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Abstract—This paper deals with optimized channel coding
for OFDM transmissions (COFDM) over frequency selective
channels using irregular Low-Density Parity-Check codes.
Firstly, we introduce a new characterization of the LDPC
codes irregularity called ”irregularity profile”. Then, using
this parameterization, we optimize the LDPC codes using
the criterion based on the minimization of the convergence
threshold. The optimization of this criterion is done using
the Gaussian approximation technique. Simulations illus-
trate the good performance of our approach for different
transmission channels.
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I. INTRODUCTION

IN this paper, we address the problem of designing
codes for transmissions over frequency selective chan-

nels when Orthogonal Frequency Division Multiplexing
(OFDM) modulation technique is used. Multicarrier mod-
ulations are good candidates for the emerging high rate
transmissions, either wired, wireless, single or multi-user.
The problem of channel coding for OFDM systems (Coded-
OFDM or COFDM) has been already addressed [1]. Based
on the emerging capacity approaching coding schemes, we
propose an alternative coding structure for COFDM. In
some applications, like wired xDSL transmissions, there is
a backward channel that propagates some information from
the receiver back to the transmitter. Properly used, this
information can give the transmitter an estimation of the
channel that is going to be crossed. In this paper, we pro-
pose to make use of this information to design a code that
is adapted to a frequency selective OFDM channel.

Turbo-codes [2] and Gallager LDPC codes [3] are the
two competing families of pseudo-random codes that could
achieve the capacity for various kind of channels. It has
been shown that irregular LDPC codes are especially inter-
esting because one can optimize the parameters that char-
acterize their irregularity in order to find the codes that
are the closest to the capacity for various types of channels
[4].

This paper is organized as follows. In section II, we
give some summaries of OFDM signaling, LDPC codes
and their decoding algorithm. Section III describes our
optimization algorithm suited to OFDM frequency selec-
tive channels, the results are presented in section IV and a
conclusion is given in section V.

II. LDPC Codes and OFDM systems

A. Parameterization of LDPC Codes

LDPC block codes are defined by a sparse parity check

matrix H (M ×N), where N denotes the codeword length
and M the number of parity checks. An LDPC code can
also be represented by its factor graph which is a bipartite
graph with two kinds of nodes: data nodes representing the
codeword bits and function nodes representing the parity
checks. The nth data node and the kth check node are
connected by an edge if and only if Hk,n is equal to 1.

When the data nodes and the check nodes have un-
equal connection degrees (number of edges connected to
a node), the LDPC code is irregular. The irregular-
ity is conveniently specified by two polynomials: λ(x) =∑tcmax

i=2 λix
i−1 and ρ(x) =

∑trmax

j=2 ρjx
j−1 where λi is the

fraction of edges which are connected to degree i data
nodes and ρj is the fraction of edges which are connected
to degree j check nodes. tcmax and trmax represent the
maximal data and check node connection degrees and a
degree i data node (respectively a degree j check node)
is a node connected to exactly i (respectively j) edges.
These two polynomials are related by the coding rate con-
straint: (1 − R)

∑tcmax

i=2 λi/i =
∑trmax

j=2 ρj/j. It is also
useful to use the following dual polynomial representation:
λ̃(x) =

∑tcmax

i=2 λ̃ix
i−1 and ρ̃(x) =

∑trmax

j=2 ρ̃jx
j−1 with λ̃i

being the fraction of data nodes with a connection degree
i and ρ̃j being the fraction of degree j check nodes. Using
these irregularity parameters, the optimization of LDPC
codes has already been performed for various channels and
the optimization method is based on the study of the as-
ymptotic behavior of the LDPC codes during the decoding
steps.

B. Decoding LDPC codes using Belief Propagation

LDPC codes are easily decoded by an iterative proba-
bilistic algorithm known as Belief Propagation. Each it-
eration of Belief Propagation is composed of two steps:
The data pass which updates the messages through the
variable nodes and the check pass which updates the mes-
sages through the check nodes. Usually, it is more con-
venient to use Log-Likelihood Ratios (LLRs) as messages.

