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Abstract: In this paper, we study the impact of the
finite precision coding of the messages used for LDPC
Belief Propagation decoding. The finite precision de-
teriorates the code performance, and we explain the-
oretically this performance loss with a quantized ver-
sion of Density Evolution. Then, we point out the
weaknesses of the quantized Belief Propagation de-
coder and propose a modification of the algorithm that
reduces the gap between finite precision decoding and
infinite precision decoding.

1. Introduction

In this paper, we will investigate theoretically the ef-
fect of finite precision implementation on LDPC de-
coders. A noticeable breakthrough among works on
LDPC codes has been the work of Richardson and
Urbanke [1] who showed that irregular LDPC codes
can be parametrized and that the asymptotical be-
haviour of LDPC codes could be related to these pa-
rameters. Using this approach, called Density Evo-
lution, it is possible to predict the gap between the
decoding threshold of a particular LDPC code and
the Shannon limit, and to optimize the code param-
eters in order to minimize this gap.

Meanwhile, LDPC codes are being considered for var-
ious communication applications such as multiuser
transmission, DAB/DVB, wireline ADSL transmis-
sion as proposed to the ITU SG15/Q4 commitee, and
data storage. This rises the interest in designing effi-
cient hardware implementation of LDPC codes.

In a hardware implementation of LDPC codes, the
Belief Propagation decoder has to tackle quantized
values of the messages, which deteriorates the code
performance. In this paper, we study theoretically
with a quantized version of density evolution the im-
pact of the finite precision coding of the data val-
ues used in the LDPC decoder. This study helped
us to characterize with accuracy the finite precision
LDPC decoder behavior and led us to a modification
of the decoder that improves the error correcting per-
formance in the case of finite precision decoding.

The paper will be organized as follows: in section 2,
we recall the notations regarding LDPC codes and
the Belief Propagation decoder helpful for the rest of
the paper. Section 3 starts by the study of the finite
precision coding impact on the code performance with
a quantized density evolution. Then, the modification
of the LDPC decoder is presented and we show both
theoretically and with simulations the performance
gain that we obtain. The advantage of our approach

is illustrated through simulations on the regular (3, 6)
LDPC code.

2. Basics on LDPC decoding

H is the LDPC (M ×N) parity check matrix, where
N denotes the codeword length and M the number of
parity checks (if R is the code rate, M = (1−R)N).
A codeword c of length N is such that H.c = 0.
A LDPC code may also be represented by its fac-
tor graph which is a bipartite graph with two kinds
of nodes: data nodes representing the codeword bits
and function nodes representing the parity checks [2].
An irregular LDPC code is specified by two polynomi-
als: λ(x) =

∑tcmax
i=2 λix

i−1 and ρ(x) =
∑trmax
j=2 ρjx

j−1

where λi is the fraction of edges which are connected
to a degree i data node and ρj is the fraction of edges
which are connected to a degree j check node.
The decoder input consists in the likelihood ratios
computed from the AWGN channel observations yn
and is given by u0(n) = 2yn/σ

2, where σ2 is the noise
variance. We will denote u(l) the messages entering
the variable nodes at the decoding iteration l, and
v(l) the message entering a check node at iteration l.
Both u(l) and v(l) are given in log density ratio form:

log
(
p(c=0|.)
p(c=1|.)

)
(cf. figure 1). Using these notations,

the output message of a degree i data node is:

v(l)
m = u0 +

i∑

k=1,k 6=m
u

(l−1)
k (1)

The message update through a check node is a con-
volutionnal product and it is more efficient to per-
form it in the Fourier domain. The function f(x) =
log tanh(|x| /2) transforms a log-density message in
the log-Fourier domain, and using g(x) = 2 tanh−1 exp(x)
as the inverse function of f(x), we get at the ouptut
of a degree j check node:

u(l)
m = g




j∑

k=1,k 6=m
f
(
v

(l)
k

)

×

j∏

k=1,k 6=m
sign

(
v

(l)
k

)

(2)
After Nit iterations of Belief Propagation decoding,
we take a decision on the bit BPSK-value, given by
the sign of the a posteriori probability.

