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Abstract
In this paper, we address the problem of the optimization of non binary LDPC codes for finite lengths. Using
the binary image of the code, we provide a method for both waterfall and error floor improvements based on the
algebraic properties of rows, cycles and stopping sets.

1 Introduction
Since their rediscovery by [11], Low Density Parity
Check (LDPC) codes designed over GF(q) have been
shown to approach the Shannon limit performance for
q = 2 and very long code lengths [15]. Some efficient
optimization methods of the code profile and the matrix
structure have been derived for both long [15][3] and
moderate [9] length cases. For fields with parameters
q > 2, it has been shown that the error performance can
be improved for moderate code lengths by increasing
q [5][4][9] and iterative decoding of non binary LDPC
codes using the belief propagation (BP) algorithm or
its simplified versions has been addressed by several
authors [5][1][6].

The optimization of non binary LDPC codes can
be addressed in order to meet different objectives:
(i) performance, by trying to improve the waterfall
region and/or to lower the error floor, and (ii) decoding
complexity versus performance tradeoff, by trying to
ensure good overall performance using only a lim-
ited coefficients set for some efficient and practical
hardware implementation purposes. To our knowledge
however, there exits no asymptotic method for the
optimization of the code profile in the context of a
code ensemble analysis. For finite length codes, the
optimization problem is generally solved in a disjoint
manner. First, the positions of the nonzero entries of the
parity check matrix H associated with the non binary
code are optimized in order to have some good girth
properties and minimize the impact of the cycles, when
using the BP algorithm on the associated Tanner graph.
This can be efficiently done using the progressive
edge growth (PEG) algorithm [10]. Then, the nonzero
entries can be selected either randomly from a uniform
distribution among nonzero elements of GF(q) [10] or
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carefully to meet some optimization criteria [4][12].
In this paper, we address the problem of the selection

and the matching of the parity check matrix nonzero
entries assuming that the positions of nonzero entries
in the parity check matrix H have been previously
optimized. The proposed method is based on the bi-
nary image representation of the matrix H and of its
components. First, using the equivalent binary matrix
of the non binary parity check equations, we address
the problem of row optimization as previously done in
[5][12] in order to improve the waterfall region. Then,
we address the problem of lowering the error floor:
based on the observation that the columns involved in
the minimum distance of the binary image of H are
located on symbols belonging to the shortest length
cycles and the associated stopping sets, we propose a
method that intends to improve the minimum distance
of the binary image of the code using the algebraic
properties of both cycles and stopping sets. Finally,
the complexity-performance tradeoff is addressed: we
show that for regular (2, 4) and (2, 8) LDPC codes,
using only one optimized row to generate the parity
check matrix, it is possible to have at least the same
performance as for a code with randomly selected
coefficients and, for some fields, the waterfall and the
error region can be both improved.

The paper is organized as follows: in Section 2, we
briefly review the binary image construction of a non
binary parity check matrix. The optimization of the
rows of the parity check matrix is addressed for the
waterfall improvement in Section 3. Section 4 provides
a study of the binary representation of both cycles and
stopping sets, and establishes links between those and
the minimum distance property of the code. This study
allows us to propose a method to improve the error
floor when using the row optimized code ensemble.
In Section 5, the optimization strategy and simulation
results are provided.



2 Binary images of a non binary
parity check matrix H

Let us consider the parity check matrix H associated
with a regular non binary LDPC code with the para-
meters (tc, tr, N) representing the number of nonzero
entries of H for the columns, the rows and the code
length respectively. All the nonzero elements of H are
elements of the Galois fields GF(q), with q = 2p and
q is the order of the field. Nonzero elements belong to
the set S =

{
0, αk : k = 0 . . . q − 2

}
where α is the

primitive element of the field.

2.1 Representation of the Galois field using
matrices

The Galois field GF(q), described usually using a
polynomial (or vector) representation, can be also rep-
resented using matrices [13]

Definition 1: If p(x) = a0 + a1x + . . . + xp is a
polynomial of degree p having its coefficients in GF(2).
The companion matrix of p(x) is the p× p matrix

A =




0 1 0 . . . 0
0 0 1 . . . 0
0 0 0 . . . 1
a0 a1 a2 . . . ap−1




The characteristic polynomial of this matrix is given by

det(A− xI) = p(x)

where I is the identity matrix.
It can be shown [13] that the matrix A is the prim-
itive element of the Galois field GF (2p) under a
matrix representation and thus the powers of A are
the nonzero elements of this field, defining the set
M =

{
0, Ak : k = 0 . . . q − 2

}
. Additions and mul-

tiplications in the field correspond to additions and
multiplications of these matrices.

