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Abstract—We propose non-binary LDPC codes concatenated
with multiplicative repetition codes. To the best of the authors’
knowledge, for the transmissions over the memoryless binary-
input output-symmetric channels, 2m-ary the (2,dc)-regular
LDPC code for m ∼ 8 and dc ≥ 3 is the best code so far
among codes with moderate code length. By multiplicatively
repeating the 2m-ary (2,3)-regular LDPC code of rate 1/3, we
construct rate-compatible codes of lower rates 1/6,1/9,1/12,. . . .
Surprisingly, such simple low-rate codes outperform the best low-
rate binary codes so far.

Index Terms—non-binary low-density parity-check code, iter-
ative decoding, rate compatible code, low-rate code

I. INTRODUCTION

In 1963, Gallager invented low-density parity-check
(LDPC) codes [1]. Due to the sparseness of the code repre-
sentation, LDPC codes are efficiently decoded by belief prop-
agation (BP) decoders. By a powerful optimization method
density evolution [2], invented by Richardson and Urbanke,
messages of BP decoding can be statistically evaluated. The
optimized LDPC codes can approach very close to Shannon
limit [3].

Rate-adaptivity is a preferable property of coding systems.
Over time-varying channels, the system adapts the coding rate
according to the quality of the channels. Using the different
type of codes for different rates results in a complex system.
It is desirable to use a single encoder and decoder pair
compatible with different rates. Such a property of codes is
called rate-compatibility. Moreover, rate-compatible codes al-
low us to transmit bits gradually in conjunction with automatic
repeat request (ARQ). By puncturing a low rate code, we can
construct successfully good rate-compatible codes of higher
rates.

In order to reliably transmit information over the very noisy
communication channels, one needs to encode the information
at low coding rate. As described in [4], one encounters a
difficulty when designing low-rate LDPC codes. While, for
high rate codes, even binary regular LDPC codes have good
thresholds. The optimized low-rate structured LDPC codes,
e.g. accumulate repeat accumulate (ARA) code [5, Tabel. 1]
of rate 1/6 and multi-edge type LDPC code [4, Table. X] of
rate 1/10 have good thresholds. However, the maximum row-
weights of those codes are as high as 11 and 28, respectively.
Such high row weights lead to dense parity-check matrices

and degraded performance for short code length. We note
that, with very large code length, generalized LDPC codes
with Hadamard codes [6] perform very close to the ultimate
Shannon limit [7]. However, the large code length leads to
transmission latency. If two error correcting codes with the
same error-correcting capabilities and different code length are
given, the shorter code is preferred.

Another obstacle for realizing low-rate coding system, in the
iterative decoding setting, is the large number of check nodes.
Since, the computation of check nodes are more complex than
those of variable nodes, the decoding complexity depends on
the number of check nodes, M . For general LDPC codes, the
number of check nodes is M = K(1−R)/R for information
length K and coding rate R. It follows that M rapidly
increases as R decreases.

The problems for constructing low-rate LDPC codes are
summarized as follows.

• Problem 1: The Tanner graphs of low-rate LDPC codes
tend to have many check nodes that require more complex
computations than variable nodes.

• Problem 2: The Tanner graphs of optimized low-rate
LDPC codes tend to have check nodes of high degree,
which results in the degraded decoding performance for
small code length.

• Problem 3: The optimized low-rate LDPC codes need to
be used with large code length to exploit the potential
decoding performance.

In this paper, we deal with all these issues.
In this paper, we consider non-binary LDPC codes defined

by sparse parity-check matrices over GF(2m) for 2m > 2.
Non-binary LDPC codes were invented by Gallager [1]. Davey
and MacKay [8] found non-binary LDPC codes can outper-
form binary ones. Non-binary LDPC codes have captured
much attention recently due to their decoding performance.

It is known that the irregularity of Tanner graphs help
improve the decoding performance of binary LDPC codes [3].
While, it is not the case for the non-binary LDPC codes. The
(2, k)-regular non-binary LDPC codes over GF(2m) are em-
pirically known [9] as the best performing codes for 2m ≥ 64,
especially for short code length. This means that, for designing
non-binary LDPC codes, one does not need to optimize the
degree distributions of Tanner graphs, since (2, k)-regular non-
binary LDPC codes are best. Furthermore, the sparsity of



(2, k)-regular Tanner graph leads efficient decoding.
Sassatelli et al. proposed hybrid non-binary LDPC codes

[10] whose symbols are defined over the Galois fields of
different sizes, e.g. over GF(2),GF(8), and GF(16) and
whose Tanner graph is irregular. In other words, the codes
have two types of irregularity, i.e. the irregularity of the degree
distributions of graphs and the size distributions of Galois
fields. To the best of the authors’ knowledge, the decoding
performance of the hybrid non-binary LDPC codes are the best
codes so far among the low-rate codes of short code length.

