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Abstract

We introduce a wide class of LDPC codes, large enough to include LDPC codes over finite fields, rings or groups
as well as some non-linear codes. This class is defined by an extension of the parity-check equations involved in
the code’s definition. A belief propagation decoding procedure with the same complexity as for the decoding of
LDPC codes over finite fields is presented for theses new parities. Examples are given that illustrate the interest of
this new code family.

1 Introduction

Since the rediscovery by MacKay [1] of Gallager’s
LDPC codes [2], numerous generalizations have been
proposed. Among them, the most promising could be
roughly divided into two classes. On one hand, people
have managed to make the LDPC codes irregular by
changing the connection degrees of the bits nodes in the
LDPC factor graph, and thereby capacity approaching
codes have been designed asymptotically [3], [4]. On
the other hand, non-binary LDPC codes have been
shown very efficient for decoding short to medium
lengths codewords. For example, extensions of LDPC
over finite fields, rings or groups can be found in [5],
[6]. Both approaches share the same Belief Propagation
(BP) decoding algorithm (or its simplifications such as
min-sum, etc). The BP decoder needs however to be
adapted to the specific class of LDPC codes. For in-
stance, non-binary LDPC codes being defined on higher
order finite fields or groups, the BP decoder needs to
tackle the dimensionality of the messages, which is
greater than one. A description of BP adaptations for
LDPC codes overGF(2p) can be found in [7] and [8].

In this paper, we propose a further generalization of
the non-binary LDPC codes. In section 2, we show that
it is sufficient to consider a group as the underlying
algebraic structure of a LDPC code. This allows to
consider general parity equations by combining any
mapping acting upon the considered group. Thereafter,
Section 3 presents, without its mathematical derivation,
a fast BP decoding algorithm associated with theses
new parity check equations. One of the important
points of our work is that the generalization of the
parity equations does not overweight the BP decoding
complexity. Indeed, the adaptation of the BP algorithm
for the general parity check is as complex as the one
used for decoding LDPC codes overGF(q). Finally,
examples and simulations, whose the first one uses a
method called “bit-clustering” described in Section 4
are presented in Section 5 and conclusions are drawn.

2 General non-binary LDPC codes
Classically, LDPC are described thanks to the local
constraints given by a parity check relation over some
of the variables (codeword symbols)vi. If they are
linear over a finite fieldGF(q), the parity equations
are of the form∑

i

hi vi ≡ 0 in GF(q). (1)

We propose a generalization of this parity equation.
The main operation in (1) stays the sum and the
multiplications by hi are replaced by general linear
operators. LetG be an Abelian group and the code-
word symbols take their values fromG. Let hi be an
arbitrary mapping fromG to G which do not necessary
respect the groupG law. We define the following parity
equation in a very general sense:∑

i

hi(vi) ≡ 0 in G. (2)

The generality of this kind of parity check (2) leads
to two main advantages: from the groupG point of
view and from the setA of non-zero mappingshi.
• The parity equation (2) can be useful to rep-

resent linear codes as well as non-linear codes.
For example, it is well known that some pretty
good codes over the ringZ4, like the Nordstrom-
Robinson code, can be non-linear over the fields
GF(4) and GF(2) [9], [10], [11]. The parity (2)
is general enough to represent this kind of codes
by using the additive group ofZ4. Also, classical
binary codes can be represented in other and more
general group structures. For example, a linear
binary parity code overGF(2) has more general
representations overZp

2, thanks to the parity equa-
tions (2). Note that a linear code overGF(2) is
generally non-linear inZp

2.
• The set of possible values for the functionshi is

very large and considerably larger than usual codes
defined over Galois fields. Compare, for example,



the number of available non-zero operators for a
linear code overGF(q) is q − 1 when qq − 1
arbitrary non-zero mappings fromG to G are
available. Even if we restrict ourselves tohi being
permutations,q! mappings are still available. In
this latter case, a code will not necessary remain
linear both in its ground group (e.g.Z2) and
the extension set (e.g.Zp

2). Also, for encoding
purpose, linearity of the code is preferable in the
ground set, and the subset ofA of possible linear
operators remains wide, and contains2log2

2 q − 1
elements.

