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Abstract—We study iterative receivers for joint decoding and
channel-state estimation for transmission on block-fading chan-
nels. Although the joint channel estimator/decoder we advocate
can be used with any convenient channel code, we focus on root-
LDPC codes, a recently proposed family of LDPC codes attaining
full diversity over block-fading channels [4]. We show that our
receiver achieves a performance very close to the ideal situation of
channel-state information perfectly known at the receiver, namely
the mean-square error of order 10−2...10−3. This allows us to get
the full-diversity performance of the root-LDPC channel decoder.

I. INTRODUCTION

In this paper we study iterative receivers for joint decoding
and channel-state estimation for the transmission of root-
LDPC-coded signals. Root-LDPC codes have been recently
proposed for full-diversity transmission over block-fading
channels [4]. They have a permutation structure, very suitable
for block-fading transmissions, and thus offer a much better
performance than standard sparse-graph channel codes. In [4],
[15], [16], the root-LDPC performance was studied under
different aspects, but always assuming a perfect channel state
knowledge. An introduction of the channel estimation error
may degrade the performance of the root-LDPC scheme. One
would like to investigate more this point and to find out
whether the full-diversity property of the root-LDPC structure
can be preserved under joint iterative channel estimation and
decoding.

The block-fading channel model we are using is shown
in Fig. 1, which also defines our notations. A code word of
length N is transmitted over F independently faded channels,
each affected by a fading gain Ri, i = 0, 1, . . . , F − 1, and
carrying coded symbols. The value of F can be interpreted as
an indication of the delay constraint imposed on the overall
transmission system [3]. It is known that smaller values of F ,
corresponding to tight delay constraints, limit the achievable
diversity and hence impair the performance of a coded system
under the assumption of known channel state information
(CSI) at the receiver (in our context, CSI corresponds to the
value taken on by the random variables R0, . . . , RF−1). Our
goal is to examine joint decoding of transmitted symbols and
estimation of CSI, whose statistics are assumed to be known.
An interesting feature of the channel model we are assuming
is the tradeoff between decoding and CSI-estimation accuracy
caused by the choice of the parameter F . In fact, a smaller
value of F is known to yield a worse error performance when
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Abstract

These notes describe iterative joint decoding and channel-state estimation in block-
fading channels with LDPC codes designed for the specific channel structure.

1 Introduction

We study iterative receivers for joint decoding and channel-state estimation for trans-
mission on block-fading channels of (binary and nonbinary) LDPC-coded signal.

The block-fading channel model is shown in Fig. 1, which also defines the notation
we are using. The code word of length N is transmitted over F independently faded
channels, each affected by a fading gain Ri, i = 0, 1, . . . , F − 1, and carrying ν coded
symbols. The value of F can be interpreted as an indication of the delay constraint

R0 R1 ⋅ ⋅ ⋅
ν

N = Fν

RF-1

Figure 1: Block-fading channel model.

imposed on the overall transmission system [3]. It is known that smaller values of F ,
corresponding to tight delay constraints, impair the performance of a coded system
under the assumption of known channel state information (CSI) at the receiver (in our
context, CSI corresponds to the value taken on by the random variables R0, . . . , RF−1).

Our goal is to examine joint decoding of transmitted symbols and estimation of the
CSI. We assume that the statistics of the channel gains are known, and that the code is
designed specifically under the assumption of block fading affecting the channel [4].
In particular, we are interested in examining the following:
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Fig. 1. Block-fading channel model.

the CSI is perfectly known at the receiver, while for a fixed
block length N more symbols are affected by the same fading
gain, and consequently the CSI can be estimated with more
accuracy. In this paper we examine the performance of our
iterative joint channel estimator/decoder, and compare it with
that of a receiver with perfect (or no) CSI at the receiver.
We shall see from the simulation results that, with a suitable
choice of the iteration numbers, channel estimation entails a
very limited performance loss.