In this paper, we investigate non-binary LDPC codes con-
catenated with multiplicative repetition inner codes. We use
a (2,3)-regular LDPC code of rate 1/3, as a mother code.
By multiplicatively repeating the mother code, we construct
codes of lower rates 1/6,1/9,1/12,. . . . Furthermore, we present
a decoding algorithm for the proposed codes. And we show the
computational complexity of the decoding is almost the same
as that of the mother code. The codes exhibit surprisingly
better decoding performance than the best codes so far for
moderate code length.

II. CONCATENATION OF NON-BINARY LDPC CODES AND
MULTIPLICATIVE REPETITION CODES

We deal with m bits as a non-binary symbol. Constrained
N symbols are considered in the non-binary code setting.
For transmitting over the binary input channels, each non-
binary symbol in GF(2m) needs to be represented by a
binary sequence of length m. For each m, we fix a Galois
field GF(2m) with a primitive element α and its primitive
polynomial π. Once a primitive element α of GF(2m) is fixed,
each symbol is given a m-bit representation [11, pp. 110].
For example, with a primitive element α ∈ GF(23) such that
π(α) = α3 + α + 1 = 0, each symbol is represented as
0 = (0, 0, 0), 1 = (1, 0, 0), α = (0, 1, 0), α2 = (0, 0, 1), α3 =
(1, 1, 0), α4 = (0, 1, 1), α5 = (1, 1, 1) and α6 = (1, 0, 1).

A non-binary LDPC code C over GF(2m) is defined by the
null space of an M ×N sparse parity-check matrix H defined
over GF(2m).

C = {x ∈ GF(2m)N | HxT = 0 ∈ GF(2m)M}

The c-th parity-check equation for c = 1, . . . , M is written as

hc1x1 + · · · + hcNxN = 0 ∈ GF(2m),

where hc1, . . . , hcN ∈ GF(2m) and x1, . . . , xN ∈ GF(2m).
The binary LDPC codes are represented by Tanner graphs

with variable and check nodes [12, pp. 75]. The non-binary
LDPC codes, in this paper, are also represented by bipartite
graphs with variable nodes and check nodes, which are also
referred to as Tanner graphs. For a given sparse parity-check
matrix H = {hcv} over GF(2m), the graph is defined as
follows. The v-th variable node and c-th check node are
connected if hcv 6= 0. By v = 1, . . . , N and c = 1, . . . , M ,
we also denote the v-th variable node and c-th check node,
respectively.

A non-binary LDPC code with a parity-check matrix over
GF(2m) is called (dv, dc)-regular if all the columns and all

the rows of the parity-check matrix have weight dv and dc,
respectively, or equivalently all the variable and check nodes
have degree dv and dc, respectively.

Let C1 be a (2, 3)-regular LDPC code defined over GF(2m)
of length N symbols or equivalently mN bits and of rate 1/3.
The code C1 has a 2

3N × N sparse parity check matrix H
over GF(2m). The matrix H has row weight 3 and column
weight 2. Fig. 1 shows C1 of length 18 symbols. By using
C1 as a mother code, we will construct lower rates codes
C2, C3, . . . CT in the following way.

We start with T = 2. Choose N coefficients
h

(2)
1 , h

(2)
2 , . . . , h

(2)
N randomly from GF(2m)\{0, 1}, where 1 is

the multiplicative identity. The code C2 is defined as follows.

C2 = {(x1, . . . , x2N )|
xN+v = hN+vxv, for v = 1, . . . , N,

(x1, . . . , xN ) ∈ C1}.

In a recursive fashion, by choosing N coefficients
h(T−1)N+1, . . . , hTN randomly chosen from GF(2m)\{0},
the further low-rate code CT , for T ≥ 3 is constructed from
CT−1 as follows.

CT = {(x1, . . . , xTN )|
x(T−1)N+v = h(T−1)N+vxv, for v = 1, . . . , N,

(x1, . . . , x(T−1)N ) ∈ CT−1}.

The code CT has length TN and rate 1/(3T ). Fig. 2 shows
the Tanner graph of C2 of 2N = 36 symbol code length.
Fig. 3 shows the Tanner graph of C3 of 3N = 54 symbol
code length. Fig. 4 shows the block diagram of the encoding
of C3. We refer to T as the repetition parameter.

Concatenating a code with repetition codes is known as the
worst coding scheme. Indeed, repeating a code just doubles the
number of channel use without any improvement of the curve
of the decoding error rate v.s. Eb/No. Note that the proposed
code CT are not generated by simple repetitions of the mother
code but the random multiplicative repetitions.