3. Finite Precision Density Evolution

Now we will study theoretically the effect on finite
precision data coding on the performance of the LDPC
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Figure 1: Fraction of a LDPC factor graph representing
the message update during a decoding iteration. Here,
the data node has degree 3 and the check node has degree
6.

codes. We will make this study through density evolu-
tion tools applied to discrete random variables. This
idea is not new since it has been presented for exam-
ple in [3], but the discrete density evolution depends
on the assumptions that are made on the finite preci-
sion coding and the version of the Belief Propagation
algorithm that is used. We present in this Section dis-
crete density evolution applied to equations (1) and
(2), assuming that the functions f(x) and g(x) are
stored in Look Up Tables (LUT). We do not claim
that the results we obtain could be applied to an-
other implementation of Belief Propagation. We will
see however that our approach has some advantages
compared to existing work.

The following assumptions that we made on the hard-
ware implementation will lead to modifications in the
density evolution process: (i) the messages which rep-
resent log-density ratios are stored on n bits. We will
differentiate the ni bits used for the integer part of
the messages and the nf bits used for the fractionnal
part of the messages. Therefore, a n bits message u
takes its values in [−2ni + 2−nf : 2−nf : 2ni − 2−nf ]
(in Matlab notations). We will denote this finite pre-
cision Qni.nf , (ii) the functions f(x) and g(x) used
in equation (2) are stored in Look Up Tables (LUT),
and we assume that the precision of the tables in-
put/output are the same as for the messages, that is
the output of the LUT is a Qni.nf -value. Density
Evolution of the discrete messages is obviously re-
duced to the evolution of histograms, representing the
discrete densities. The histograms containers are cen-
tered on the values [−2ni + 2−nf : 2−nf : 2ni − 2−nf ].
Discrete density evolution can be summurized in 4
steps (see figure 1 for the notations).

step 1: For a degree i data node, we assume that
there are (i− 1) independent Qni.nf -messages enter-
ing a data node plus the Qni.nf -message coming from
the channel likelihood ratio u0. Taking into account
the different data node degrees, the density of v(l) is
a mixture of densities, with the coefficients of λ(x)
being the mixing parameters. The convolution does
not change the quantum of the message values, so we
just need to saturate the resulting mixture of convo-
lutions. We denote the saturation of the density the
following way (the same notation is used for 2-side or

1-side densities):

p
(
v(l)
)

= Sat

{tcmax∑

i=2

λip (u0)⊗ p
(
u(l)
)⊗(i−1)

}

step 2: Then, we must make a change of variables
in order to express the density of f(v(l)). Because we
need to take into account separately the sign of the
messages, we will consider the decomposition of the
density:

p
(
v(l)
)

= p+
(
v(l)
)

+ p−
(
v(l)
)

{
p+(x) = p(x)1I[0:2−nf :2ni−2−nf ]

p−(x) = p(x)1I[−2ni+2−nf :2−nf :0]

The change of variables Γ{.} corresponding to f(x) =
log tanh(|x| /2) does not preserve the quantum of mes-
sages so we have to perform an histogram equalization
- both for Γ

{
p+
(
v(l)
)}

and Γ
{
p−
(
v(l)
)}

. This his-
togram equalization is just a re-ordering of the prob-
ability weights that are centered on [f(0) : f(2−nf ) :
f(2ni−2−nf )] around the values [−2ni+2−nf : 2−nf :
0].

p±
(
f
(
v(l)
))