2.2 Vector representation for the parity
check equations

Based on the matrix representation of each nonzero
entry, we give thereafter the equivalent vector repre-
sentation of the parity check equations associated with
the rows of H . Let x = [x1 . . . xN ] be a codeword with
N components. For the i−th parity equation of H , we
have ∑

j:hij 6=0

hijxj = 0 (1)

Translating (1) into the vector domain, we can write
∑

i:hij 6=0

Hijxj
t = 0t

where Hij is the transpose of the matrix representa-
tion of the Galois field element hij , xj is the vector
representation (binary mapping) of the symbol element
xj and t holds for transpose. 0 is all zero component
vector. Considering the i-th parity check equation of

H , we define Hi = [Hij0 . . . Hijm
. . . Hijtr−1 ] as the

equivalent binary parity check matrix, with {jm :
m = 0 . . . tc − 1} the indexes of the nonzero elements
of the i−th row. Let Xi = [xj0 . . .xjtr−1 ] be the
binary representation of the symbols of the codeword x
involved in the i−th parity check equation. When using
the binary representation, the i-th parity check equation
of H , can be written as

HiXi
t = 0t

We note dmin(i) the minimum distance of the binary
code associated with Hi.

3 Selecting rows for waterfall im-
provement

In this section, we investigate the choice of “good”
rows for the parity check matrix regardless of the
structure of the Tanner graph associated with it. First,
we briefly review the method proposed in [5] to select
the coefficients row by row. We show that the set
of rows provided by [12] can easily be reduced and
we give an analysis of these coefficient sets using the
binary images of the code considered. Then, since the
method of [5], as an instance of density evolution, can
be computationally expensive for high order fields, we
propose a simpler optimization method based on the
binary image of the code associated with a row. By
comparing the results of both methods, we observe
that the coefficient sets we obtain may encompass the
sets given by [12]. Finally, we compare the theoretical
thresholds for row optimized and random code ensem-
bles for some different code parameters and field orders.

3.1 Optimization using Monte-Carlo simu-
lations

In [5][12], the authors propose a method to optimize
the rows of the parity check matrix H . They select the
coefficients of the matrices carefully using a monte-
carlo method: they search for the tr-uplets that max-
imize the marginal entropy of the message after a
given number of iterations. They obtain a primitive set
of tr-uplets and then the rows of the matrix H are
generated randomly from these tr-uplets, from these tr-
uplets multiplied by constants and from their random
permutations. For example, Table I summarizes the best
tr-uplets of coefficients for GF(64) with tr = 4. Using
the mapping used in [12], the corresponding powers of
the primitive element α are given in this table. From
Table I, we observe that the given sets can be reduced to
only two 4-uplets for GF(64) since the other ones are
obtained by multiplying by a constant one of this 4-
uplets. Thus, re-interpreting the primitive sets given in
[12] using the powers of the primitive element allows us
to consider some reduced sets for some good tr-uplets
(indicated by “ • ” and “ ¦ ” in Table I).



According to Section 2.2, using the equivalent binary
parity check matrix associated with each tr-uplet, we
can compute the minimum distance dmin associated
with it. In Table I, we reported dmin and the weight
enumerator coefficient A(dmin) associated with for
each 4-uplet. For GF(64), we obtain a (24, 18, 3) code:
as a result, this code is close to the best possible dmin

for its length and dimension [2].

3.2 Optimization using binary images
In this section, we present an optimization method that
aims to select good rows using the equivalent binary
parity check matrix. The optimization idea is that the
higher dmin is, the more distinguishable, hence reliable,
the messages passed from check nodes to data nodes
using BP are. Therefore considering the equivalent
binary parity check matrix Hi, we intend to maximize
the minimum distance dmin of the associated binary
code. Thus, the best tr-uplets candidates are those
with the largest dmin and among those tr-uplets with
maximum dmin, the best are those with the smallest
weight enumerator coefficient A(dmin).

3.2.1 Search procedure

Since finding good tr-uplets can be computationally ex-
pensive, we provide next some guidelines to accelerate
the search procedure of the primitive set of rows:

• dmin is the minimum number of columns of Hi

that are dependent, thus the minimum distance
of a tr-uplet is at most the minimum distance
associated with any two sub-matrices Hij and
Hij′ of Hi. The minimum distance associated
with these two elements is greater or equal to
2. Whenever possible (i.e. when we consider a
sufficiently high order compared to the tr-uplet
size we try to optimize), we focus on the tr-uplets
having a minimum distance greater or equal to 3.