The construction may remind some readers of Justesen
code [13], [14]. The proposed construction randomly chooses
the multiplicative factors. Note also that since the minimum
distance of C1 is at most O(log(N)) [9], the CT code has
minimum distance at most O(T log(N)).

III. DECODING SCHEME

The BP decoder for non-binary LDPC codes [15] exchanges
probability vectors of length 2m, called messages, between
variable nodes and check nodes, at each iteration round ` ≥ 0.
The proposed codes CT for T ≥ 2 also can be decoded by the
BP decoding algorithm on the Tanner graphs of CT . In this
section, for decoding CT for T ≥ 2, we propose a decoding
algorithm using only the Tanner graph of C1.

The variable nodes of degree one in Fig. 2 and Fig. 3
represent multiplicative repetition symbols of C2 and C3,
respectively. If the BP decoding algorithm is immediately
applied to the proposed codes, all the variable nodes and check
nodes, including the variable nodes of those multiplicative



Fig. 1. An example of a mother code C1. A (2,3)-regular LDPC code
over GF(2m). Each variable node represents a symbol in GF(2m) or
equivalently m bits. Each check node represents a parity-check equation
over GF(2m). The code length is 18 symbols and 18m bits. The rate is
1/3. The lower-rate codes CT for T = 2, 3 . . . are constructed from C1.

Fig. 2. An example of C2. A 2m-ary (2,3)-regular LDPC code concate-
nated with one inner multiplicative repetition codes of length 2. The code
length is 36 symbols and 36m bits. The rate is 1/6.

Fig. 3. An example of C3. A 2m-ary (2,3)-regular LDPC code con-
catenated with inner multiplicative repetition codes of length 3. The code
length is 54 symbols and 54m bits. The rate is 1/9.
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Fig. 4. Block diagram of C3 encoder. First, source of N/3 symbols
are encoded with a (2,3)-regular LDPC code C1 over GF(2m) then
each symbol in the codeword (x

(1)
1 , . . . , x

(1)
N ) is randomly multiplied by

symbols in GF(2m)\{0, 1} and transmitted through the channel.

repetition symbols, are activated, i.e. exchage the messages.
However, the messages reaching the variable nodes of degree
one do not change messages that are sent back from the nodes.
Therefore, the decoder does not need to pass the messages all
the way to those variable nodes of degree 1 and their adjacent
check nodes of degree 2. Consequently, after the variable node
of degree 1 propagate the received channel outputs to the upper
part, the decoder uses only the upper part of the graph, i.e.
C1.

Let Xv be the random variable with realizations xv . Let Yv

be the random variable with realizations yv which is received
value from the channel Pr(Yv|Xv) and the probability of
transmitted symbol Pr(Xv) is assumed to be uniform.
The decoding algorithm
initialization: Set ` = 0. For each edge (v, c) in C1

for v = 1, . . . , N and c = 1, . . . , 2N/3, the initial message
sent from v to c is

p(0)
vc (x) = p(0)

v (x) =
T∏

t=1

Pr(Xv = hvx|Yv = yv), (1)

for x ∈ GF(2m), where we set h
(1)
v = 1 for convenience.

When using the memoryless binary-input output-symmetric
channels, for Xv = (Xv,1, . . . , Xv,m) and x = (x1, . . . , xm),
and their corresponding channel outputs Yv,i and yi we can
rewrite (1) as

Pr(Xv = x|Yv = yv) =
m∏

i=1

Pr(Xv,i = xi|Yv,i = yv,i).

Repeat the following procedures until the tentative decision
satisfies all the parity-check equations.
check to variable: For each edge (v, c) in C1, let the
3 adjacent variable nodes to the check node c be v, v′ and

v′′ since the mother code C1 is (2, 3)-regular. The message
q
(`+1)
cv ∈ R2m

sent from c to v is given as, for x ∈ GF(2m)

p̃(`)
vc (x) = p(`)

vc (h−1
vc x),

q̃(`+1)
cv = p̃

(`)
v′c ⊗ p̃

(`)
v′′c,

q(`+1)
cv (x) = q̃(`+1)

cv (hvcx)

where p1 ⊗ p2 is convolution of p1 and p2. To be precise,

(p1 ⊗ p2)(x) =
∑

y,z∈GF(2m)
x=y+z

p1(y)p2(z) for x ∈ GF(2m).