Any finite group G of order q would fit to define
a general non-binary parity code with equations (2).
However, the group choice is also governed by the de-
coding complexity. In fact, the BP decoding algorithm
described in the next section has the same complexity as
the BP decoding of linear LDPC overGF(q), based on
the assumption that the groupG has a fast Fourier trans-
form. That is the case for the most interesting groups
like Z2p andZp

2, but not for some others groups. In the
sequel of this paper, we will restrict the discussion to
those groups with a fast Fourier transform, leading to a
reasonable decoding complexity, comparable to existing
code families (Turbo-Codes, regular LDPC codes, etc.).

An encoding procedure is however needed for LDPC
codes based on checks defined by (2). This procedure
is given in [12] and is based on a modification of LU
decomposition, as done in [13], [14].

3 Belief Propagation decoding of
general LDPC codes

The Abelian group structure is rich enough to have
a Fourier transform. Consequently, an FFT-based de-
coding algorithm for the general LDPC given by (2)
can be derived in the same way as for LDPC codes
overGF(q). As usual, the BP propagation algorithm is
decomposed into two messages computations: through
symbol nodes and through check nodes. In the case
of general LDPC codes, the symbol node update is
unchanged but the check node update needs to be
redefined.

In the following, a character ofG is notedχ and
all these character form the group̂G. F denotes the
Fourier transform over the groupG andF−1 its inverse.
Complex conjugate is noted by∗.
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Fig. 1. Messages and labels at a check node.

Let µi being then incoming messages from sym-
bols v1 to vn andµ the output of the check node com-
putation, as shown in figure 1. The extrinsic messageµ
is the marginalization of the incoming messages [15],
[16],

µ(x) =
∑

x1∈G
...

xn∈G

[
h(x) +

n∑
i=1

hi(xi) ≡ 0
] n∏

i=1

µi(xi), (3)

where the operations in the brackets are done using
the additive law of the groupG and [P ] maps to
1 if the proposition P is true, 0 otherwise. Notice
that the messages are probabilities and are subjects to
the constraints

∑
x∈G µ(x) = 1. So, only proportions

between the values ofµ(x) are of interest. That is
why we do not take the proportion coefficient under
consideration.

The computation of (3) can be dramatically simpli-
fied using Fourier transform over the groupG. In [12],
we derived the following update-equation for the check-
pass of the BP algorithm,

µ(x) ∝ F−1

(
n∏

i=1

F∗(µhi
i

))(
h(x)

)
, (4)

where µhi
i (x) =

∑
x∈h−1

i ({y}) µi(x). Practically, the

incoming messages are transformed to getµhi
i . Then,

thanks to a FFT, they are transformed intoFµhi
i .

The by-term product of the transformed messages is
performed before the IFFT.

The complexity of the computation in (4) is exactly
the same as in decoding of LDPC codes overGF(q).
In fact, the only difference is in the computation of
the modified messageµhi , which can be done with
complexityO(|G|) as for the permutations involved in
the GF(q) case.

As the BP algorithm relies on the Fourier transform
of the underlying groupG, its usefulness depends on
fast Fourier transform. For the common groupsZp

2 and
Z2p , FFT are available. For the groupZp

2 it is done
using the fast Hadamard transform and involves only
additions and subtractions of real numbers. However,
over the groupZ2p , whose order is identical, the FFT
is a little more complex because it involves operations
over the complex fieldC.

4 Bit clustering
As an illustration of these generalized LDPC codes,
let us now describe a simple construction, called bit
clustering, that will be needed in the next section to
serve as an example. The elements of the groupG = Zp

2

are set to their decimal value, with most significant bit
first. For example, inZ4

2, the binary vector[1, 1, 0, 1]
is the element 13 inG.