• Since the rows of H can be some permutations
or multiplication by a constant of tr-uplets of the
primitive set, each and every element of this set
can be written as an ordered set with the following
structure

1 . . . αi . . . αj . . . αk︸ ︷︷ ︸
tr

, 0 < i < . . . < j . . . < k

• Based on the previous remarks, the tr-uplets can
be derived from the (tr − 1)-uplets by adding an
element αl such as

1 . . . αi . . . αj . . . αk︸ ︷︷ ︸
tr−1

αl, 0 < i < . . . < j . . . < k < l

• Once we have computed the primitive set, as
seen in the following example, it can be further
reduced since some tr-uplets can be related by a
multiplication by a constant.

Row coefficients dmin A(dmin)
48 35 26 0 3 20 •
28 54 13 0 3 20 •
55 28 13 0 3 22 ¦
27 48 35 0 3 22 ¦
21 36 8 0 3 22 ¦
22 37 9 0 3 20 •
50 15 41 0 3 20 •
42 50 15 0 3 22 ¦

TABLE I
ROW COEFFICIENTS FOR GF(64) AND tr = 4 FROM [12].

Row coefficients dmin A(dmin)
37 22 9 0 3 20 •
54 28 13 0 3 20 •
50 41 15 0 3 20 •
48 35 26 0 3 20 •
44 18 7 0 3 21 ¦
37 19 9 0 3 21 ?
54 28 10 0 3 21 ?
56 37 11 0 3 21 ¦
53 44 18 0 3 21 ?
37 26 19 0 3 21 ¦
45 35 26 0 3 21 ?
52 45 26 0 3 21 ¦

TABLE II
ROW COEFFICIENTS FOR GF(64) AND tr = 4 USING BINARY

IMAGES.

3.2.2 Example

We consider GF(64) with tr = 4. The equivalent binary
code has the parameters N = 24 and k = 18. In this
case, dmin ≤ 4 [2]. Table II summarizes the primitive
set of rows and their weight spectrum when using the
same binary mapping as in [12]. The best codes found
have dmin = 3. When comparing our results to those
of [12], the following observations can be made :

(i) Both procedures find the rows with associated bi-
nary minimum distance dmin = 3 and A(dmin) =
20 (Best rows). The method based on the binary
images is also able to list all rows with dmin = 3
and A(dmin) = 22 (not given in Table II).

(ii) The procedure using binary images detects some
good candidates not detected by [12] with
A(dmin) = 21.

(iii) As observed in Section 3.1, we can reduce the
elementary set to three primitive rows (indicated
by “•”, “¦” and “?” in Table II).

3.2.3 Comparison of both methods

When we further compare the results provided by both
methods, for GF(16), the method of [5][12] provides the
set of rows with the smallest A(dmin). For GF(64) and
tr = 5, the same result is obtained. Both methods seem
as effective to obtain the best candidates. However,
our method allows us to optimize the rows for larger
field order, since its computational complexity is less
than that of a search based on an instance of density
evolution.
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Fig. 1. Theoretical thresholds Eb/N0 in dB: comparison between
random and optimized row code ensembles for a (2,4)-LDPC code
as a function of the field order.

3.3 Thresholds for row optimized code en-
sembles

After selecting some potentially good rows, an inter-
esting issue is to predict and analyze the influence of
that choice on the convergence behavior for some dif-
ferent code parameters and some different field orders.
Using density evolution [15], we study the theoretical
thresholds for both random and row optimized code
ensembles. Note that the latter can be viewed as an
expurgated ensemble of the former. In this study, we
focus on the row optimized code ensembles generated
with only one optimized row for some different field or-
ders. Figure 1 depicts a threshold comparison between
random and optimized row code ensembles for a (2,4)-
LDPC code as a function of the field order. As observed
in Figure 1, the row optimized code ensemble exhibits a
better threshold behavior than the random one for each
field order, suggesting that the waterfall region of the
error performance curve can be improved by selecting
carefully the rows of the parity check matrix. However,
the threshold improvement tends to vanish as the order
field increases.

