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Abstract—We introduce a generic approach, called FAID
diversity, for improving the error correction capability of regular
low-density parity check codes, beyond the belief propagation
performance. The method relies on operating a set of finite alpha-
bet iterative decoders (FAID). The message-passing update rules
are interpreted as discrete dynamical systems, and are judiciously
chosen to ensure that decoders have different dynamics on a
specific finite-length code. An algorithm is proposed which uses
random jumps in the iterative message passing trajectories, such
that the system is not trapped in periodic attractors. We show by
simulations that the FAID diversity approach with random jumps
has the potential of approaching the performance of maximum-
likelihood decoding for finite-length regular, column-weight three
codes.

I. INTRODUCTION

It is now well established that iterative decoding (ID)
approaches the performance of maximum likelihood decod-
ing (MLD) of the low-density parity-check (LDPC) codes,
asymptotically in the block length. However, for finite length
sparse codes, iterative decoding fails on specific subgraphs
of a Tanner graph, generically termed as trapping sets [1],
[2]. Trapping sets (TS) give rise to an error floor which is
an abrupt degradation in the error-rate performance of the
code in the high signal-to-noise ratio regime. This performance
degradation is also characterized by the notion of pseudo-
codewords [4], which represent attractor points of iterative
message passing decoders, analogous to codewords which rep-
resent solutions of the MLD. A precise structural relationship
between trapping sets and pseudo-codewords of a given Tanner
graph and a decoding algorithm is not yet fully established,
but it has been observed that pseudo-codewords on the Binary
Symmetric Channel (BSC) are tightly linked to topological
structures which are trapping sets. Many authors have pointed
out that the minimum Hamming weight of pseudo-codewords
is generally smaller than the minimum distance for most LDPC
codes [4]. Thus, the presence of trapping sets prevents, in prin-
ciple, iterative decoders to approach or reach the performance
of MLD for finite length LDPC codes.

Although the most popular types of iterative decoders such
as belief-propagation decoder (BP) or the Min-Sum decoder
are trapped by TS attractors, other types of iterative decoders
can be specifically designed to avoid being trapped by the
dominant TS of an LDPC code, and therefore can correct

error events that are not correctable by BP or Min-Sum. In [5],
[6], we have introduced the class of finite alphabet iterative
decoders (FAID), and have demonstrated their superiority to
traditional ID in the error floor region (low FER region), at
the cost of a negligible loss of performance in the waterfall
region (high FER region). FAIDs are very efficient in the error
floor region, and surprisingly, this efficiency is achieved with
very simple update rules and messages represented by only 3
quantization bits. Moreover, FAIDs do not rely on complicated
post-processing techniques, which are usually proposed to
lower the error floor [8].

Additionally, the FAID framework allows us to define a
plurality of different iterative decoders [3], with different
dynamical behaviors on the received word, and gives the
possibility for the set of FAIDs to collectively correct an even
larger number of dominant error patterns. The sequential or
parallel use of a set of different FAIDs with the goal of
increasing the error correction performance of an LDPC code
is termed “FAID diversity”. In [7], this concept was used to
increase the guaranteed error correction of regular dv = 3
LDPC codes under iterative decoding. For the small example
of the regular (N = 155,K = 62, Dmin = 20) Tanner code,
we managed to identify sets of FAID decoders, with increased
guaranteed error correction from t = 5 errors to t = 7 errors,
which represented a gain of 3 decades in the error floor region
compared to the BP decoder.

In this paper, the approach of FAID diversity is extended
and combined with random re-initializations of the decoders’
dynamics. By using random dynamical re-initializations, we
advantageously make use of the inherent oscillating behavior
of iterative decoders around attractors to improve convergence.
By combining decoder diversity and dynamically re-initialized
decoders, we are able to approach very closely the perfor-
mance of MLD on several finite lengths regular dv = 3 LDPC
codes on the BSC channel.

II. NOTATIONS AND FAID DECODER DIVERSITY

Throughout the paper, we only consider transmission of
LDPC codewords x over a binary symmetric channel (BSC)
with channel error probability α, recieved as y. Only binary
regular (dv, dc) = (3, 6) LDPC codes of length N are
considered.



