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Abstract— In this paper, we address the problem of providing
unequal error protection (UEP) with LDPC codes built on finite
sets of order strictly greater than 2 (nonbinary codes). The main
interest of providing UEP with nonbinary LDPC codes is that
future standards are likely to prefer nonbinary coding schemes
because of their better robustness to the codeword length and the
modulation size. However, the problem of giving UEP properties
with nonbinary LDPC codes is much more difficult than with
binary LDPC codes. We present a first attempt to solve this
difficult problem, based on LDPC codes built on finite groups.
The framework and the basis about group LDPC codes are first
presented in details, and the framework is used to give examples
of UEP nonbinary LDPC codes that actually achieve different
UEP properties at the bit level while the symbol error properties
are kept equally protected.

I. INTRODUCTION

Sometimes, the codewords are viewed as packets whose
blocks need more or less protection. For example, the signaling
part of the packet must be resilient to error while simple audio
data is not so error-sensitive. That is why protection given
by the error-correction code must be distributed among the
codeword’s symbols [1].

The objective of the work presented in this paper is twofold.
Firstly, we are looking for codes whose codewords are equally
protected. That is, additive noise of the channel affects equally
each possible codewords. Consequently, the unequal error
protection does not come from the Euclidean distance between
codewords of the code. Secondly, the UEP scheme must be
flexible enough. Thus, the work described in this paper is
a design of an UEP scheme only from the binary map for
the signal set. The map is built from the group structure of
the code. Flexibility means that the error protection levels
depends only on this map and the mapping may be chosen
accordingly to the application needs. Thus, UEP is provided
by “distance” between binary maps of symbol instead of the
“distance” between codewords.

We presents in this paper a framework in order to provide
unequal error protection codes. As explained in the next
section, thanks to this framework, while different parts of the
codewords are not protected in the same way, each codeword
is protected by the same level of protection. To achieve this
goal, we used group codes as presented in section III. These
group codes allows us to build UEP scheme in a flexible way.

Before the conclusion of the paper, a simple detailed example
is provided in section V with a simulation.

II. UNEQUAL ERROR PROTECTION AND CODING

In the most general acceptation, a code C is a subset of
codewords from an ambient space. This definition makes the
analysis of a particular code and the construction of general
codes very difficult. However, in this general setting, the
codewords share not necessarily the same protection against
the channel noise. So a general code is most of the time
“achieving” unequal error protection levels in an unexpected
way. If, in some special case of code, the word error probabil-
ity does not depend on the effectively sent codeword, then we
can say that the code has a codeword-equal error protection
scheme (C-EEP).

For example, the codewords of a binary linear code under
a binary signaling form a code in Rn which is C-EEP when
the channel considered is the AWGN one. The linear codes
defined over a finite field of size 2m are also C-EEP in this
case because they are also binary linear in a straightforward
way. Thus, most of the codes used today have the C-EEP
property. As there exist some binary linear codes with a bit
unequal error protection (B-UEP) property, the C-EEP and B-
UEP notions are not in contradiction but are complementary.

The C-EEP property is a natural property in the binary case
and it is a useful property. For example in the analysis process
of the underlying structure of the code in a UEP scheme as it
will be seen below.

Because of the possible C-EEP and B-UEP properties of
some linear binary codes, the bit unequal error protection must
come from the encoding function. Consider the message set M
as being finite and of the following form: M = Σk where Σ is
a finite set. M is then the set of “vectors” whose coefficients
belong to Σ. In the binary case, Σ = {0, 1}. The encoding
mapping is a one-to-one and onto function E : M → C from
the message set to the code. This function permits to generate
all the codewords and defines also the UEP property.

