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1. Introduction

Since the development of pseudo-random codes such
as LDPC codes and Turbo-codes, the hope to reach the
capacity of a wide range of channels has been renewed.
In particular, irregular LDPC codes with conveniently
chosen irregularity exhibit performances which are only
a few dBs away from the capacity for Binary input
AWGN [1] or Rayleigh channels. In the case of QAM
input AWGN channels (QAM-AWGN), the two com-
mon approaches to provide high bandwidth efficient
transmissions are the well known Trellis Coded Modu-
lations (TCM) [2] and Bit Interleaved Coded Modula-
tion (BICM) [3]. A variation of these approaches ap-
plying the so-called ”Turbo-Principle” lead to Turbo-
TCM [4] and BICM with Iterative Decoding (BICM-
ID) [5]. Although that Turbo TCM exhibits better
performance than BICM-ID on AWGN channel, the
degradation in performance is compensated by a lower
decoding complexity and an easier implementation. Bi-
nary LDPC codes optimized for QAM-AWGN channel
were recently proposed in [6] as an alternative to these
coding schemes. The main advantage of these LDPC
modulations being that the code is designed together
with the modulation, in a joint optimisation of the re-
ceiver structure.

In this paper, we will investigate the perfor-
mances of non-binary LDPC modulations for (M-
QAM)-AWGN channels. The order of the Galois Field
(GF) will be equal or multiple of the order M of the
QAM. We will restrict the study of non-binary LDPC
codes to regular (tc, tr) LDPC codes with tc = 2, since
it has been shown that these codes achieve very good
performances [7, 8] when decoded by belief propaga-
tion. Using LDPC codes with a field order equal to the
size of the constellation has a clear advantage: because
the encoder/decoder work directly with symbols, all
mapping choices of the codeword symbols to the con-
stellation points are equivalent and lead to the same
performances. This means that there is no loss of per-
formance due to a demapping at the receiver. This is
a clear advantage compared to binary codes (LDPC or

not).
We will indeed show by simulations that regular

(2, tr) GF (2q)-LDPC codes with different rates per-
form very close to the Shannon Limit (less than 1dB),
allowing efficient communication at very high spectral
efficiencies. The paper is organised as follows: first, we
present in section 2 the Belief Propagation (BP) de-
coding of GF (2q)-LDPC codes and point out the dif-
ferences between the binary and the non-binary cases.
In section 3, we made extensive simulations for various
code rates and codeword lengths and report the perfor-
mance with respect to the Shannon limit. Finally, we
compare the performances of GF (2q)-LDPC modula-
tions with some of the best binary coded modulations
presented in the literature.

2. Decoding GF (2q)-LDPC codes

2.1. Tensorial representation of the messages

In a GF (2q)-LDPC code, the parity matrix H of
size (N −K)×N defining the kernel of the code con-
tains nonzero values belonging to GF (2q). The factor
graph [9, 10] of a GF (2q)-LDPC code consists in a set
of variable nodes belonging to GF (2q) fully connected
to a set of parity check nodes. The edges connecting the
two sets of nodes carry messages that represent proba-
bility density functions (p.d.f.) of the GF (2q) random
variables. These messages are discrete p.d.f. of size 2q

and we have shown in [7] that they are conveniently
represented by tensors of size 2 and dimension q. In
Galois fields that are extension fields of GF (2), the
elements of GF (2q) could be represented by a polyno-
mial u(x) =

∑q−1
i=0 ui xi of degree q − 1 with binary

coefficients. Using this representation, a message on
the edge connected to a variable node denoted u(x) is
a tensor Uu1..uq indexed by the binary coefficients of
u(x). For example, U011 corresponds to the probabil-
ity p(u(x) = x+x2|.) in GF (8). In the factor graph, we
will denote Uu(x) the messages from variable nodes to
cancellation check nodes and Uu(x) the messages from



check nodes to variable nodes.

