations of the k non-zero val-
ues {t1, t2, ..., tk} follow the uniform distribution over all possible
vectors with k distinct locations in x. Finally, for each non-zero
value location ti, we assign a magnitude A(ti) where A(ti) has
Rayleigh distribution R(σ).

The measurement matrices are QC-LDPC parity check matrices
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Figure 2: Reconstruction of 5-sparse noisy measurements with
QC-LDPC matrices of length n = 120 and column weight dv =
4.

of lengths 120, 1800 with column weight dv = 4. The result of
reconstruction rate of noise free measurements for each measure-
ment matrix is shown in Fig. 1. We observe, as expected, that the
reconstruction performance decreases when the rate of the code in-
creases. Moreover, the results show that the measurement matrix
of length n = 120 and rate R = 0.2 cannot be a good candidate to
reconstruct data, as in a noise free environment it cannot detect any
non-zero data.

In the case of noisy measurements of the form y = A(x + e), the
signal x and the error-vector e are modeled as follows. In our sim-
ulations, the sparsity parameter has the fixed value k = 5. Then,
the locations of 5 non-zero components of x, {t1, t2, ..., t5} is cho-
sen from the uniform distribution over the all possible vectors with
5 distinct locations in x. For each non-zero value, we assign the
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Figure 3: Reconstruction of 5-sparse noisy measurements with
QC-LDPC matrices of length n = 1800 and column weight
dv = 4.

same magnitude, i.e. xti = 1 for i ∈ {1, 2, 3, 4, 5}. The error vec-
tor e is chosen from the Normal distribution N(0, σ2). For each
measurement matrix, we plot a network of plots of detection error
rate as a function of the Signal to Noise Ratio (SNR) on the non-
zero values (SNR1) and the SNR on the zeros (SNR0). Figures 2
and 3 show the results for QC-LDPC measurement matrices with
column weight dv = 4. A detection error rate, means that if at the
end of reconstruction algorithm the location of the non-zero val-
ues are not recovered properly or a non-zero location is decided at
original zero location, there is an error.

4. FUTURE WORKS
Future works will include finding the sparsest vectors for which
the Interval Message Passing algorithm fails and modifying the al-
gorithm in order to obtain better performance on noisy measure-
ments. Other works will focus on the detection error rate which
is composed of false alarms and miss detections. A better under-
standing of these phenomena will provide information to improve
performance of this algorithm.
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