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Abstract—In the context of adaptive DS-CDMA transmissions,
we study average performance of a link adaptation based on the
maximization of the minimum information rate subject to a target
bit error rate for erroneous frames. Analytical expressions and
bounds are derived when Rayleigh fading environment is assumed.
Results are also compared to a link adaptation strategy based on
the total throughput maximization.

I. I NTRODUCTION

Emerging framed based wireless multiuser communications
systems, such as Direct-Sequence Code-Division Multiple Ac-
cess (DS-CDMA) systems like UMTS [1], perform high rates
transmissions, enabling multimedia transmissions. Moreover,
the rate adaptation of the source coder and the robust decoding
capability of the source decoding (the source decoder can toler-
ate some erroneous frames)[4] allow to adapt rates at the phys-
ical layer and to avoid systematic retransmissions of erroneous
frames during the transmission. Thus, for DS-CDMA systems,
some link adaptation strategies where developed. They gen-
erally use to optimize a cost function based on a Quality of
Service (QoS) criterion subject to a minimum performance re-
quirement in terms of Bit Error Rate (BER), Frame Error Rate
(FER) or mean BER of erroneous frames (CBER).

Most works dealing with adaptive multi-rate CDMA are fo-
cused on the maximization of the total throughput in a cell [7],
[8], [6]. When dynamic spreading gain and power control are
performed, maximizing the total throughput implies that some
users in the cell that are subject to a large fading are prevented
from transmitting whereas these who are subject to a small fad-
ing transmit at their full power [8], [6]. This induces some la-
tency on the wireless link for the weakest users, who are not
allowed to transmit during as many frame duration as they are
in a large fading environment. This may not satisfy the con-
cerned users. Recently, [11] proposes an alternative link adap-
tation strategy in order to provide a minimumQoS service for
all users. This link adaptation strategy is based on a new cri-
terion to optimize the rates and powers: the maximization of
the minimum user’s information rate. The solution of the op-
timization problem is achieved using dynamic spreading gain
and power control by adapting the user’s received powers to
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the weakest user (subject to the strongest fading amplitude). In
this case, each and every user is transmitting during a frame
with the same information rate. The solution provided is the
instantaneous solution of the optimization problem for the cur-
rent frame. Thus, as done in [6], it will be of a great interest
to derive some analytical expressions or bounds on theaverage
performance we can reach with such a link adaptation strategy.
This allows for example to compare the different link adapta-
tion strategies. Therefore, in this paper, we propose to derive
analytical expressions and some analytical bounds for theaver-
age performance reachable by means of the strategy proposed
in [11] in a Rayleigh fading environment. Particulary, we will
focus on theaverage information rate.

The remainder of the paper is organized as follows. The sys-
tem model, including the definition of our performance mea-
sure, and the notations used are described in section II. A gen-
eral description of the link adaptation strategy proposed in [11]
is briefly reviewed in section III. After recalling the optimal
solution for unlimited continuous rates and powers adaptation,
we derive some analytical expressions and bounds in section
IV. Simulation results and comparison with the link adaptation
strategy proposed in [6] for unlimited continuous rates will be
given in section V.

II. SYSTEM DESCRIPTION

A. Communication system

We consider the uplink transmission (i.e. from the mobiles
to the base station) of a DS-CDMA communication system
composed of a transmitter (convolutional channel coder and
spreader) and a receiver (decorrelator + Viterbi decoder) as in
figure 1. At the base station, the receiver is the conventional
single user matched filter detector for each user. The wire-
less propagation channel is assumed to be a block Rayleigh
fading channel (the fading is supposed to be constant over a
frame duration) and affected by an Additive White Gaussian
Noise (AWGN). We assume that there areNu users in the sys-
tem inducing white and gaussian interference. LetSk andRk

be, respectively, the spreading factor and the channel coding
rate associated with userk. BPSK modulation with amplitudes
{−1,+1} is used for each user. At the transmitter the pulse
shaping filter generates a rectangular pulse of a one chip du-
ration with unit energy. LetPk be the transmitted power and



αk be the channel gain which is assumed known and constant
during a frame for userk.

Packets
Data Channel

coder
Spreading

Channel

+

Modulation

Φ

Correlator

Eb

Ne

Channel
Decoder

N0

2

Additive White
Gaussian Noise

CBERPackets
Data

Receiver

Fig. 1. Communication system

B. Link performance measures: CBER and bit-energy-to-
equivalent-noise ratio

We will used the CBER as a measure performance after chan-
nel decoding. The CBER is defined as average bit error rate for
an erroneous frame and can be expressed using classical per-
formance measures BER and FER according to the following
mathematical relationCBER = BER/FER. The CBER al-
lows to take into account some correlation of errors after chan-
nel decoding, if no interleaving between frames is used after
channel decoding. The CBER can be useful if we want to
take into account that the source decoder may accept erroneous
frames.