Indeed, let us define |Σ| subsets Ci,a of the code C as
follow:

Ci,a =
{
c ∈ C

∣∣ c = E([u1, . . . , ui = a, . . . , un])
}
. (1)



In other words, Ci,a contains all the codewords whose i-th
“coefficient” is equal to a. The sets Ci,a for all a ∈ Σ form a
partition of the code C:

C =
⋃
a∈Σ

Ci,a and Ci,a ∩ Ci,b = ∅ for a 6= b. (2)

It is clear that the error probability of i-th “coefficient”
depends only on this partition of the code. To summarize,
the codeword error protection schemes depend on the code as
a set and bit error protection levels depend on the encoding
function.

Following the ideas developed above, the general approach
of a UEP scheme with nonbinary codes is split into two steps.

The first step consists of finding a good code whose
codewords have exactly the same protection. In other words,
we are looking for a good C-EEP code. As the searched code is
independent of the UEP scheme, the main interesting criterion
of comparison between different codes is the codeword error
rate. Moreover, construction of good codes can be found in
the literature and is not related to the target UEP level (in a
relative way).

The second step involves the UEP. It consists in finding
an encoding mapping for the protection level desired. Ideally,
an UEP scheme corresponds to an encoding. Even if this
is mainly false, the converse is true as seen above. For a
given code, several encodings may be possible and each
encoding corresponds to an UEP scheme. Thus, depending
on the application, the protection can be easily customizable
by choosing the suitable encoding function. The maximum-
likelihood decoder is not really concerned by the UEP scheme
because of the previously presented separation between C-EEP
and B-UEP properties.

III. GROUP CODES

The first step of the design of a nonbinary UEP code
described above asks to build a code with the C-EEP property.
This kind of code can be described easily with group theory.
Introduction of the group theory is justified by the wish to
assign an algebraic structure on a code seen as a set. Most
of the time, this structure is chosen to be the linear space
structure. However it is really restrictive compared to the group
structure.

Thereafter, we call a given set a group code if there is a
composition law which puts the group structure on the code.
The structure is not really limiting but permits to manipulate
it in a better way than simply a set. Note that the group
code notion defined here is not the same than the one used
by Slepian [2]. However, some connections will be provided
below.

The first advantage of the group codes are that they are
generalization of linear codes because all linear codes are
group codes with addition as the composition law. We lost
therefore no usual and practical codes. However we have
access to some codes defined over a group like Z4. For
example, the Nordstrom-Robinson code can be seen as a group
code over Z4 [3]. For this code length, it is known that no

linear binary code can achieve better performance than the
Nordstrom-Robinson code. In other word, there are really good
codes which are not binary linear codes.

The second advantage of group codes is that the group
may be well fitted to a modulation signal set. For example
a group code over Z8 is naturally associated with an 8-PSK
constellation, while a binary linear code may be not.

In order to be usable, it is necessary to have a simple
algorithm to fetch and to build all the codewords of a group
code. It is highly related to the encoding function of the
preceding section. In the case of linear codes, we have the
notion of a basis, that is a set of elements whose linear
combinations give all the codewords. The same is true for
the group, where the basis is replaced by a generator list.
However the manipulation may not be as easy, because sets of
generators may have different size, and there is no uniqueness
property of the decomposition. An encoding can be described
by the notion of subgroup chain: given the multiplicative finite
group G with neutral element e and the chain of subgroups
Gi:

G = G0 > G1 > G2 > · · · > Gk > {e}, (3)

every element g of G can be written

g = g1 · g2 · · · · · gk (4)

where each gi belongs to Gi−1. Moreover, the quotients
Gi/Gi+1 are finite, and there exists a function ϕi from
Gi/Gi+1 to G which gives a coset representative for each
cosets. These mappings give a one-to-one and onto function:

ϕ : G0/G1 × · · · ×Gi/Gi+1 × · · · ×Gk/{e} → G (5)
u1, · · · , uk → ϕ1(u1) · · · · · ϕk(uk)

In the case of an Abelian group, the multiplication is
replaced by the addition: g = g1 + · · · + gk. And if we
translate the idea in the linear space theory, the preceding
decomposition means that each vector g can be decomposed
as a sum of vectors, each one belongs to a particular linear
subspace. That is, we find back the notion of basis.