2.2. Belief Propagation equations

The belief propagation algorithm for non-binary
LDPC codes is not a direct generalization of the bi-
nary case because the nonzero values of the matrix H
are different. There is although a way to link ’tightly’
the non-binary case to the binary case by changing the
factor graph. The transformation of the graph is per-
formed by adding variable nodes corresponding to the
multiplication of the codeword symbols uk(x) by their
associated nonzero H-values. The transformation is
depicted on figure 1.
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Figure 1: Transformation of the factor graph in order
to tackle with the GF (2q) nonzeros values in the matrix
H.

The function node that connects the two variable
nodes uk(x) and hkuk(x) performs a permutation of
the message values. The permutation tensor that is
used to update the message corresponds to the mul-
tiplication of the indices by hk(x) from node uk(x) to
node hkuk(x) and to the division of the indices by hk(x)
the other way. Using this transformation of the factor
graph, the effect of the parity check node is indeed a
convolutionnal product of all incoming messages, just
as in the binary case. The three steps of one decoding
iteration are then (using the notations of figure 2):

(S1) product step: variable node update for a degree
tc node

Uum(x) = Ll(x).

tc∏

k=1,k 6=m

Uuk(x) (1)

(S2) permutation step

V v(x) = P
u(x)
v(x) Uu(x) with v(x) = hji(x).u(x)

(2)

(S3) sum-product step: parity check node update for

a degree tr node

Wwm(x) =Ww1(x) ~ . . . ~ Wwm−1(x) ~ Wwm+1(x)

~ . . . ~ Wwtr (x)

(3)

The product in step (S1) is a Kronecker product
between all incoming messages except the m− th, and
the likelihood message of the active node. The permu-
tation tensor in step (S2) is defined by P

u1..uq
v1..vq = 1 if

(u1..uq) = (v1..vq) and zeros elsewhere. In step (S3), ~
represents the convolutionnal product in GF (2q). For
a complete presentation of Belief Propagation decoding
for GF (2q)-LDPC codes, we will refer to [7, 11].

2.3. Fast Fourier Transform based Belief Prop-
agation decoding

In the belief propagation algorithm presented in the
previous section, step (S3) has a huge computational
complexity. The number of basic operations required
to compute Wwm(x) varies exponentially both with the
field order q and with the parity check degree tr. This
complexity forbids the decoding of LDPC codes in very
high order fields, and a lot of authors often restrict the
maximum field order to Q = 16 [12]. We have proposed
in [7] to perform step (S3) in the frequency domain,
which transforms the convolution into a simple prod-
uct. For densities of random variables in GF (2q) rep-
resented by tensors, the Fourier transform is formally
very simple to explain since it corresponds actually to
q second order Fourier transforms, one in each dimen-
sion of the tensor. Let Ww1..wq be a tensor indexed by
w(x) ∈ GF (2q), its Fourier transform Zz1..zq is:

Zz1..zq = Fw1
z1

. . . Fwq
zq

Ww1..wq = F(W ) (4)

with F being the tensor of second order Fourier trans-
form given by:

F =
1√
2

[
1 1
1 −1

]

Using the Fourier transform, one can change the
parity check node into a product node in the factor
graph of the GF (2q)-LDPC code. The whole factor
graph in the case of a regular (tc, tr) = (2, 4) is depicted
in figure 2. The computational complexity of step (S3)
is reduced toO (qtr2q), which is now linear in the parity
check degree tr. This reduced complexity BP decoding
will allow us to decode GF (2q)-LDPC codes in very
high order fields and for large values of tr.
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Figure 2: Factor graph of a GF (2q)-LDPC code.
The graph is transformed using the extra permutation
nodes described in figure 1 and the Fourier transform
F (4).