Using classical approximations for high signal-to-noise ra-
tios for the BER and FER ([12], [3]), the CBER can be related
to the wireless link performance measure, the bit-energy-to-
equivalent-noise ratioEb/Ne at the output of the matched filter,
and some approximations for high signal to noise ratios can be
given [11]. For the wireless link, the bit-energy-to-equivalent-
noise ratio at the output of the matched filter at the frame level
takes into account all the perturbations due to the channel.At
the receiver, the matched filter output for userk′ can be written
as

rk′ = sk′ + nu + n (1)

wheresk′ is the transmitted symbol vector of interest for user
k′, nu denotes the multiuser interference for userk′ andn is the
AWGN with double sided spectral densityN0/2. All quantities
in (1) are vectors of components corresponding to a complete
frame duration. Assuming the multiuser interference is white
and gaussian (true for large spreading factors and asynchronous
users,i.e. uplink) and independence betweennu and n, we
can explicitly write [9], within each frame, the bit-energy-to-
equivalent-noise-spectral-density-ratio,Eb/Ne, at the input of
the channel decoder as

Eb(k
′)

Ne(k′)
=

1

Rk′

Pk′αk′
2Sk′

N0 + β
∑

k 6=k′ Pkαk
2

(2)

whereEb(k
′) is the mean bit energy at the receiver for user

k′ andNe(k
′) is the noise plus user interference variances.β

is a constant depending on the choice of spreading sequences.
Typically, β = 2/3 for random spreading sequences. We recall
thatαk is the channel gain which is assumed constant during a
frame. Pk andRk are respectively the transmitted power and
the channel coding rate of user k.

C. Information rate expression

We need to express the information rate for each userk′ in
function of the different parameters of the system. As DS-
CDMA systems such as UMTS [2] transmit frames of a fixed
time duration which implies a fixed number of chips, the num-
ber of information bits depends on the spreading factor and on
the channel coding rate. The information rate for userk′ is also
defined as:

rk′ =
Rk′

Sk′

. (3)

Considering equation (2), it becomes:

rk′ =

(

Eb(k
′)

Ne(k′)

)−1
Pk′αk′

2

N0 + β
∑

k 6=k′ Pkαk
2
. (4)

We can see in equation (4) thatrk′ is a function of the
communication system constants({α2

k, k = 1 . . . Nu}, N0, β),
of users’ transmitted powers{Pk, k = 1 . . . Nu} and of the
Eb(k

′)/Ne(k
′). Eb(k

′)/Ne(k
′) is the parameter related to the

QoS constraint. As explained above, we suggest to maximize
the minimum rate over all users.

III. T HE MAXIMIZATION OF THE MINIMUM INFORMATION

RATE: GENERAL DESCRIPTION

A. Optimization problem constraints

We will give here the constraints for the general link adap-
tation optimization problem. We assume that each and every
user is transmitting during a frame and no retransmission isal-
lowed. The following two constraints are considered simulta-
neously.

[C1] To guarantee a givenQoS for each same priority class user
implies the same target value for the signal-to-equivalent-
noise ratio of each user. This threshold value, denoted
(Eb/Ne)t, is related to the CBER constraints as explained
in section II. This can be formulated as follows:

[C1] :
Eb(k)

Ne(k)
=

(

Eb

Ne

)

t

, k = 1 . . . Nu.

[C2] We assume there is no power limitation at the receiver.
Due to hardware limitation, the transmitter peak power is
limited to a maximum valuePmax, identical for each user,
for the uplink transmission. This can be formulated as fol-
lows:

[C2] : 0 < Pk ≤ Pmax, k = 1 . . . Nu. (5)



B. General optimization problem statement

The maximization of the minimum information rate, under
the constraints described in the previous section III-A, can be
expressed using (4) as follows:

max
{Pk′}

min
k′

rk′ constrained to[C1] and[C2]. (6)

IV. AVERAGE PERFORMANCE ANALYSIS: ANALYTICAL

EXPRESSIONS AND BOUNDS.

To analyze the average performance of the link adaptation
scheme, we will consider the case where the users information
rates as continuous variables over the entire range of positive
real numbers. In the case of unlimited continuous rates, there-
sult of the optimization problem (6) gives an upper bound on the
performance of a practical system. Moreover, the obtained so-
lution can be a useful tool to compare theoretical performance
of different link adaptation schemes.