= Sat
{
Equal

(
Γ
{
p±
(
v(l)
)})}

step 3: Now we have (j−1) Qni.nf -messages f(v(l))
entering the check node. The output of this check
node is still aQni.nf -value, and the sign of thisQni.nf -
value is given by the product of the signs of the input
messages. Therefore, the sign of the output message
is negative if and only if an odd number of input mes-
sages are negative. This leads to the following density
evolution through a degree j check node:

p+
j

(
f
(
u(l)

))
=

j−1∑

k=0,k=2p

(
j − 1

k

)
p+
(
f
(
v(l)

))⊗(j−1−k)

⊗p−
(
f
(
v(l)

))⊗k

p−j
(
f
(
u(l)

))
=

j−1∑

k=0,k=2p+1

(
j − 1

k

)
p+
(
f
(
v(l)

))⊗(j−1−k)

⊗p−
(
f
(
v(l)

))⊗k

Using these expressions, the densities correspond-
ing to the different signs of the output message come
from a mixture of trmax densities and need also to be
saturated:

p±
(
f
(
u(l)
))

= Sat





trmax∑

j=2

ρjp
±
j

(
f
(
u(l)
))




step 4: Now we have to make the change of variable
Γ−1{.} corresponding to g(x) in order to go back to
the u(l) domain. Again, this change of variable is done
using an histogram equalization and we get finally the
density p

(
u(l)
)

= p+
(
u(l)
)

+ p−
(
u(l)
)
, with:

p±
(
u(l)
)

= Sat
{
Equal

(
Γ−1

{
p±
(
f
(
u(l)
))})}

Let us recall that the discrete density evolution that
we just described is dependant on the chosen algo-
rithm implementation. In particular, because we sup-
pose that the functions f(x) and g(x) are tabulated



in LUTs, we need to decide what is the value taken by
these fonctions around 0. Actually, because f(0) =
−∞ and g(0) = +∞ cannot be tabulated, it seems
natural to fix those values to the maximum reachable
value of the functions at a Qni.nffinite precision, that
is f(0) = f(2−nf ) and g(0) = g(2−nf ). Moreover,
when function f(x) is applied to a two-side density,
f(0) should be equally split between the negative and
the positive part.

We applied the discrete density evolution in order
to study the influence of the finite precision. We
found especially very interesting to study separately
the influence of the integer part ni and the fraction-
nal part nf of the messages. We have drawn on fig-
ure 2 the asymptotical probability of bit error for the
(tc = 3, tr = 6) regular LDPC code given by the den-
sity evolution after Nit = 300 iterations of decoding.
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Figure 2: Asymptotical Bit Error Probability of the
regular (tc = 3, tr = 6) based on 300 iterations of
Finite Precision Density Evolution.

We can notice that the number of bits for the inte-
ger part has a direct consequence on the error floor
level. For coding precisions with the same nf , the
more bits are used in ni, the lower is the error floor.
Note that this error floor comes from the finite pre-
cision coding of the messages and not from a finite
codeword length. As for the number of bits for the
fractionnal part, it determines the threshold value.
Above this threshold, the finite precision Belief Prop-
agation has a bit error probability corresponding to
the error floor level. This is seen in figure 2 since the
error floor appears approximately at the same SNR
for coding precisions with the same nf . The more bits
are used in nf , the closer is the threshold to the infi-
nite precision threshold (as therefore to the Shannon
Capacity).

In order to verify experimentally the theoretical be-
havior of the Belief Propagation algorithm, we have
simulated some finite precision cases for the regular
(tc = 3, tr = 6) LDPC code.

We can see on figure 3 that the comments we have
made for the Density Evolution curves are verified by

simulation. Essentially, when ni increases, the error
floor gets lower and when nf increases, the conver-
gence appears at a lower SNR. Of course, the behavior
is verified, but the predicted values of the thresholds
and the error floors are differents due to the finite
length of the codewords.
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Figure 3: Bit Error Probability of the regular (tc =
3, tr = 6). Nit = 50 iteration of Belief Propagation
have been performed.