Iterative decoders operate by passing messages along the
edges of the Tanner graph representation of the code, with the
goal of estimating the a posteriori distribution of the codeword
bits, and take a decision on the most reliable codeword. In each
iteration, the messages on the edges are computed as a function
of only local messages coming from their neighbors, using two
local update rules Φv and Φc, which determine the message
output through the variable nodes and the check-nodes, respec-
tively. The methodology presented in this paper relies on the
recently introduced type of finite alphabet iterative decoders
(FAID) [5], [6], for which the messages are confined to a fi-
nite alphabet M = {−Ls, . . . ,−L2,−L1, 0, L1, L2, . . . , Ls}
consisting of Ns = 2s + 1 levels, and for which the update
functions Φv and Φc are defined as follows, with mi being
the message on the i-th edge of a node:

Φc(m1, . . . ,mdc−1) =

(
dc−1∏
j=1

sgn(mj)

)
min

j∈{1,...,dc−1}
(|mj |) (1)

Φv(yi,m1,m2, · · · ,mdv−1) = Q

dv−1∑
j=1

mj +mc · yi

 (2)

Note that the function Φc is the same as the one used in the
Min-Sum decoder, and the sgn function denotes the standard
signum. The function Q(.) is a non-uniform quantization
function and the additive parameter mc is computed using
a non-linear symmetric function of the incomming messages.
Refer to [6] for more details on the FAID structure. It turns out
that with only small values of the finite alphabet cardinality,
e.g. limited to Ns = 5 or Ns = 7, the FAID have much lower
complexity compared to existing message passing decoders,
while having the potential to surpass in the error floor region
the classical decoders like the floating-point BP or the Min-
Sum decoder. For column-weight dv = 3 codes, the function
Φv can be conveniently represented as a two dimensional
array, or look-up table (LUT), and we have shown in [6] that
the number of non-trivial Ns-level FAID for dv = 3 codes
(denoted Class-A FAID) is given by

KA(Ns) =
H2(3Ns)H1(Ns)H2(Ns − 1)

H2(2Ns + 1)H1(2Ns − 1)
, (3)

where Hk(n) = (n−k)! (n−2k)! (n−3k)! . . . is the staggered
hyperfactorial function.

This leaves us with a number of possible FAID equal to
KA(5) = 28 314 and KA(7) = 530 803 988 for messages
using 3 bits of quantization. Such an enormous number of
decoders requires an efficient systematic procedure to sep-
arate good decoders from bad ones. By “good” we mean
decoders which perform well in the error floor region. The
existence of such a procedure is difficult to conjecture, and
in our previous work we have shown with counter-examples
that the selection process cannot rely on density-evolution
thresholds alone [3] neither on the sole analysis of trapping
sets viewed as combinatorial objects. In [3], we have proposed
a method for selecting good Class-A FAID decoders based on
a heuristic discriminating between good and bad FAID rules.
We introduced a concept of noisy trapping sets, i.e., trapping
sets containing deliberately introduced noisy messages in

their direct neighborhood. The associated heuristic is defined
as a vector of noisy critical numbers, which better reflects
the average error correction capability of a decoder when a
noisy neighborhood of the TS is assumed. Using statistics on
the noisy critical numbers, we proposed an iterative greedy
selection algorithm to select good FAID and reject bad FAID.

Using the plurality of FAID with good performance but
with different dynamical behavior, we have proposed in [7]
the concept of decoder diversity in order to guarantee the
correction of all error patterns up to a certain weight t for
a given code. Let us assume that we have at our disposal a set
of Class-A Ns-level FAID denoted by

D =
{(
M,Y,Φ(i)

v ,Φc

)
| i = 1, . . . , ND

}
(4)

where each Φ
(i)
v is defined as in (2), and Φc is the check node

rule defined in Equation (1). We refer to this set D as a decoder
diversity set, and an element of this set is denoted by Di. In
[7], we have proposed a strategy to choose the FAIDs that
constitute the diversity set, in order to guarantee the correction
of all error patterns up to a certain weight t for a given LDPC
code, for which the distribution of the dominant TS is known.
Although the gain we obtained in the error floor region was
impressive, as we gained 3 decades compared to the floating-
point BP on the (N = 155,K = 62, Dmin = 20) Tanner
code, we were not able to get close to the performance of
MLD.