Given then×m parity check matrix of a binary code,
p codeword bits are grouped together to form a symbol



of the groupG = Zp
2. So, the binary check matrix can

be represented as an/p × m/p matrix whose parity
check equations are of the form (2).

Consider for example the systematic check matrix of
the extended Hamming code[8, 4, 4]

H =


1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 1 0 1 1 0 1
0 0 0 1 1 1 1 0

 (5)

and regroup the codeword bits two by two in natural
order. The resulting matrix will be given by

H2 =
[
1 0 a b
0 1 b a

]
(6)

where1 is the identity ofG, a is the transposition(1 2)
and b maps1 and 2 to 3 and maps to0 otherwise.
Notice that b is not a permutation of the group, but
the generality of (2) allows to consider this kind of
function.

In this case, we could expect a better BP decoding
behavior using (6) rather than (5) because the number
of cycles in the factor graph is reduced and the local
decoding takes more information into account.

Furthermore, bit clustering can be done four by four
to get the matrixH4 = [1 c] over the groupZ4

2, wherec
is the permutation(1 14)(2 13)(4 11)(7 8). So, in this
form the corresponding factor graph becomes a very
simple tree: a single edge and two leaves. Consequently,
BP algorithm is optimal on this factor graph.

Thus, the idea behind bit clustering is to use the
BP decoding algorithm on sparser graphs to get better
performance. With this technique, the trade-off between
decoding complexity and performance becomes tun-
able.

5 Examples

Two examples follow. One concerns bit clustering and
use group of the formZn

2 whose FFT corresponds to
Hadamard transform, while the other example is based
on groupZ2n whose FFT is the classical2n-points FFT.

Even if these examples illustrate the group aspect of
the decoding, they are not concerned with the graph
aspect of LDPC codes. In fact, building good LDPC
codes over group is, at first sight, a difficult task
because of the huge search space of the mappings
involved in parity equations (2). Moreover no “con-
centration” theorem is yet available. That means that
almost all codes behave alike for long length. Thus
picking a random code in an LDPC codes ensemble
is not asserted to be a good code with high probability.

In the following examples, the decoding algorithm is
applied several times. As soon as the decoded word is
in the code, the algorithm stops. Moreover the number
of iterations is limited.

5.1 Bit clustering of QR[48,24,12] code

In this section, we illustrate the use of the general
LDPC and its decoding algorithm using an example
based on the bit clustering construction described in
the previous section 4. It involves a classical extended
QR code[48, 24], whose parity check matrix is taken
systematic and the bits are regrouped two by two, four
by four, until twelve by twelve. The corresponding
matrices get smaller from48 × 24 to 2 × 4. The
mappings related to the regrouping are then computed.
The chosen groupG is thereforeZp

2 for p = 1, . . . , 12.
Notice that in these extensions, the mappings are no
longer linear operators over the fieldGF(2p) and even
some of them are not permutations. The corresponding
simulation results over AWGN channel for a BPSK
modulation are given on the figure 2. A maximum of 10
iterations are performed during the decoding process.
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Fig. 2. Performances of extended QR[48, 24] on the AWGN channel
for different group order.

As the decoding of parity checks is more global when
the extension degree grows, the decoding performances
get better. In fact when the bits of codewords are
grouped by twelve, the factor graph[ 1 0 a b

0 1 c d ] is so
simple that the decoding is quasi-optimal,i.e. near
to the maximum likelihood decoding (MLD on the
figure 2), because it contains only one cycle. This
example shows clearly that the regrouping of bits and
thanks to the formalism described in this paper, we are
able to reach very good performance for short codeword
length, and with a reasonable decoding complexity.

5.2 Hamming codes overZ2n

In [17], the authors lift the extended binary Hamming
code to the 2-adic Hamming codesH∞ whose gener-
ator matrix is2641 λ λ− 1 −1 1

1 λ λ− 1 −1 1
1 λ λ− 1 −1 1

1 λ λ− 1 −1 1

375 , (7)

whereλ is a 2-adic number that satisfiesλ2−λ+2 = 0,
that isλ = 0 + 2 + 4 + 32 + 128 + 256 + · · · .