4. Finite Precision Constrained Mod-
ification of Belief Propagation

The study presented in the last Section led us to mod-
ify the decoding algorithm in order to take more pre-
cisely into account the effect of the finite precision on
the decoding steps. In particular, the fact that the
functions f(x) and g(x) are stored in finite lookup ta-
bles reduces greatly the performance of LDPC codes.
One solution is to increase the size of those LUT, but
this will also increase the size of the required mem-
ory on the architecture. The problem in the quanti-
zation of the function f(x) is that it is very sensitive
to quantization errors introduced for values of x close
to 0. Moreover, we can remark that equation (2)
is still valid for any base of logarithm. We propose
then to adapt the base of the logarithms of messages
such that the LUT of the function f(x) are efficiently
stored - that is we get the minimum quantization er-
rors for small values of x.
This modification of Belief Propagation is then sim-
ply to multiply (or divide) the messages by a con-
stant, and is achieved only by tabulating a different
function in the LUT. This modification of the Be-
lief Propagation algorithm is totally adapted to the
hardware choices that we have made and works only
because we use a sub-optimal (quantized) version of
Belief Propagation. It would not increase the perfor-
mance for an infinite precision decoder. In order to
choose the optimal logarithm base, we have adapted
the discrete density evolution presented in the last
Section. Note that it only involves modifications dur-
ing the changes of variables Γ{.} and Γ−1{.}. The op-



timal base is then the base that gives the lowest SNR
threshold obtained with the modified discrete density
evolution. We have plotted on figure 4 the threshold
value versus the logarithm base for the (tc = 3, tr = 6)
code and 2 different finite precisions. The thresh-
olds have been computed using only 300 iterations of
Belief Propagation because discrete density evolution
is computationally intensive and we need to perform
one for each base. We have also indicated the natural
base which corresponds to regular Belief Propagation
and the threshold for infinite precision messages and
LUT.
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Figure 4: Threshold calculated with finite precision
density evolution versus the base of the logarithm.

As seen on figure 4 there exists an optimal value of the
logarithm base that depends on the coding precision
and the LDPC code. In terms of hardware storage,
we could comment the figure 4 by noticing that the
threshold is approximately the same for the Q3.4 pre-
cision and the optimal base as for the Q3.6 precision
and the natural base. This means that theoretically,
we could store the messages in finite precision with
2 bits less using the optimal logarithm base, without
sacrifying performance.
We have confirmed these remarks by simulations on
figure 5. The plotted curves are obtained with N =
40000, and Nit = 100 decoding iterations. The the-
oretical behaviour of the modified-base algorithm is
verified. The performance improvement in the case of
the Q3.4 precision is approximately 0.15dB while it
is only 0.05dB for the Q3.6 precision. Note that with
the modified logarithm base, the performance of the
Q3.4 precision is better than for the Q3.6 precision
with natural seed, allowing and effective 2-bits coding
gain on the messages, with no loss of performance. In
[4], we have tabulated the optimal bases for various
irregular LDPC codes and various coding precisions.

5. Conclusion

In this paper, we have studied through a quantized
version of Density Evolution the effect of finite preci-
sion Belief Propagation. Although it is specific to a
given harware implementation of LDPC decoders, our
study helped us to explain theoretically some com-
ments that have been made in the finite precision
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Figure 5: Simulations Results for the regular (tc =
3, tr = 6) code with N = 40000.

LDPC decoders literature [5], regarding the separate
effect of integer and fractionnal precisions. Then, we
have proposed a slight modification of the finite preci-
sion Belief Propagation in order to reduce the perfor-
mance loss with regards to its infinite precision ver-
sion. By changing the tabulated functions used in
the decoding steps, we have gained 0.05dB − 0.2dB
depending on the precision used. The approach we
have introduced in this paper in order to improve the
performance of a sub-optimal version of Belief Prop-
agation has some connections with the work of Chen
and Fossorier in [6]. It would be interesting to explore
more deeply the connections between these works.
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