3. Performance of regular GF (2q)-LDPC codes

It has been shown in [7, 8] that the performance
of the regular (2, 4) GF (2q)-LDPC code increases with
the field order 2q. Moreover, using the algorithm de-
picted in the previous section, we can decode high order
GF (2q)-LDPC codes in a reasonable amount of pro-
cessing time. We have then chosen to use the highest
field order (up to 2q = 256) for each M-QAM channel.
We will then consider the following cases (GF (256)-
LDPC,16-QAM) and (GF (256)-LDPC,256-QAM). In
the two considered systems, the LDPC code is encoded
in GF (2q), then the codeword symbols {uk} are asso-
ciated to complex constellation points {sk}. For the
16-QAM channel, each codeword symbol is associated
to 2 constellation points uk ↔ [s0ks1k]T . We insist on
the fact that the mapping of codeword symbols to con-
stellation points is not an issue, and that all mapping
choices will give the same performance results. The
receive noisy symbols {yk} are obtained by adding a
complex valued white Gaussian noise {wk}, and the de-
coder is initialized by the densities p(uk|yk) computed
from the Gaussian likelihoods p(yk|sk).

The performance of regular GF (2q)-LDPC codes
are compared to the capacity of each M−QAM AWGN
channel:

CM−QAM = log2

(
M2

e

)

− 2√
M

√
M−1∑

m=0

Ey|s(m){log2

√
M−1∑

m′=0

exp
−(y − s(m′))2

N0
}

, where s(m) = 2m − √
M + 1 and where N0 is the

AWGN noise variance. Ey|s(m){.} denotes the expecta-
tion operator with respect to the real gaussian random
variable y with mean s(m) and variance N0

2 .

It has been pointed out in [12, 8] that for high order
fields, the LDPC codes should be ultra sparse, with an
average data connection degree close to tc = 2. We
have then chosen to give the performance of regular
(2, tr) codes for various coding rates. The values of
tr are (4, 6, 8, 12, 16) and the corresponding rates are
obtained by R = 1 − 2/tr. We have simulated each
GF (2q)-LDPC code for various codeword lengths N
expressed in equivalent binary lengths. For example,
N = 2000 bits and 2q = 256 corresponds to an ac-
tual codeword length in symbols equal to Ns = 250.
The codeword lengths have been chosen from relatively
small N = 2000 to very large N = 40000. On figures
3-4, we have plotted the values of Eb/N0 at which the
bit error rate (BER) is equal to 10−5. This corresponds
roughly to the decoding threshold of the codes since the
error curves have a very large slope.

We can see on these figures that:

• the regular GF (2q)-LDPC modulations have ac-
tually very good performance, very close to the
Shannon limit. Let us discuss first the large code-
word length case: N = 40000. At rate R = 0.5,
the SNR loss is 0.5dB for the (16 − QAM)-
AWGN channel and 1.2dB for the (256−QAM)-
AWGN channel, which is comparable to the best
coding schemes presented in the literature. At
rate R = 0.833, the SNR loss is 0.3dB for the
(16 − QAM)-AWGN channel and 0.7dB for the
(256−QAM)-AWGN channel, which are the best
results obtained so far at these very high spectral
efficiencies (to our best knowledge),

• the results are even better for small codeword
length (N = 2000). The performance loss from
N = 40000 to N = 2000 is not very important,
as opposed to other coding schemes that suffer a
lot when the codeword length is too small. This
confirms the results obtained in [8] which show
that GF (2q)-LDPC codes in high order fields are
very robust for small codeword lengths,

• also, it seems that the gap between the LDPC
code performance and the Shannon limit is al-
most the same for the two considered channels,
and for all rates. This shows that it is important
to consider LDPC modulations build with field
orders equal (or larger) to the constellation size.
In that case, all the mappings are equivalent and
there is no loss of performance due to the corre-
lation of messages introduced by the demapping.

• finally, we insist on the fact that the simulated
codes are regular, and that the matrices H have



been generated at random. We expect even bet-
ter results by turning to irregular GF (2q)-LDPC
codes, and matrix constructions with large girth
[8].
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Figure 3: Performance of regular GF (256)-LDPC
codes for the 16-QAM channel at BER = 10−5.
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Figure 4: Performance of regular GF (256)-LDPC
codes for the 256-QAM channel at BER = 10−5.

4. Comparison with BICM

In this section, a comparison between BICM-ID
and GF (2q)LDPC modulations over(M-QAM)-AWGN
channel is presented. Bit Interleaved Coded Modula-
tions principle was first introduced by Zehavi in [13].