4 Lowering Error floor
Since the equivalent binary minimum distance is related
to the minimum number of independent columns of H ,
it is strongly related to the topology of the Tanner graph
associated with the underlying binary parity check ma-
trix. As in the binary case, it is likely that the cycles and
the stopping sets associated with the underlying binary
parity check matrix remain key elements to lower the
error floor as observed by various authors in the recent
literature. Hence, we first analyze the equivalent binary
representations of both the cycles and the stopping
sets in order to link their algebraic properties to the
“local” minimum distance. Then, we propose a method
to iteratively improve the error floor using only row
optimized LDPC code ensembles. We assume that the
structure of the underlying binary matrix has been
optimized previously by the PEG algorithm [10] or
other good construction algorithms [16].

4.1 Cycle “cancellation”
If we consider a cycle of length l, this cycle is not
involved in the equivalent binary minimum distance
if the rank of the equivalent binary matrix associated
with the cycle is full (i.e., the cycle does not provide a
codeword). Let g = lmin be the girth of the underlying
parity check matrix. By successively ensuring full rank
for each equivalent binary matrix associated with cycles
of lengths g ≤ l ≤ lmax, we can expect to iteratively
lower the error floor by eliminating low weight code-
words of the equivalent binary code. In the following,
we consider the case of (2, tr, N) regular codes. First,
we give the matrix representation of a cycle of length
l and then we give the full rank condition (FRC) based
on this representation. Let C̃d be the block matrix
representation of a cycle of length l with d = l/2.
Using row and column permutations, C̃d can be related
to the representation Cd of an elementary cycle given
by the following d× d block square matrix:

Cd =




β1 β2 0 . . . . . . 0

0 β3 β4

...
...

. . .
...

...
. . . 0

0 βl−3 βl−2

β0 0 . . . . . . 0 βl−1




where βn, n = 0 . . . l − 1 are the equivalent matrix
representations of the non-zeros entries of H involved
in the cycle C̃d. The full rank condition for C̃d is
equivalent to det(Cd) 6= 0. It can be shown [14] that it
is equivalent to the following condition:

(FRC) :
∏

i

β2i+1 6=
∏

i

β2i (2)

In the following, a cycle is called “cancelled” when the
FRC is fulfilled for that cycle.

4.2 Stopping set mitigation
We have seen that the cycles in the Tanner graph of the
code can have a mitigated influence if the FRC condi-
tion is fulfilled, ensuring that no low weight codewords
can be created by that cycle. The global performance is
however not only dependent on the cycle structure, but
also on the stopping sets [7][16] that are not reduced
to a single cycle. Let ds be the weight of the pseudo
codeword associated with a given stopping set. For a
(2, tr, N)-regular graph, the minimum symbol weight
of a stopping set is ds,min = d3g/4e, where g is the
girth of the graph. For a stopping set with symbol
weight ds ≥ ds,min, the equivalent binary matrix is
no longer a square matrix: its binary representation
is at most a (ds − 1).p × ds.p rectangular matrix
with an associated minimum distance depending on the
coefficients arrangements. As a result, each codeword
associated with this substructure is a codeword of the



code defined by H . Thus, structurally, the code perfor-
mance is drastically limited by the smallest stopping
sets and their associated minimum distance.

Unfortunately, unlike for cycles, there is no way to
“cancel” their influence by proper symbol assignment:
since each stopping set has a minimum distance asso-
ciated with it, the only way to ensure a good minimum
distance for the whole code is to try to maximize the
minimum distance over the stopping set ensemble. It
is also important to note that the cycle cancellation for
the smallest cycles is an important prerequirement to
avoid ”catastrophic” or badly conditioned stopping sets:
the stopping sets contain cycles, and therefore ensuring
cycle cancellation inherently avoids that some columns
of the equivalent binary parity matrix in a stopping sets
add to zero, which results in a possible loss of rank.

4.3 Global optimization
The proposed optimization is based on the successive
fulfillment of the FRC for all cycles of length l, as
l increases while maximizing the “local” minimum
distance associated with the stopping sets. Cycle can-
cellation is done with priority to avoid low weight
codewords induced by non cancelled cycles and to
avoid poorly conditioned binary representation of the
stopping sets. For optimization purposes, the knowl-
edge of the cycle (resp. stopping set) distributions is
assumed for some l (resp. ds) from g (resp. ds,min) up
to a given length lmax (resp. a given weight dsmax).
The initial Tanner graph (nonzero entries of H) is
first optimized using the PEG algorithm [10] or a
slightly modified version in order to have both good
girth property and stopping set distribution (the number
of minimal weight stopping set is minimized). Let R
and S be the set of optimized rows chosen for the
global optimization and the set of the smallest stopping
sets (more generally, a union of different low weight
stopping set ensembles), respectively. The following
general procedure is applied:
• Initialization: The rows values in H are chosen

at random from the rows in R and their random
permutations.