The difficulty of the construction (5) is due to the choice of
each representative choosing function ϕi. In fact, any element
of a coset can be chosen as a representative, and no one can be
declared the leader. The representation suffers therefore from
this ambiguity.

IV. UEP SOLUTION WITH GROUP CODES

A. General setting

Given a code C, it is always possible to put a group structure
G on it, simply by a direct identification between a codeword
and an element of a group G of the same size.

Given this group structure, we can find a partition of the
code defined by a subgroup. Let H be a subgroup of the group
G, then we have the decomposition of the code space into a
partition similar to (1) and (2). Indeed, we have:

G = u1 ·H ∪ u2 ·H ∪ · · ·um ·H, (6)
ui ·H ∩ uj ·H = ∅ for i 6= j,



where m = |G|/|H|, and ui are coset representatives. On the
other side, given a partition of the code into m cells of the
same size, it is possible to choose a group G and a subgroup
H such that the partition corresponds to G/H .

Thanks to the decomposition of the elements of G given in
the previous section, we can write

g = u · h, (7)

where h is in H and u is one of the coset representatives ui.
This decomposition gives us two UEP classes. The first class
is identified by u and the second by h. The size of the classes
are respectively |G/H| = |G|/|H| and |H|. Therefore, the
choice of H gives two protection levels: the class given by
G/H and the class defines by H .

All the codewords corresponding to the subgroup H provide
the same information. A different information is given by
a coset of H in G. The error probability of the protection
class given by G/H corresponds to the event of decoding a
codeword r not in the same coset than the sent codeword c
is Pe = Pr[r 6∈ ui · H, c ∈ ui · H]. By the definition of the
equivalence relation, this probability is equal to Pr[c−1r 6∈ H].

This general setting is interesting because each partition of
a code in the most general sense (1) and (2) can be integrated
into this framework by choosing a well suited associated
group and subgroup. However, the error probability of a given
class depends on the sent codeword in general. This is in
contradiction with the basic ideas of our approach given in
section II. We want the error probability not to depend on the
sent codeword. This property will be called Class-EEP.

Due to the preceding contradiction, we must impose some
constraints on the relation between the group G and the code.
One of the ways to get the desired Class-EEP property consists
in using geometrically uniform codes.

Remark that there may exist other correspondence between
a code and a group that satisfies the Class-EEP property. The
geometrically uniform codes were simply a choice in this
work, because we known that they have the required property.

B. Geometrically uniform code

Consider a signal set S in Rn. An isometry is an application
from Rn to itself which preserves the distance. Every signal
set S has a group of isometries leaving S globally invariant.
This group is noted Γ(S). Given S and its isometries group
Γ(S), a group action of Γ(S) over S can be defined in a trivial
way: a point s in S is transformed into g(s) for g ∈ Γ(S).

A geometrically uniform code is a signal set S such that
there exists a subgroup G of Γ(S) which defines a regular
action on S. This definition of a geometrically uniform code
comes from [5]. But the concept is closely related to signal
sets matched to group [6] or Slepian’s group codes [2], [7].

This means that given two signals s and s′ in S, there exists
one and only one isometry g in G such that s′ = g · s. We
have now a matching between S and G. Given a special signal
s0, the one-to-one and onto mapping ϕ between G and S is
given by ϕ(g) = g · s0. As the group action of G is regular,
we have |G| = |S|.

Geometrically uniform codes are interesting because they
allow to consider all signals on the same feet. All signals
have exactly the same behavior and cannot be distinguished.
For example the Voronoi regions are all congruent to each
other. Thus error probability does not depend on the sent
codeword [5]. This was the desired property of the preceding
section. Indeed, if H is a subgroup of G, then all classes
defined by (6) are also congruent. The class error probability
thus does not depend on the sent codeword.

An important aspect for our construction is the following,
given a signal set S and a matched group G < Γ(S), and
given a group code C of length n on G (that is a subgroup
of Gn), then Sn is matched with Gn, and the codewords in
Sn corresponding to C are also matched to C. This fact gives
us a way to construct wide geometrically uniform codes from
small ones.