As described on the figure 5, a BICM transmission sys-
tem consists of an interleaved concatenation of an en-
coder and a symbol mapper.
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Figure 5: Block diagram of BICM

Recently, Iterative feedback decoders for BICM
communication systems were presented by Li and
Ritcey in [14] and by Magniez et al. in [15]. These
Turbolike receivers allow BICM to compare favorably
with conventional TCM even on AWGN channels.

In this section, all the simulations were performed
whithin the IEEE802.11a framework[16], i.e.:

• The 64-states rate 1/2 convolutional codes
(1338, 1718) is concatenated after puncturing and
random interleaving with a 16-QAM or 64-QAM
modulator, depending on the desired transmis-
sion rate. Six tailling bits are added to each frame
in order to close the trellis.

• We used ten OFDM symbols per frame (1920
coded bits per frame for 16-QAM and 2880 coded
bits per frames for 64-QAM). Puncturing pat-
tern, coding rate, constellation size and frame
length used in this section are summarized in ta-
ble 4.

Coding Rate Constellation Puncturing Frame
1/2 16-QAM - 1920

3/4 16-QAM [110]
[101] 1920

3/4 64-QAM [110]
[101] 2880

Table 1: BICM parameters used for simulation

We implemented the iterative decoder (BICM-
ID) proposed in [14, 17] and the constellation la-
belling is chosen such that d1min = 2 where
d1min = minsi,si′ |dH(si,si′ )=1d

2
E(si, si′) and dE(si, si′)

and dH(si, si′) are respectively the Euclidean and the
Hamming distance between the symbols si and si′ . The
modified set partitioning presented for a 16-QAM in
[17] belongs to this constellation class and was shown
to perform better than Gray mapping when using it-
erative decoder. The performance the two coded mod-
ulation schemes over AWGN channel are presented on
the figure 6. For these simulations, we have chosen



GF (2q)-LDPC codes that operate in the same con-
stellation space and with a comparable coded frame
lengths.
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Figure 6: Performance comparison beetween BICM
and GF (64 − 256)-LDPC modulations using various
rates and (16−64)−QAM constellations. For GF (64−
256)-LDPC modulations, ten belief propagation decod-
ing iterations were used. BICM modulations were de-
coded using eight iterations. BICM performances are
drawn in dashed line and GF (64− 256)-LDPC in solid
line.

The results indicate that:

• in all the cases, GF (2q)-LDPC modulations out-
performs a conventional BICM communication
chain with SNR gaps of 2dBs for rate 1/2-16-
QAM constellation and 1.2dB for 3/4-16-QAM
at BER equal to 10−4.

• GF (2q)-LDPC modulations outperforms BICM
modulation with a SNR gap of 1dB for 3/4-64-
QAM constellation at BER = 10−4.

These first results are encouraging and show that
GF (2q)-LDPC codes should be very good candidates
for high spectral efficiency communications. This result
should be emphasized for very small codeword lengths
(N ' 1000 bits), since binary pseudo-random coding
schemes could no longer capitalize on interleaving gain
for these small lengths.

5. Conclusion and future work

In this paper, non-binary GF (2q)-LDPC modula-
tions in the case of (M − QAM)AWGN channel were
presented using regular LDPC codes. A reduced com-
plexity belief propagation decoding algorithm is pre-
sented which allows the decoding of high order fields q.

Using this decoder, we have shown that GF (2q)-LDPC
modulations present near capacity performance (within
0.5dB for a BER = 10−5) when very high order fields
are considered.

We have also compared the LDPC codes with well
known BICM schemes, and have shown that GF (2q)-
LDPC codes greatly outperforms BICM modulations
over AWGN Channel. As future works, it would be
interesting to investigate the potentiality of GF (2q)-
LDPC modulations as an alternative to BICM in
wLAN standards by providing simulations over fad-
ing channels. Many theoretical problems have to be
addressed like the optimisation of irregular GF (2q)-
LDPC codes over AWGN or non standards channels.
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