The convolution is the most complex part of the decoding.
Convolutions are efficiently calculated via FFT and IFFT [16],
[17].
variable to check: For each edge (v, c) in C1, let the
variable node v has 2 neighboring check nodes c and c′ since
the mother code C1 is (2, 3)-regular. The message sent from
v to c is given as

p(`)
vc (x) = ξp(0)

v (x)p(`)
c′v(x) for x ∈ GF(2m),

where ξ is the normalization factor so that∑
xGF(2m) p

(`)
vc (x) = 1.

tentative decision:

x̂(`+1)
v = argmax

x∈GF(2m)

p(0)
v (x)q(`+1)

cv (x)q(`+1)
c′v (x)

As posed in Problem 1, low-rate LDPC codes usually
suffer from large amount of check node computations. The
computations of check nodes are more complex than those
of variable nodes. The proposes codes also have many check
nodes for small R, i.e., large T . However, such a problem does
not exist for CT . The decoding does not need check node
computations in the initialization due to the degree 2 check



nodes at the lower part in the Tanner graph of CT . And the
iterative part of the decoding can be performed exclusively on
the small graph C1. Only the check nodes in C1 participate in
the decoding. Consequently, the number of active check nodes
are unchanged for any repetition parameter T and the total
decoding complexity remains unchanged for any repetition
parameter T . The minimum degree is 3, which solves the
Problem 2.

The decoder is inherently rate-compatible. Indeed, for the
different codes CT of rate 1/(3T ) for T = 1, 2, . . . , the
difference of the decoders is only the initialization (1).

IV. NUMERICAL RESULTS

In this section, we demonstrate the decoding performance
of proposed codes CT for T = 1, 2, 3, 4, 6 over the binary-
input AWGN channels. We fix m = 8 for its optimality and
computer-friendly representation of one byte.

Fig. 5 shows the decoding performance of CT for T =
1, 2, 3, 4, 6 of rates 1

3T . It also shows a hybrid non-binary
LDPC code [10] of rate 1/6 and punctured C1 of rate 1/2.
All these codes have 192 information bits. The proposed code
C2 outperforms the hybrid non-binary LDPC code which is the
best code so far for that rate and code length. The code C3 of
rate 1/9 has about 0.5 [dB] coding gain from C2 of rate 1/6.
The codes, punctured C1, C1, C2 and C3 have frame error
rate 10−4 around at Eb/No=2.5[dB] 1.75[dB], 1.20[dB] and
1.03[dB], while Shannon limits of the binary-input AWGN for
rates 1/2, 1/3, 1/6 and 1/9 are 0.187[dB], -0.326 [dB],-1.073
[dB] and -1.251 [dB], respectively. It can be seen that we
successfully constructed a punctured C1 of rate 1/2 and lower
rate codes C2 and C3 of rate 1/6 and 1/9 from the mother code
C1 of rate 1/3 without large loss of gaps to Shannon limits,

We observe the same property for larger information bits.
Fig. 6 shows the decoding performance of CT for T =
1, 2, 3, 4, 6, binary multi-edge type (MET) LDPC code of rate
1/2 and 1/6, and binary accumulate repeat accumulate (ARA)
code [5] of rate 1/6. All these codes have 1024 information
bits except that the MET LDPC code of rate 1/2 has 1280
information bits. It also shows the performance of a punctured
mother code C1 of rate 1/2. Among the codes of rate 1/6,
C2 has the best performance both at water-fall and error-floor
regions.

As posed Problem 3, conventional low-rate codes required
large code length to exploit the potential performance. It
can be seen that the proposed codes exhibit better decoding
performance both at small and moderate code length.

V. CONCLUSIONS AND FUTURE WORKS

We proposed non-binary LDPC codes concatenated with
inner multiplicative repetition codes. When designing low-rate
codes, one faces the problems posed in Section I. The proposed
codes are free of these problems. The performance exceeds the
existing code both at water-fall and error-floor regions. The
encoder and decoder are inherently rate-compatible and the
decoder complexity is almost the same as the mother code.

Our ongoing work includes the applications of the proposed
codes to the coding problems such as fountain coding [18],
convolutional coding [19], Slepian-Wolf coding [20], and cod-
ing for quantum key distributions [21]. In [22], we investigated
the proposed codes over the binary erasure channels.
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Fig. 5. The frame error rate of the proposed codes CT for T = 1, 2, 3, 4, 6 and hybrid non-binary LDPC codes. It also shows the performance of rate half
punctured mother code C1. All these codes have 192 information bits.
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Fig. 6. The frame error rate of the proposed codes CT for T = 1, 2, 3, 4, 6, multi-edge type (MET) LDPC code of rate 1/2 [4] and 1/6, and accumulate
repeat accumulate (ARA) code [5] of rate 1/6. All these codes have 1024 information bits except that the MET LDPC code of rate 1/2 has 1280 information
bits. It also shows the performance of rate half punctured mother code C1.