For example, the set S = {−1.0, 1.0} classically called
the BPSK, is matched to the group Z2 = {0, 1}. The
codewords in Rn corresponding to a binary linear code are
a geometrically uniform code. That is why, under maximum
likelihood decoding, the error probability does not depend on
the sent codeword. Consequently, linear binary codes are C-
EEP in this case.

C. A small example

The signal set S in R2 used in this example is
S = {(+1.0, 0.0), (−1.0, 0.0), (0.0,+1.0), (0.0,−1.0)}, ob-
tained for example by two consecutive BPSK signals or by
one QPSK symbol. The group of isometries of S is known
to be the dihedral group Γ(S) = 〈r, s〉 where r is the π/4
rotation and s the symmetry through the first diagonal. Γ(S)
has 8 elements which are e, r, r2, r3, s, rs, r2s, r3s, (e being
the identity).

The subgroups of Γ(S) form a lattice under inclusion given
in Figure 1. In this figure and in the following, a group
generated by the elements g1, . . . , gk is written 〈g1, . . . , gk〉.
And the trivial group {e} is written 〈〉. We are more interested
in the conjugacy classes of subgroups than subgroups because
all subgroups in a conjugacy class are in some way identical
(isomorphic).

〈r, s〉∗

uuuuuuuuu

IIIIIIIII

〈r2, rs〉

IIIIIIIII
〈r〉∗† 〈r2, s〉∗†

uuuuuuuuu

〈rs〉∗†

IIIIIIIIII
〈r2〉∗† 〈s〉∗†

uuuuuuuuuu

〈〉

Fig. 1. Conjugacy class subgroups lattice of Γ(S). The groups marked by
a star are transitive, the one marked by a dag are faithful.



The subgroups of Γ(S) which have a regular action over
the signal set are 〈r〉 and 〈r2, s〉. The signal set S is therefore
matched to both groups. If we choose the generating group
〈r2, s〉, two possible partitions come from the subgroups 〈r2〉
and 〈s〉. The partitions are shown in Figure 2. For example,
if the subgroup is 〈s〉, the elements of the same coset share
the same label. The signal (+1, 0) is changed into (0,+1) and
reciprocally under the symmetry s. Consequently these signals
have the same label as on the right hand side of the figure 2.

〈r2, s〉

〈r2〉

⇐⇒
??

??
??

??
??

?? 1

��
��

��
��

��
��

0 0

1

〈r2, s〉

〈s〉

⇐⇒
??

??
??

??
??

?? 0

��
��

��
��

��
��

1 0

1

Fig. 2. Binary maps for the signal set S derived from Γ(S) group chains.

It is easy to see that the subgroup 〈s〉 induces a partition
whose class protection is better than the one induced by 〈r2〉.

This toy example shows moreover that all elements of
〈r2, s〉 can be decomposed as g = u · h with h = e or s.
This is the decomposition given in (7).

D. A step by step UEP scheme construction

We now describe the general framework of a construction
of a UEP property nonbinary group code:

1) Define the signal set S of the symbol of the codewords
and find the group Γ(S) of its isometries.

2) Find a subgroup G of Γ(S) whose action on S is regular:
|G| = |S| and G · s0 = S for a signal s0. Remark that
if G · s0 = S is true for a signal s0, it is also true for
all signals in S.

3) Define the UEP classes and the related subgroups Hi of
G.

4) Build a group code C defined on G, that is a subgroup
of Gn.

5) The groups Hn
i ∪ C are subgroups of the code C and

they define partitions.
6) The UEP protection of the partition G/H induces an

UEP protection of the partition C/(Hn ∩C). The error
correcting aspect of the code C enhances the effect of
the UEP partitioning.