Previous work in this area also includes [14], where iterative
joint decoding and estimation of CSI for block-fading channels
was examined, under the assumption of binary codes and a
specific simplifying approximation for the messages generated
at the output of the graph nodes associated with the fading
gains. A low-complexity joint channel estimator /LDPC de-
coder was discussed in [8]; the the joint estimation/decoding
scheme advocated by the authors consists of a Maximum-
Likelihood (ML) estimator and an LDPC decoder. In [9],
the implementation of an iterative joint channel estimator and
decoder is discussed by comparing different approximations
for continuous messages. The graphical structure of our CSI
estimator owes to the analysis presented in [5], [7], [8].

II. COMMUNICATION SYSTEM AND RELATED FACTOR
GRAPH

The communication system we are examining includes a
channel coder and a mapper. The channel code C has a block
length n and can be either binary or non-binary. The mapper
transforms each block of  coded symbols into an M -ary
symbol c. At the transmitter, the code symbols x0, . . . , xn−1
are grouped into N blocks of  symbols each (n = N ),
each of them being sent to the mapper. The mapper outputs
N M -ary symbols ci, i = 0, . . . , N − 1. For simplicity, let
us further assume a two-dimensional mapper, even though our
joint estimator-decoder is defined in a very general way and
is valid for any modulation type1. Next, the N symbols ci

1The only thing which is needed to be defined is the calculation of the
maximum a posteriori probability of received symbols.



are sent through a block-fading channel with parameter F ,
which causes them to be scaled by fading gains R0, . . . , RF−1
(Fig. 1). It is assumed that the channel is known through the
conditional probability density function (pdf) corresponding to
additive white Gaussian noise with variance N0/2:

p(yi ∣ ci, Rf ) ∝ exp{−∣yi −Rfci∣2/N0} (1)

where i = 0, . . . , N − 1, f ≜ ⌊i/�⌋ ∈ {0, . . . , F − 1}.
The fading gains have common pdf p(R). From now on, we
shall write density (1) in the form p(yi ∣ Rfci), to stress its
dependence on the product Rfci. At the receiver, maximum a
posteriori decoding of symbols xi requires finding

max
xi

p(xi ∣ y) = max
xi

∑
∼xi

∑
R

p(x,y,R) (2)

where R ≜ (R0, . . . , RF−1), y denotes the received vector,
ΣR marginalization with respect to R, and

∑
∼xi

marginal-
ization with respect to all components of x except xi. Noting
that

p(y,x, c,R) ∝ P (x)P (c ∣ x)p(R)p(y ∣ c,R) (3)

under the assumptions that: (a) the one-to-one map m : x 7→ c
is deterministic, (b) the code words of C are transmitted with
equal probabilities, (c) the channel is stationary and invariant,
and (d) the components of R are independent, we can write [1,
Chapter 8]

p(x ∣ y,R) ∝

[x ∈ C][c = m(x)]

N−1∏
i=0

p(yi ∣ R⌊i/�⌋ci)
F−1∏
k=0

p(Rk), (4)

where [P ] is the Iverson function, whose value is 1 if proposi-
tion P is true, and 0 otherwise. The factor graph corresponding
to (4) is shown in Fig. 2, for the special case n/N = 3.
The rectangular box with an = sign represents the “repetition”
function, while that with a × sign represents the product func-
tion, to be defined in next section. Also, [x ∈ C] represents the
channel decoder, “octonary mapper” the mapper/demapper and
p(yi ∣ R⌊i/�⌋ci) the symbol estimator at the channel output.
Finally, p(Rj) denotes the block accounting for the pdfs of
the fading gains Rj , 0 ≤ j ≤ F − 1.

In what follows, the channel decoder in Figure 2 is supposed
to represent the decoder of root-LDPC codes. Of course, it may
be the decoder of any suitable code for block-fading channels.
The choice of root-LDPC codes was made here because of the
fact that only this code family has the full-diversity property2,
but under the perfect channel state knowledge. As it was stated
above, one would like to conserve the full-diversity property
by having a good channel estimator.

Because of lack of space, the reader is referred to [4] for
the definition of the root-LDPC code family. In simple words,
the difference of the root-LDPC codes from other LDPC-
like codes consists in a special permutation structure, suitably
adapted for block-fading channels.

2we remind from [4] that “standard” sparse-graph codes allow one to obtain
diversity 1 only.
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Fig. 2. Message update schedule.