A. Optimization problem solution

Under constraints[C1] and [C2], the solution to the con-
strained optimization problem (6) is given by the following
proposition (see [11] for proof):

Proposition 1: Ordering the users indices{1 . . . Nu} in an
increasing channel gain order (α2

1 ≤ · · · ≤ α2
Nu

), the solution
to the constrained optimization problem (6) is given by:

Pkα2
k = Pmaxα

2
1 , k = 1, · · · , Nu (7)

whereα1 is the weakest channel gain.
Corollary 1: When the maximization of the minimum rate is

achieved (7), each and every user has the same information rate
given by:

rmax−min = (Eb/Ne)
−1
t

Pmaxα
2
1

N0 + β(Nu − 1)Pmaxα2
1

. (8)

B. Average performance

1) Probability density function of the minimum channel
gain: Each an every performance measure is related to the
weakest channel gainα1. So in order to average, we have to de-
rive the probability density function (pdf) ofα1 defined asα1 =
min(αk, k = 1 . . . Nu). Recalling that(αk, k = 1 . . . Nu) is an
ordered set of independent and identically Rayleigh distributed
random variables with common parameterE(α2

k) = Ω, as a
classical result of order statistics [10], the distribution of the
minimum channel gainα1 is given by the following pdf:

fα1
(α) =

2Nuα

Ω
e

−Nuα2

Ω , α > 0 (9)

Based on this result, we can now derive some analytical expres-
sions regarding average performance and some bounds.

2) Average information rate: Using the instantaneous so-
lution to the optimization problem for each frame (8), we can
average out over the channel gains described by their pdf (9).
The average information rate is given by:

r = E(r) =

∫ +∞

0

rmax−minfα1
(α)dα

= C

∫ +∞

0

α2

N0 + λα2

2Nuα

Ω
e

−Nuα2

Ω dα

whereC = (Eb/Ne)
−1
t Pmax andλ = β(Nu − 1)Pmax. Let

u be defined asu = N0 + λα2. By variable substitution, it
follows that

r = C
Nu

Ωλ2
e

NuN0

Ωλ

∫ +∞

N0

u − N0

u
e

−Nuu

Ωλ du

= C
Nu

Ωλ2
e

NuN0

Ωλ (I1 − I2) (10)

where

I1 =
Ωλ

Nu

e
−NuN0

Ωλ and I2 = N0 Γ(0,
NuN0

Ωλ
) (11)

with Γ(p, z) defined as

Γ(p, z) =

∫ +∞

z

tp−1exp(−t)dt (12)

is the incomplete Gamma function.
It is of practical interest (in terms of computational complex-

ity) to derive simple bounds that can be close to exact analytical
expressions for a large range of values. First, by considering
equation (10) and (11), we can get a lower bound using an up-
per bound forI2. In the light of equation (11), we consider the
following integral

I =

∫ +∞

z

v−1e−vdv

Sincef(v) = v−1 andg(v) = e−v are positive functions over
the integration range, applying Hölder inequality [5], we have
∀p > 1, q > 1 such that1

p
+ 1

q
= 1

I =

∫ +∞

z

v−1e−vdv

≤

(
∫ +∞

z

v−pdv

)

1

p
(

∫ +∞

z

e−qvdv

)

1

q

(13)

Thus, applying (13) to equation (11), after integration of the
second member, using1/p + 1/q = 1 and substitutingz =
(NuN0)/(Ωλ), we finally get∀p > 1

I2 ≤ N0e
(−

NuN0

Ωλ
)(

NuN0

Ωλ
)(

1

p
−1)(p − 1)(1−

2

p
)p( 1

p
−1) (14)

Since (14) is true for allp > 1, for a given number of users
Nu and a given noise power, the optimal value for the real pa-
rameterp is the one which minimize the second member of
equation (14). Finally, reporting this expression in (10),we get
a lower bound forr.



Using equation (10), and sinceI2 ≥ 0, we have the following
upper bound

r ≤ C
Nu

Ωλ2
e

NuN0

Ωλ I1

≤
C

λ

and finally, we get

r ≤
(Eb/Ne)

−1
t

β(Nu − 1)
. (15)

This asymptotic value ofr when the noise power goes to
zero can not increase to infinity, since it is upperbounded bythe
multiple access load capacity (15).

3) Average bit energy : Let us focus on the average received
bit energy. During a frame duration, the energy bit for a useris
given by

Eb = (Eb/Ne)t(N0 + λα2
1)

Then, averaging out over the pdf of the channel gains, the aver-
age bit energy per user is given by

Eb = E(Eb) = (Eb/Ne)t(N0 + λ

∫ +∞

0

α2fα1
(α)dα)

= (Eb/Ne)t(N0 + λΩ/Nu). (16)

So, the average bit energy is a constant whenN0 goes to zero
(low noise power). This constant is equal to(Eb/Ne)t(β(Nu −
1)PmaxΩ/Nu). Thus, whenNu increases, the average bit en-
ergy increases due to the load of cell. This can be interpreted
as follows: at low noise power, we only have multiuser inter-
ference, which increases whenNu increases. So, we have to
transmit more energy per bit to fight against the multiuser inter-
ference.