From the self-dual codeH∞, we can get several
codesH2n by projectingH∞ over the ringZ2n . These
codes are not necessary linear over the binary field.
For example,H4 is the octacode which is equivalent to
the binary non-linear Nordstrom-Robinson code under
the Gray mapping. Using the parity check matrix (7),
we simulate the codesH2, H8, H32, andH128 over
the AWGN channel with BPSK. The mapping between
bits and elements ofZ2n is the Gray one in order to
increase the minimal Lee distance as shown in [17].
Under these conditions, the codeH2r has length8r bits
and contains24r codewords. Moreover, the maximum
number of iterations of the BP decoder is 20. The
results are shown on the figure 3.
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Fig. 3. Performances of some extended Hamming codes over rings
Z2n on the AWGN channel.

Note that the parity check matrix (7) creates a
bipartite graph which contains numerous (25) 4-cycles.
Thus the algorithm is far from optimal. But as shown in
the previous section, we can cluster bit together in order
to remove 4-cycles and thus improve performances at
the cost of small complexity increase.

Results indicate that, without changing the structure
of the code, extensions are done easily and perfor-
mances increase with them. This fact indicates the
interest of the construction. Future works can involve
LDPC codes over 2-adic fields and fast BP decoding
algorithms for codes projected ontoZ2n are now avail-
able.

6 Conclusion
We introduced in this paper a generalization of LDPC
codes. This generalization is achieved through the use
algebraic group structure in parity check constraints.
The codes derived from these check equations can be
either linear or non-linear. Using Fourier transform,
over groups, a BP decoding algorithm was proposed
for LDPC codes whose check nodes correspond to the
general parity constraints.

As an example, a bit clustering construction based
on classical binary codes was presented that highlight

the potential of our approach in terms of perfor-
mance/complexity trade-off. Moreover, another exam-
ple based on the 2-adic Hamming code was given to
illustrate the high-potential of the general parity check
equation.

Finally, we think that the parity equation based on
the extended mapping familyhi provided by the group
structure open some promising perspectives for the
construction of generalized LDPC codes.
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Sloane, and P. Solé, “The Z4-linearity of Kerdock, Preparata,
Goethals, and related codes,”IEEE Trans. Inform. Theory,
vol. 40, no. 2, pp. 301–319, Mar. 1994.

[10] V. S. Pless and Z. Qian, “Cyclic codes and quadratic residue
codes overZ4,” IEEE Trans. Inform. Theory, vol. 42, no. 5, pp.
1594–1600, Sept. 1996.

[11] J. Wolfmann, “Binary images of cyclic codes overZ4,” IEEE
Trans. Inform. Theory, vol. 47, no. 5, pp. 1773–1779, July 2001.

[12] A. Goupil, M. Colas, G. Gelle, and D. Declercq, “FFT-based
BP decoding of general LDPC codes over Abelian groups,”
Submitted to IEEE Trans. Commun., 2006.

[13] R. M. Neal, “Sparse matrix methods and probabilistic inference
algorithms,” in IMA program on codes, systems and graphical
models, 1999.

[14] Y. Kaji, M. P. Fossorier, and S. Lin, “Encoding LDPC codes
using the triangular factorization,” inProceedings of ISITA’04,
Parma, Italia, Oct. 2004.

[15] F. R. Kschischang, B. J. Frey, and H.-A. Loeglier, “Factor
graphs and the sum-product algorithm,”IEEE Trans. Inform.
Theory, vol. 47, no. 2, pp. 498–519, Feb. 2001.

[16] S. M. Aji and R. J. McEliece, “The generalized distributive
law,” IEEE Trans. Inform. Theory, vol. 46, no. 2, pp. 325–343,
Mar. 2000.

[17] A. R. Calderbank and N. J. A. Sloane, “Modular andp-adic
cyclic codes,”Designs, Codes and Cryptography, vol. 6, no. 1,
pp. 21–35, July 1995.