III. ITERATIVE JOINT CHANNEL ESTIMATION AND
DECODING

We assume the common transmission situation in which
the fading gains are not known at the receiver, and need
be estimated at the receiver. The signal-to-noise ratio (SNR)
is assumed to be estimated, and this is quite a reason-
able assumption. We advocate here iterative joint channel
estimation/decoding, based the factor graph in Fig. 2 and
performing rounds of message exchanges among its nodes.
Message-exchange scheduling and the message computations
are described as follows.

A. Scheduling

The proposed schedule for the generation of messages in
the iterative estimation/decoding algorithm is shown in Fig. 2.
Specifically, the figure illustrates the following steps:

1) Upward messages from channel estimation nodes,
namely p(yi ∣ R⌊i/�⌋ci) and �est→×(Rc). The latter
message represents the quantized pdf density, given in
(1), for R and c fixed.

2) Pass messages from equality nodes.
3) Upward messages from product nodes.
4) Upward messages from mapper nodes.
5) One or more iterations of the channel decoder.
6) Downward messages from the decoder.
7) Downward messages from mapper nodes.
8) Pass messages towards equality nodes.
9) Compute final estimations of x̂ and of R0, . . . , RF−1 at

decoder and at p(R)-nodes respectively.
Steps 2) to 8) are iterated until a preassigned stopping con-
dition is met. Also note that an initialization of messages
from p(R)-nodes is needed before to run the algorithm. It
is assumed that the pdf p(R) is known and can be used at the
initialization step.

B. Computing operations

The messages of the joint channel estimator-decoder may
be expressed, equivalently, either in the probability domain or
in the log-likelihood ratio (LLR) domain. He we assume that
they are expressed in terms of probabilities, which implies,



among other things, that the initial messages saved at p(R)-
nodes are continuous variables, representing the pdfs of each
subchannel. The messages computed at step 1) are continuous,
and are calculated from (1).

Other node operations are:
1) Repetition or equality nodes: Consider a repetition node

be connected to product nodes ×1,×2, . . . ,×K and to the
node p(R). The outcoming message is:

�=→×k
(R) =

p(R)

Z
⋅

K∏
j=1,j ∕=k

�×j→=(R), k = 1, . . . ,K,

(5)
where Z is a normalization factor

2) Product nodes: The messages exchanged between a
product node and a mapper are discrete, while the messages
between a product node and a repetition or a channel node are
continuous. The messages to mapper nodes are computed as

�×→map(c) =

∫
�=→×(c)�est→×(Rc) dR (6)

and the messages to repetition nodes as

�×→=(R) =
∑
c

�map→×(c)�est→×(Rc) (7)

3) Demapper nodes: In the example of Fig. 2, the mapper
is represented by the function [c0 = m(x,x1, x2)]. In general,
the messages through the mapper are given by [10]

�map→C(ci) =
∑
k=1

[ci = m(x1, . . . , x)] ⋅
∏
k

�xk→map(xk); (8)

�map→xk
(xj) =

∑
ci

∑
k ∕=j

[ci = m(x0, . . . , x)]

⋅ �ci→map(ci)
∏
k ∕=j

�xk→map(xk). (9)

4) Decoder node: It represents the iterative channel de-
coder of root-LDPC codes, as described in [4]. The channel de-
coder updates the probabilities of code symbols x0, . . . , xn−1
using the sum–product decoding algorithm (note that some
messages of the presented joint channel estimator-decoder are
discrete, while others are continuous).

Remark 3.1: To deal with the continuous pdf messages,
approximations are needed, each of them resulting into a
different iterative algorithm. In this paper we consider only
the numerical integration stemming from a quantized fading
model (other possible choices are categorized in [7]).

IV. CSI ESTIMATION

When the channel-state information (CSI) is estimated be-
fore information transmission, by sending a known sequence
of pilots, the factor graph of Fig. 2 should be modified
by removing the whole part above the branches labeled
c0, . . . , cN−1. Observe that the modified graph has no loops,
and hence the sum-product algorithm computes the MAP
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Figure 9: Factor graph for trained estimation.