Let v = log p(y|c=1)
p(y|c=−1) be the output message of a variable

node and u = log p(y′|c′=1)
p(y′|c′=−1) be the output message of a

check node. During the data pass on a variable node with
a connection degree equal to i, the output message v on
the qth branch is equal to:



vq = u0 +

i∑

n=1;n6=q

un ∀q = 1, ..., i (1)

where un, n = 1, ..., i, are the incoming messages from
all the data node neighbors and u0 is the observed LLR.
During a check pass, we use the following “tanh rule” to
express the output message u on the pth branch:

tanh
up

2
=

j∏

m=1;m 6=p

tanh
vm

2
∀p = 1, ..., j (2)

where vm, m = 1, ..., j, are the incoming messages from the
check node neighbors.

C. OFDM Communication System

The OFDM system, shown in Fig. 1, consists of a di-
vision of the available spectrum into many carriers, each
one being modulated by a low rate data stream. Thus, the
frequency selective channel becomes a set of Nc Gaussian
ISI free channels with fading Hk. The received symbol in
the frequency domain Yk is then:

Yk = HkXk + Nk ∀k = 1, ..., Nc (3)

with Hk being the kth channel spectrum coefficient, Xk the
kth symbol and Nk the Gaussian noise with zero mean and
variance σ2
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Fig. 1. OFDM transmission with LDPC channel coding over fre-
quency selective channels.

Thus, after having introduced in this part the main no-
tations and concepts which are essential to optimize the
LDPC codes over OFDM frequency selective channel, we
present in the next sections our proposed optimization
scheme.

III. Asymptotic performance of the LDPC

Codes over the OFDM Frequency Selective

Channels

In order to determine the performances of LDPC codes
under Belief Propagation, Richardson and Urbanke [5] have
introduced a general method to predict the asymptotic be-
havior of the LDPC codes. This method called Density
Evolution is based on the study of the probability den-
sity functions of messages being propagated in the factor
graph during the decoding steps under the assumption of
cycles free graph. For memoryless binary-input continuous-
output AWGN channels, Chung [6] proposed a Gaussian
approximation of message densities to simplify the analysis

of the density evolution. For many channels, including the
AWGN channel, LDPC codes (with an infinite codeword
length) exhibit a threshold phenomenon. This threshold
corresponds to a Signal to Noise Ratio (SNR) above which
the bit error probability converges to zero when the num-
ber of Belief Propagation iterations tends to infinity. The
criterion used by Chung to optimize the LDPC codes on
the AWGN channel is to choose the code which exhibits
the lowest threshold. So, the Gaussian approximation al-
lows the calculation of this threshold quickly and ensures
an easier design for good LDPC codes on AWGN channels.
In this section, we present a new extension (compared to
[7]) of the Chung’s algorithm to OFDM transmissions over
frequency selective channels.

A. Channel Messages Modelling and Irregularity Profile

A.1 Channel Messages Densities

The analysis of the LDPC codes behavior by Density
Evolution involves the fulfilment of two conditions that
are the channel symmetry and the independence of the
messages propagated in the factor graph during the decod-
ing (“local tree” assumption) [4]. This first condition can
be expressed by the following relation:

p(u02k|C2k = 0) = p(−u02k|C2k = 1) ∀k = 1, ..., Ns.
(4)

For the OFDM transmissions through a frequency selec-
tive channel with 4-QAM constellation, it is easy to show
that the channel symmetry is checked. Therefore, under
this condition, to predict the performances of such a sys-
tem it suffices to consider the performances of the all-zeros
codeword (wlog) [5]. Assuming that the all-zero codeword
is sent ((c2k, c2k+1) = (0, 0) ∀k i.e. Xk = 1 + j), the
observed LLRs become:

U0,k = u0,2k = u0,2k+1 =
4|Hk|

2

σ2
n

+
4Re{H∗

kNk}

σ2
n

∀k ∈ N.

So, the observed message U0,k has a consistent Gaussian
p.d.f. fu0,k

:

fu0,k
= N

(
4|Hk|

2

σ2
n

,
8|Hk|

2

σ2
n

)
= N (mu0,k

, 2mu0,k
) ∀k ∈ N.