In section V, we will compare these bounds to the simulated
values to check for their validity in terms of number of users,
noise power, etc...

V. SIMULATION RESULTS

In this section we present some simulation results in order to
check for the validity of the analytical expressions and bounds
we developed in the continuous rate case. For all simulations,
the users’ channel gains have the same Rayleigh distribution
parameterized by the parameterE(α2

k) = 1 , ∀k = 1 . . . Nu.
The maximum peak power is set to 1. The target signal-to-
equivalent-noise ratio is set to(Eb/Ne)t = 3 dB. Considering
randomly chosen spreading sequences,β is equal to2/3. As
we are interested in average performance in the theoreticalcase
of unlimited continuous case, no assumptions are done on the
channel coding rate and spreading factor set of each user.

First, we consider the continuous rate case and analyze the
influence of the different system parameters such as the num-
ber of users in the cell and the noise power. Analytical expres-
sions and bounds in the continuous case are compared to the
simulations results to check for their validity. Then, we com-
pare the average performance of a link adaptation based on the
maximization of the minimum of the information rate and a link
adaptation based on the total throughput maximization.

A. Average performance for the unlimited continuous rate case

Figures 2 gives simulation results, the analytical expressions
given by (10) and the bounds given by (15) and by (14) for the
average information rate per user versus the inverse noise power
for Nu = 5, 10. As expected, for a given noise power, the
average rate decreases when the number of usersNu increases.
This is due to the increase of multiuser interference whenNu

increases. All curves are strictly increasing functions ofthe
inverse of the noise power,i.e. when the noise power decreases,
the average rate increases. Since rates are continuous, they go
to zero for high noise power. For low noise powers, the rates
converge asymptotically to a the constant given by (15). This
constant is related to the maximum reachable information rate
when the users are only subject to multiuser interference. As
seen in figure 2, the analytical expressions and simulationsare
very close. The bound given by (14) is obtained by finding, for
a given number of userNu and a given noise powerN0, the
value of the parameterp which minimize the second member
of (14). Equation (15) gives the asymptotic value of reachable
average information rate in presence of multiuser interference
only. Equation (14), when optimized with the parameter value
p for a given noise power, gives a tight lower bound over the
entire range of noise power values.
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In figure 3, the average bit energy for a givenNu is a strictly
decreasing function of the inverse of noise power: the higher
the noise power is, the higher the average transmitted bit energy
has to be. This is due to the fact that, for high noise powers, the
information rate is low, requiring low channel coding ratesand
high spreading factors. Thus the required bit energy to trans-
mit with the givenQoS increases. For a given noise power (cf.
equation (16)), the average bit energy increases with increasing
Nu. The asymptotic value for low noise power is given by (16)
whenN0 goes to zero. As seen in figure 3, simulations and
analytical expressions are very close.
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B. Link adaptation strategies comparison

Figure 4 compares the total throughput achieved by the min-
imum of the information rate maximization (MRM ) and the to-
tal throughput maximization (TTM ) based on results of [6] for
Nu = 5, 15. As it can be expected, the TTM scheme provides
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Fig. 4. Average total throughput versus inverse noise power1/N0 in continu-
ous rate case: (TTM) Total throughput Maximization, (MRM) Minimum Rate
Maximization. NU=5,1.

a higher average total throughput than the MRM one. This is
inherent to the cost functions of the optimization of the twolink
adaptation strategies. While the TTM scheme effectively max-
imizes the total throughput, the MRM strategy tries to provide
the best minimum rate. Figure 5 compares the average transmit-
ted users enabled per frame duration by the maximization of the
minimum of the information rate and the total throughput max-
imization based on results of [6] forNu = 5, 15. It allows us to

go inside the major difference of the two approaches: for TTM
scheme, we can see that above a given threshold1/N0, the av-
erage number of users allowed to transmit during a frame down
to 1, the best one. Thus, if we consider identical channel gain
distributions for theNu users, one user may theoretically be al-
lowed to transmit everyNu frames in average, while with MRM
scheme each and every user may transmits during a frame. For
high noise powers, both schemes are equivalent in terms of av-
erage number of transmitted users. Nevertheless, average total
throughput is quite different. For TTM scheme, each and every
user transmits to its full power resulting in a low information
rate for the weakest user, as the multiuser interference forthis
user is maximum. For the MRM scheme, the effect of the mul-
tiuser interference is mitigated to allow to transmit at thebest
minimum rate.
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VI. CONCLUSION
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