III. FAID-DIVERSITY WITH RANDOM JUMPS FOR
NEAR-ML PERFORMANCE

In order to further increase the error correcting performance
of FAID-Diversity, we propose to rely on a dynamical system
interpretation of each message-passing decoder and use some
of the techniques proposed in chaos regularization [9]–[12]
in order to help the decoder to avoid being trapped around
periodic attractors and eventually converge to a fixed point,
which is hopefully the right codeword.

A. Iterative decoder as dynamical system and its state space

As pointed out in the literature [13], iterative decoders for
LDPC codes can be seen as dynamical systems with possible
chaotic behaviors for which the dynamical equations are given
by (1)-(2). In the case of a FAID algorithm which uses
messages belonging to a finite alphabet M, the dynamical
system is not chaotic since its state space size is finite.
However, it still can have pseudo-chaotic behaviors in the
sense that the FAID either converges to a stable fixed point or
infinitely oscillates around attractor points in the state space.
The state space for a FAID of an LDPC code is defined over
the state vectors, where each state vector denoted by

{
m(k)

}
is the collection of messages on all edges of the Tanner graph
of the code after k iterations.

The series of state vectors for all considered iterations k is
called a trajectory, and a chaotic system is a deterministic
system in which trajectories remain bounded in the state
space and show strong sensitivity to small changes in initial



conditions, which is the case for FAID of LDPC codes.
For example, on the BSC, flipping a particular bit in the
channel error pattern may totally change the behavior of the
decoder. Chaotic dynamical systems either diverge or oscillate,
or converge to a fixed point in the state space. In order to
graphically represent the behavior of a dynamical system,
one would like to find a scalar parameter formed from all
the messages

{
m(k)

}
, which however could only partially

represents the system’s behavior. In the literature, the two
scalar parameters which are proposed for LDPC decoders are,
either the number of bit errors at each iteration, or the entropy
of the decision vector x̂(k)i , i = 1 . . . N [13]. However, these
two parameters do not make use of all the messages transiting
in the graph, and therefore could only partially represent the
behavior of the dynamical system. We then propose to use
as parameter the graph free-entropy, also denoted in statistical
physics as Bethe free-entropy [14], which is a function of all
the messages in the Tanner graph.

To compute the Bethe free-entropy for a FAID algorithm,
we first transform the messages belonging to the finite alphabet
to probabilities by writing them as log-likelihoods with con-
vention log(p(bi = 0)/p(bi = 1)) where bi is the estimated bit
corresponding to the variable node vi. Let µcj→vi(0) denote
the probability of the bit bi being zero as evaluated by its
neighboring check node cj . Let µcj→vi(1) be defined similarly.
If the message on this edge is denoted by mcj→vi , then the
above probabilities are evaluated as follows

µcj→vi(0) =
emcj→vi

1 + emcj→vi
, µcj→vi

(1) = 1− µcj→vi(0)

The free-entropy Ei corresponding to a variable node vi

can be calculated as Ei = log(
1∑

u=0

dv∏
j=1

µcj→vi(u)), and the

free-entropy Ej corresponding to each check node cj as

Ej = log(
∑

i1+i2...+idc=0

dc∏
n=1

µvin→cj (in)). The free-entropy

on an edge between vi and cj Eij can be calculated as

Eij = log(
1∑

u=0
µcj→vi(u)µvi→cj (u)). At the k-th iteration,

the Bethe free-entropy is defined as the sum of these three
entropies as

Ek =

N∑
i=1

Ei +

M∑
j=1

Ej −
∑
i∼j

Eij (5)

where i ∼ j denotes an edge between variable node vi and
parity-check node cj . The Bethe free-entropy has its local
minima corresponding to the convergence to a codeword or
a pseudo-codeword, and its global minimum is reached when
all the messages have the same sign and take the maximum
reliability. The Bethe free-entropy is an approximate Lyapunov
function for the FAID dynamical system and will be used
for the illustration and the analysis of our approach. All the
different dynamical phenomena mentioned in [13], like the
freezed case, the convergence case, the periodic case and the
indefinitely oscillating case, can be nicely observed through

the projected trajectories of Ek.