V. SIMULATION EXAMPLE

In this section, an example based on the decomposition of
the group Z4 described in section IV is provided. The group Z4

is an Abelian group and it allows us to use the LDPC decoder
over a group [8]. Moreover, all the simulations presented in
this section were performed using a BPSK-AWGN channel.
Thus the UEP behavior is an intrinsic property of the code and
its mapping and not a consequence of the channel, because all
codewords are strictly equivalent for the channel.

The graph of the LDPC code used in the simulation is
a (3,6)-regular code of length 240 symbols (480 bits) and
rate 1/2. The graph is built using the PEG algorithm. The

coefficients for the check matrix are chosen randomly in the
set of invertible elements. For Z4, these elements are 1 and 3.
If we take the type definition of [9], the code is of type 2240.

The signal set S is the same as in the small example given in
section IV-C. We known that Γ(S) has a regular subgroup G =
〈r〉, which is isomorphic to Z4. Thus we have an action of Z4

over S by: (i, s)→ ri ·s. The decomposition (7) can be written
as follow: i = 2a+ b with a, b ∈ {0, 1} and 〈r〉 = {r2a · rb}.
This decomposition gives two classes given in Figure 3.

??
??

??
??

??
?? e · r

��
��

��
��

��
��

r2 · e e · e

r2 · r

⇐⇒
??

??
??

??
??

?? 0, 1

��
��

��
��

��
��

1, 0 0, 0

1, 1

Fig. 3. Binary mapping of the signal set for 〈r〉/〈r2〉 quotient.

The class of a in the decomposition r2a · rb is naturally
more protected than the class of b. These classes are denoted
c0 and c1 respectively.

class c1

class c0

10−4

10−3

10−2

10−1

0 1 2 3 4

10−4

10−3

10−2

10−1

0 1 2 3 4
Eb/N0

B
E

R

Fig. 4. Two classes UEP for Z4 LDPC Code with mapping 〈r〉/〈r2〉.

In Figure 4, the bit error rate of the different UEP classes
of the considered LDPC code over Z4 are plotted with respect
to the bit classes c0 and c1. The difference between the two
classes is due to the partition technique. Both classes have the
same size, that is one codeword contains 120 bits of class c0
and 120 bits of class c1. Note that the code is geometrically
uniform in this case.

In order to compare these results with some classical binary
mapping, we have drawn the bit error probability of the bit of
each Z4 symbol when a Gray mapping is used. In this case,
the difference between the performances is small. In fact, the
Gray mapping makes the partition equal and the difference
can be explained only by the fact that in this case the code is
no more geometrically uniform. There is indeed no matching
between a decomposition of Z4 and the Gray mapping.

The same ideas are applied to a (3,6)-LDPC code defined
over Z8. Three UEP classes of 120 bits each are defined by
the binary map for the signal set. The map is defined by hand.
The simulation results drawn in Figure 6 are from a classical



class c1

class c0
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Fig. 5. Two classes UEP for Z4 LDPC Code with Gray mapping.

AWGN channel with a BPSK constellation as above. Three
consecutive BPSK signals are needed to built a Z8 symbol. As
shown, the protection level is different for each UEP classes
while the frame protection does not depend on the codeword
sent.

class c2

class c1

class c0
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10−1
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Eb/N0

B
E

R

Fig. 6. Three classes UEP for Z8 LDPC Code.

VI. CONCLUSION

In this paper, an unequal error protection scheme thanks to
the error correcting codes based on groups was addressed. If
the underlying group is matched to the constellation of the
modulation, the proposed framework permits to build codes
whose protection is uniform from the codewords’ point of view
but whose information bits are unequally protected.

This highly desirable properties are made possible thanks to
the encodings provided by the group decomposition into well-
chosen subgroups. The framework relies heavily on nonbinary
codes because of the number of possible decompositions into
subgroups. A additional advantage of the proposed framework
is the possibility to define several UEP scenarios while keeping
the same group code and consequently the same decoder.
Indeed, a different group decomposition provides a different
UEP level, and the switch between two decompositions con-
sists in different binary encodings.
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