• Initial cycle cancellation: This step intends
to cancel successively all cycles with length l,
g ≤ l ≤ lM , included in the stopping sets in S
in order to have well conditioned stopping sets.
We define I as the set of the row indexes of H
to be optimized. The optimization is performed
iteratively using the following procedure for l ≥ g:

1) Initialize I with all the row indexes of H .
2) Select at random a row index m ∈ I .
3) Compute Π(m)

n , a set of n random permuta-
tions derived from R.

4) Select the permutation in Π(m)
n that max-

imizes the number of cancelled cycles of
length l, conditioned that all shorter cycles
are cancelled.

5) I ← I − {m}. If all length l cycles are
cancelled, l = l +1, go to step 1. Otherwise,
if I = ∅ and there are some non-cancelled
cycles, go to step 1, else go to step 2.

• Cycle cancellation and stopping set mitigation:
In this step the successive cancellations are per-
formed for some l ≥ lM following the same
procedure as the above procedure except for step
4. The permutation selection is performed based
on the maximization of the number of cancelled
cycles and the maximization of the minimum
distance over all the stopping sets belonging to S
with which the current row m is connected. This
maximization is still performed conditioned that
all shorter cycles are cancelled.

• End of optimization: the optimization procedure
is stopped when cycle cancellation is not possible
anymore. The global minimum distance is finally
estimated using the impulse method [8], since
the optimization procedure only deals with the
local minimum distance associated with stopping
sets. However, the optimization results show that
by locally optimizing the minimum distance, the
minimum distance of the code is improved and
well predicted by the local behavior.

Note that, due to computational complexity, we have to
restrict the initial set S . It is checked a posteriori that
we have a good minimum distance for some stopping
sets ensembles with higher weights than those in the
set S . Since it is impossible to cancel the cycles for all
lengths l, we expect that large non cancelled cycles have
less impact on the minimum distance as well as less
dramatic influence on the stopping sets in which they
are involved, since the size of the associated submatrix
increases.

5 Simulation results
The different construction methods to be compared are
the following:
(i) Random method (RD): Given a binary matrix,

the nonzero entries are randomly selected from the
nonzero elements in the fields GF(q).

(ii) Davey-Mackay method (DM): Given a binary
matrix and a set of good tr-uplets (previously
optimized based on Section 3), the rows of H
are generated randomly from these tr-uplets, from
these tr-uplets multiplied by constants and from
their random permutations.

(ii) Binary image method (B): Given a binary matrix
and a unique tr-uplet (previously optimized based
on Section 3), the optimization is performed using
the successive cycle cancellation and stopping
set influence mitigation described in Section 4.
Each row of H is generated randomly from the
selected tr-uplet and its random permutations. By
highly constraining the matrix construction using



only one primitive row, we intend to address a
performance-complexity tradeoff.

All the comparisons are done using the same matrix
structure: first the nonzero entries are optimized in
order to have good girth and stopping set distribution
properties. Then, the values αi are chosen using one of
the previously described methods. For some different
frame lengths and field orders, we compare the frame
error rate (FER) assuming a memoryless additive white
gaussian noise (AWGN) transmission channel and an
iterative BP decoder at the receiver [1]. The maximum
number of iterations is fixed to 1000 to ensure proper
convergence. Much less iterations are performed on av-
erage with the help of syndrome calculation as stopping
criterion. Figure 2 depicts the FER for a (2, 4)-LDPC
code, different field orders and almost the same bit
length. As predicted by the theoretical thresholds, the
waterfall gain for B and DM methods over R method,
vanishes with respect to an increasing field order. The
error floor is reduced in the order of one decade
for GF(64) when we compare the methods B and
RD/MD, showing the effect of providing attention to
the cycle and stopping set configurations. For GF(256),
the three methods have almost the same performance
up to FER= 10−5. Figure 3 depicts the FER for a
(2, 4)-LDPC code over GF(16) and a (2, 8)-LDPC code
over GF(64). For the (2,4) code, we observe that the
selection of some good rows is very relevant for the
small field orders. For high rate codes, the waterfall
gain decreases with the rate for a given field order, but
the optimization can improve drastically the error floor.

6 Conclusion
In this paper, we proposed an optimization method
of regular non-binary (2, tr) LDPC codes allowing
to improve both the waterfall and the error floor.
Performance can be improved up to several orders of
magnitude depending on the field order, the rate and
the codeword length.
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