B. FAID-Diversity with re-initialization — Hybrid switching
system

Let us now present the method that is based on random re-
initializations of a FAID diversity set that enables the decoding
to approach the MLD performance. The technique presented in
this paper is similar to the ones used for chaos regularization
in hybrid switching dynamical systems [9]. Roughly, the ratio-
nale behind the switching technique is that, when the system is
trapped or oscillating around an attractor point, a jump in the
state-space may drive the trajectory to a region which contains
the solution of the system. For FAID decoders, the principle
of our approach is based on the following observation: for a
large number of problematic error patterns that are correctable
by a ML decoder, FAIDs fail to converge. The corresponding
trajectories are either stuck on a fixed point in the vicinity of
some large TS or oscillate indefinitely around an attractor. For
those trajectories, the Bethe free-entropy defined in Section
III-A has an oscillating behavior with a “typical” periodicity,
as illustrated in figure Fig.1(a).

−80 −70 −60 −50 −40 −30 −20 −10 0 10

−80

−70

−60

−50

−40

−30

−20

−10

0

10

Bethe Free−Entropy iteration (k−1)

B
e

th
e

 F
re

e
−

E
n

tr
o

p
y

 i
te

ra
ti

o
n

 (
k

)

(a) 8-error event without re-
initialization
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(b) 8-error event with re-
initialization

Fig. 1: Trajectory of the Bethe free Entropy function (5) for
a 8-error pattern on the (N = 155,K = 62, dmin = 20)
Tanner code.

For a given fixed LDPC code, this typical periodicity can be
estimated from simulations on pre-defined problematic error
patterns, which are in principle not corrected by iterative
decoders. In our analysis, the problematic error patterns have
been defined in the neighborhood of TS. On figure Fig.2,
we show the histogram of the period distribution for a large
FAID diversity set Dbase, with ND = 9 239 FAID decoders,
and for nine problematic error patterns of hamming weights
8 and 9, on the (N = 155,K = 62, Dmin = 20) Tanner
code. As we can see, the period of oscillating attractors, which
corresponds to the average cycle length of the trajectories (cf.
figure Fig.1(a)), are highly concentrated around a mean value
of 14-15. For most of the short lengths regular dv = 3 LDPC
codes that we studied, the period distribution has its maximum
value lying between 15 to 20.

In order to break the infinite oscillations around attractor
points, we propose to stop the decoding process regularly after
a certain number of iterations and re-initialize the decoder
with a well chosen function of the state vector. This is similar
to a method known in chaotic systems [10] that introduces
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Fig. 2: Distribution of periods of FAID for problematic error
events.

random jumps in the system phase-space when the trajectory
reaches some Poincaré plane cut. By introducing appropriately
chosen random jumps, one hopes to break the oscillations and
eventually converge to a stable fixed point which is expected
to be the right codeword.

There are several possible ways of performing the jumps
in the state space, and we do not discuss in this paper the
ways to optimize the jumps. In principle, in order to perturbate
the dynamical system, one needs to change the values of the
extrinsic messages which constitute the state vector. Instead,
we propose to perform random re-initializations of the decoder
inputs, which in turns will change the values of the messages
that constitute the state vector after one iteration. This ap-
proach has the advantage of acting in a space of dimension
2N , much smaller than the whole state space (at least 2dv N ).

In the sequel, we will denote the state-space jumps as ran-
dom re-initializations. The randomness of the jumps depend on
two main parameters. The first random parameter corresponds
to the periodicity at which we perform the jumps. Indeed,
oscillations of FAID around attractors have most of the time
a typical periodicity, as shown in Fig.2, but are not stricly
periodic. In order to increase the probability of avoiding attrac-
tors, one needs to perform random re-initializations irregularly
in time (here time is the iteration index) in order to break
the oscillatory behavior. For a given LDPC code, the typical
periodicity N∗I can be estimated as the mode of the period
distribution, and the random jumps are then performed at a
random iteration index, drawn from the uniform distribution
around N∗I : U [N∗I − ε,N∗I + ε] (for some ε > 0). The second
random parameter of the proposed jumps is related to the
particular method used to force the decoder to be pushed away
from the associated basin of attraction. The jump is performed
by comparing the hard-decision at the chosen iteration with
the original decoder inputs, and then randomly flip the bits
which do not agree, with some probability δ, as explained in
Algorithm 1.