(5)
The second condition which implies the independence of

the messages is more difficult to manage because it requires
an infinite codeword length, and thereby an infinite num-
ber of sub-carriers. Unlike the AWGN channel case, each
observed message has different statistical properties. Since
we have an infinite number of observed messages (one for
each sub-carrier), the model of the densities (5) involves an
infinite number of equations. To circumvent this problem
we build a rectangular approximation of the channel spec-
trum as shown in Figure 2 which reduces the model to a
finite number Ns of equations. We have chosen a staircase
function so that the amplitude of the channel spectrum is
divided into Ns equal parts. This type of approximation
is called a simple function. This means that the channel is



modeled by:

SNs
(ν) =

Ns∑

k=1

H̃k1A
k

(ν), (6)

where 1A
k

represents the indicator function of set Ak, Ns

the number of stairs, H̃k the amplitude of the kth stair and
Ak the set defining the sub-band k with normalized width
αk. For more details about this channel approximation,
we refer the reader to [7]. Using this approximation, the
expression of the density of the observed LLRs for the all-
zeros codeword in the kth ”sub-band” becomes:

fu0k
=N

(
4|H̃k|

2

σ2
b

,
8|H̃k|

2

σ2
b

)

=N
(
mu0

(H̃k), 2mu0
(H̃k)

)
∀k = 1, ..., Ns.

(7)

A.2 Irregularity profile

The OFDM frequency selective channel being, from the
channel decoder, not stationary, here it is necessary to use
the irregularity profile as parametrization of the LDPC
codes. This generalization of the LDPC codes parame-
trization that we have introduced in [7] further includes the
location of the set of data nodes with a given connection de-
gree. Hence, it is becoming necessary to redefine the irreg-
ularity profile for our optimization problem which consists
of the optimization of the LDPC codes structure for Ns

independent sub-channels defined by the channel approxi-
mation (Cf. equation (6)). Let λ̃k = [λ̃2,k, λ̃3,k, ..., λ̃tcmax,k]
be the vector defining the irregularity in the kth sub-band
where λ̃i,k denotes the fraction of data nodes of the kth

sub-band with a connection degree i and
∑tcmax

i=2 λ̃i,k = 1.
Therefore, the irregularity profile will be defined by the
following concatenation (Cf. figure 2):

[α1λ̃1 α2λ̃2 ... αkλ̃k ... α′
Ns

λ̃Ns
].

10 . . . . . .

. . . . . .

ν

α1 α2 αk αNs

λ1 λ2 λk λNs

H̃k

|H(ν)|

Fig. 2. Rectangular approximation of a frequency selective channel
spectrum.

B. Density Evolution for OFDM Frequency Selective

Channels

Using this parametrization of the LDPC codes, we will
now extend the Density Evolution approach to OFDM

channels. From equation (1), the p.d.f f
(l)
v,i,k of the out-

put message of a variable node with a degree i in the kth

sub-band is given by:

f
(l)
v,i,k = fu0k

⊗
(
f (l)

u

)⊗(i−1)

, (8)

where f
(l)
u represents the p.d.f. of the output message of

check nodes at the l-th decoding iteration and ⊗ the con-
volution product. Thus, an incoming message v to a check

node has the following Gaussian mixture density f
(l)
v :

f (l)
v =

tcmax∑

i=2

αk

Ns∑

k=1

λi,kf
(l)
v,i,k. (9)

From equation (2), it has been shown in [4] that the up-

dated p.d.f. f
(l)
u at the l-th iteration can be expressed by:

f (l)
u = Γ−1

(
trmax∑

j=2

ρjΓ
(
f (l−1)

v

)⊗(j−1)

)
, (10)

where the function Γ(.) is defined in [4]. Combining (9) and

(10) we can follow the evolution of f
(l)
v along the decod-

ing iterations. Thus, we can calculate the exact threshold

(Eb/N0)
∗ corresponding to a SNR above which f

(l)
v tends

to δ(0 −∞) when l tends to infinity.

C. Gaussian Approximation for OFDM Frequency Selec-

tive Channels

For the optimization of the LDPC codes becomes possi-
ble, it is necessary to use the Gaussian approximation of
the Density Evolution which exhibits a weaker complexity.
In our analysis, we consider the mutual information of the

LLR messages and we note I
(l)
v and I

(l)
u be respectively the

mutual information from data nodes to check nodes and
the mutual information from check nodes to data nodes.
All mutual information quantities can be expressed with
the help of the mean x of the LLR messages and of the
following function [8]:

J(x) = E[1 − log2(1 + e−x)]. (11)

From equation (1), the mean m
(l)
v,i,k of the output mes-

sage of a variable node with a degree i in the kth sub-band
is given by:

I
(l)
v,i,k = J

(
mu0

(H̃k) + (i − 1)J−1
(
I(l−1)
u

))
(12)

If the p.d.f. is a Gaussian mixture density, the resulting
mutual information will be a weighted sum of the mutual
informations of each Gaussian. The mutual information of
the outgoing message at a data node will be:

I(l)
v =

tcmax∑

i=2

Ns∑

k=1

λi,kJ
(
mu0

(H̃k) + (i − 1)J−1
(
I(l−1)
u

))

(13)

From equation (2), the updated mutual information I
(l)
u

at the l-th iteration can be expressed [8]:

I(l)
u = 1 −

trmax∑

j=2

ρjJ
(
(j − 1)J−1

(
1 − I(l)

v

))
. (14)



We can rewrite (13) according to the irregularity profile
such as:

I(l)
v =

tcmax∑

i=2

Np∑

k=1

αk

iλ̃i,k∑tcmax

j=2

∑Ns

n=1 αnjλ̃j,n

J
(
mu0

(H̃k) + (i − 1)J−1
(
I(l−1)
u

))

= Fim

(
H̃, σ2

b , I(l−1)
v

)
.

(15)

Using (15) iteratively, we can follow the evolution of I
(l)
v

along the decoding iterations. Recalling that the word error

probability converges to 0 if and only if I
(l)
v −→ 1 when

l → +∞. It is easy to calculate the threshold (Eb/N0)
∗

corresponding to a SNR above which I
(l)
v tends to 1 when

l tends to infinity. We will make use of these equations in
order to optimize the LDPC code profile.

D. Optimization

In this paper, we use the classical optimization criterion
introduced in [4] which corresponds to the minimization
the LDPC decoding threshold (Eb/N0)

∗. This criterion is
suited to a large LDPC block length decoded with an im-
portant iteration number. However, since it is not possible
to directly minimize the threshold, the real optimization
criterion consists of the maximization of the coding rate of
the LDPC code exhibing a threshold at a given (Eb/N0)

∗.

The threshold being the SNR above which I
(l)
v tends to

1 when l tends to infinity, I
(l)
v defined by (15) must be

monotonically increasing. Thus, the convergence condition

I
(l)
v → 1 will be:

Iv > Fim

(
H̃, σ2

b , Iv

)
∀Iv ∈ [0, 1]. (16)

The optimization problem can be written as follows:

[λ̃1,opt ... λ̃Np,opt] = arg min
[eλ

1
... eλNp

]

tcmax∑

i=2

Ns∑

k=1

αkiλ̃i,k (17)

under the constraint,

Iv > Fim

(
H̃, σ2

b , Iv

)
∀Iv ∈ [0, 1]. (18)

as well as under the normalization and proportion con-
straints respectively defined by:

tcmax∑

i=2

λ̃i,k = 1 ∀k = 1, ..., Ns, and λ̃i,k ∈ [0, 1]. (19)

In order to make the convergence condition linear ac-
cording to the irregularity profile defined by the λi,ks, we
insert the rate constraint such as:

Iv >

tcmax∑

i=2

Np∑

k=1

α′
k

iλ̃i,k

(1 − R)
∑trmax

j=2 jρ̃j

I
(l)
v,i,k ∀Iv ∈ [0, 1].

(20)

Thus, the optimization problem becomes linear and can
be computed by linear programming. However, since the
rate R is present in the convergence condition, we were led
to develop an original optimization algorithm based on a
dichotomy method and scheduled in 4 steps as follows:
1. Initialization : Assume sufficiently high initial (Eb/N0),
the target coding rate R∗ and the dichotomy step Kdych,
2. For an (Eb/N0)

∗ and a target rate R∗, do the following
optimization

λopt = [λ̃1,opt ... λ̃Ns,opt] = arg min
[eλ

1
... eλNs

]

tcmax∑

i=2

Ns∑

k=1

αkiλ̃i,k (21)

under the constraints,

tcmax∑

i=2

λ̃i,k = 1 ∀k = 1, ..., Ns, λ̃i,k ∈ [0, 1] and

Iv >

tcmax∑

i=2

Ns∑

k=1

αk

iλ̃i,k

(1 − R∗)
∑trmax

j=2 jρ̃j

Iv,i,k ∀Iv ∈ [0, 1].

3. Let Ropt = 1−
Ptcmax

i=2

PNs
k=1

αkieλi,k,opt
Ptrmax

j=2
jeρj

, the resulting cod-

ing rate obtained by the second step.
If Ropt > R∗, decrease the SNR (Eb/N0)

∗ by Kdich,
and go back in step 2. If Ropt < R∗, set the SNR to
(Eb/N0)

∗ + Kdich/2, divide the dichotomy step Kdich by 2
and go back in step 2.
4. The optimization algorithm stops when we obtain 0 <
|R∗ − Ropt| < 10−5.