We have drawn in Fig.1 the trajectories of the Bethe-free-
entropy for the Tanner code and a given FAID algorithm,
with and without random re-initialization. The re-initilization
jumps in the phase-space are shown in bold on the right-hand
side of Fig.1(b). The FAID alone is trapped in an attractor
and oscillates indefinitely (we have tested until NI = 105

iterations), while the technique we propose performs random

Algorithm 1 FAID Decoder Diversity with Random Re-
Initializations

1) Given a diversity set Dbase, given N∗I and δ. For a
vector of channel values y from the BSC channel, set
n = 1,

2) set e = y,
3) draw at random k ∼ U [N∗I − ε,N∗I + ε]. Initialize the

decoder Dn ∈ Dbase with e and run k iterations of
Dn,

4) stop the decoding if the syndrome is verified, otherwise:
a) for each variable node vi, compute the decision

x̂i from the messages
{
m

(k)
cj→vi

}
cj∈C, vi∈N (cj)

,

b) ∀i = 1 . . . N , if x̂i = yi set ei = yi, and if
x̂i 6= yi set ei = x̂i with probability δ and ei = yi
with probability 1− δ.

5) go to step 3) until a maximum number of iterations has
been reached NI ,

6) set n = n+ 1, go to step 2)

jumps in the phase-space, which eventually leads the decoder
to converge to the right codeword (last point on the right) and
correct the error event.

C. Decoding performance of FAID diversity with random re-
initialization

In this section, based only on the Ns = 7-level FAID
decoders, we show that the proposed approach of FAID
diversity with random re-initializations can approach MLD
performance for various regular dv = 3 LDPC codes. The
FAID diversity set Dbase is chosen very large (ND = 9 239
FAIDs) in order to ensure the best possible performance. Using
the algorithm 1, with a choice of (N∗I = 15, ε = 5) and
δ = 0.05, we were able to reach the performance of MLD on
the (N = 155,K = 62, dmin = 20) Tanner Code, as shown
in Fig.3, as well as for other codes, shown in Fig.4-Fig.5.

For the Tanner code, one can see that the gap between the
BP and the MLD on this code is particularly large and reaches
almost 5 decades at channel error probability α = 10−2.
Here a maximum of NI = 4000 iterations was used for each
decoder in Dbase. Note that although the number of FAID in
Dbase is very large, the decoding complexity is not completely
prohibitive since the decoders are used sequentially. As a
consequence, a large percentage of the error patterns converge
with the first FAID in a small number of iterations, and the rest
of the diversity set and the random re-initializations are used
only for the most problematic error events. We have applied
this approach to various regular dv = 3 LDPC codes, with
different rates and lengths, and observe similar results as for
the Tanner code, as shown on the other figures.

IV. CONCLUSION

In this paper, we have used the concept of FAID decoder
diversity to improve the error correction performance beyond
the usual limits of iterative decoding of finite length LDPC
codes. In addition to using a collection of FAIDs which
collectively correct more error events than a single decoder,
we have introduced a dynamical system approach with random
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Fig. 3: FAID-Diversity Results on the rate R = 0.4
(N = 155,K = 62, dmin = 20) Tanner Code [15].
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Fig. 4: FAID-Diversity Results on rate R = 0.7
(N = 530,K = 371, dmin = 14) QC-LDPC from [16].
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Fig. 5: FAID-Diversity Results on the rate R = 0.5
(N = 2640,K = 1320, dmin = 40) Margulis code.

jumps in the phase space in such a way that the iterative
process can avoid the attraction of trapping sets. With this
approach, we were able to reach the performance of MLD in
the error floor region for various regular dv = 3 LDPC codes
on the BSC channel, beating the BP decoder in the error floor
region by several decades.
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