IV. Simulation Results

In this section, we present the structure of optimized
LDPC codes over the Proakis B channel which is frequency
selective. Before the optimization, we set some parameters
of the LDPC codes: the coding rate R = 1/2 and tcmax =
200.

Fig. 3 depicts the irregularity profile of LDPC code ob-
tained after optimization with respect to the Proakis B
channel. The resulting global degree distributions are:

λopt(x) = 0.1747x + 0.5368x2 + 0.0501x5 + 0.1172x6

+0.0471x18 + 0.073968x19 (22)

ρopt(x) = 0.25x5 + 0.75x6

As regards this irregularity profile, we can make two re-
marks:
• First, the repartition of the connections degree is, on the
whole, inversely proportional to the channel shape. This
kind of profile could be interpreted as a compensation for
the channel selectivity. We can explain this phenomenon
in the following way: a bit which is connected to a large
number of check nodes is well protected against the addi-
tive noise, because it gets lot of informations coming from
the other bits during the decoding process. So, a bit trans-
mitted on a subcarrier with a small SNR must have a large
connection degree in order to be well protected.
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Fig. 3. Irregularity profile for the Proakis B channel with R = 1/2.

• However, over the first part of the codeword, our opti-
mization algorithm assigns a connection degree to 3 instead
of 2. This phenomenon can be explained by the following
remark: In OFDM signaling over frequency selective chan-
nels, some sub-carriers present an important SNR. Thus,
the bits sent through these sub-carriers provide good in-
formation to the check nodes and this good information is
propagated all the more as the bits have a large connection
degree.
The global shape of the irregularity profile is then charac-
teristic of a tradeoff between these two behaviors.

TABLE I

Thresholds obtained by exact density evolution through

the Proakis B OFDM channel. The channel capacity for

QAM-4 modulation is specified in braces.

R=1/2 Proakis B channel (1.18 dB)
LDPC code optimized code AWGN code (3;6)
(Eb/N0)

∗ 3.03 dB 3.30 dB 4.48 dB

Table I lists the thresholds obtained by exact density
evolution for the OFDM transmission over the Proakis B
channel with the optimized LDPC code, the AWGN one
and the regular (3; 6) one. The AWGN code is an LDPC
code optimized for the AWGN channel with the same pa-
rameters i.e. tcmax = 200 and R = 1/2:

λ(x) = 0.1534x + 0.1475x2 + 0.0415x5 + 0.1475x6 + 0.0479

x17 + 0.1195x18 + 0.0363x54 + 0.1267x55 + 0.1793x199

ρ(x) = x11

As the positions of the codeword bits are a result of our
optimization process, we have added an interleaver in the
case of the code optimized on the AWGN channel. Thus,
our optimized LDPC code presents an improvement of 0.27
dB compared to the AWGN one and of 1.15 dB compared
to the regular one. These thresholds are exclusively valid
within an infinite length codeword. We have then per-
formed the real OFDM transmission with a finite block
size of the LDPC code and Fig. 4 illustrates the perfor-
mance between our optimized LDPC code and the AWGN
code for an OFDM transmission over the Proakis B chan-
nel. The codeword length is N = 65536 and the LDPC

code is decoded with 500 iterations of belief propagation.
For an error probability equal to 10−5 we can note an im-
provement of 0.5 dB for the optimized code compared to
the AWGN code. These results show the interest to exploit
the frequency selectivity of the channel in the optimization
of the LDPC codes structure.
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Fig. 4. Performance comparison over the OFDM Proakis B channel
between our optimized code and the LDPC code obtained over the
AWGN channel for a rate R = 1/2. N = 65536.

V. DISCUSSION AND CONCLUSION

In this paper, we have optimized the structure of LDPC
codes for transmissions over OFDM frequency selective
channel. The optimization is based on the redefinition
(compared to [7]) of the general parameterization of the
LDPC code irregularity: the irregularity profile. We have
optimized the irregularity profile by threshold minimiza-
tion under a Gaussian approximation of the message den-
sities. We have then developed an original optimization
scheme based to the linear programming. The results, ob-
tained by density evolution or by simulations of the com-
munication system, have shown that it is relevant to exploit
the frequency selectivity of the OFDM channels.
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