Fig. 9) we have the a posteriori density

p(R0 | y0, . . . , yν−1) ∝ p(R0)
ν−1∏

i=0

p(yi | R0ci) (9)

whose maximization with respect to R0 yields R̂0. (Notice that the cis in (9) are known
constants.)

As an example, assume normalized Rayleigh fading, so that, omitting the subscript
0 for simplicity,

p(R) = 2Re−R2

and equal-energy signals xi = ai

√
E, |ai|2 = 1 and E the common signal energy. Maxi-

mizing the a posteriori density of R is tantamount to finding

R̂ = arg max
R

{
ln R − R2 − 1

N0

ν−1∑

i=0

|yi − Rxi|2
}

(10)

= arg max
R

{
ln R − R2 + 2R

E

N0

ν−1∑

i=0

<(yia
∗
i ) − R2ν

E

N0

}
(11)

= arg max
R

{
ln R −

(
1 + ν

E

N0

)
R2 + 2

E

N0

wR

}
(12)

where

w ,
1√
E

ν−1∑

i=0

<(yia
∗
i )

turns out to be a complex Gaussian random variable with mean νR and variance
(E/N0)

−1 ν/2. Taking the derivative, and defining η , E/N0, we obtain the maximum
a posteriori estimate of R as the positive solution of the equation

1 − 2 (1 + νη) R̂2 + 2ηw R̂ = 0 (13)

2 THE FACTOR-GRAPH APPROACH 8

Fig. 3. Factor graph for trained estimation.

estimates of R0, . . . , RF−1 in a single step. Specifically,
focusing (with no loss of generality) on the estimate of R0

(see Fig. 3), we have the a posteriori density

p(R0 ∣ y0, . . . , y�−1) ∝ p(R0)

�−1∏
i=0

p(yi ∣ R0ci) (10)

whose maximization with respect to R0 yields R̂0. (Notice that
the cis in (10) are known constants.) As an example, assume
normalized Rayleigh fading, so that, omitting the subscript 0
for notational simplicity,

p(R) = 2Re−R
2

(11)

and equal-energy signals xi = ai
√
E, ∣ai∣2 = 1 and E the

common signal energy. Maximizing the a posteriori density
of R is tantamount to finding

R̂ = arg max
R

{
lnR−R2 − 1

N0

�−1∑
i=0

∣yi −Rxi∣2
}

(12)

= arg max
R

{
lnR−R2 + 2R

E

N0

�−1∑
i=0

ℜ(yia
★
i )−R2�

E

N0

}
(13)

= arg max
R

{
lnR−

(
1 + �R2 E

N0

)
R2 + 2

E

N0
wR

}
(14)

where

w ≜
1√
E

�−1∑
i=0

ℜ(yia
★
i ) (15)

turns out to be a Gaussian random variable with mean �R and
variance (E/N0)−1�/2. Taking the derivative, and defining
� ≜ E/N0, we obtain the maximum a posteriori estimate of
R as the positive solution of the equation

1− 2(1 + ��)R̂2 + 2�wR̂ = 0 (16)

which is given by

R̂ =
�w +

√
2 + 2�� + �2w2

2(1 + ��)
(17)

As a check, observe that, for high signal-to-noise ratios � →
∞, (17) yields

R̂ ≈ 2�w

2��
=
w

�
≈ R (18)
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Fig. 4. Simulation results. Word error probability (WER) versus signal-
to-noise ratio (SNR) achieved by a binary (3, 6) root-LDPC code of length
200 used for transmission over a block-fading channel with F = 2 and
fading coefficients 1.0 and 0.5 under three scenarios: Perfect CSI at receiver,
joint channel estimation and decoding and no CSI at receiver. Dotted lines
correspond to 50 decoding iterations, continuous lines to 250 decoding
iterations. The joint estimator/decoder was run for 50 decoding iterations and
5 estimation rounds.

as it should be.
This same procedure can be followed for iterative decision-

directed estimation, whereby the sequence c is first decoded
under the rough estimate R̂ = w/�, and successively used to
improve upon the estimate of R. Notice that this corresponds
to substituting, for the message going downward along branch
ci, the “hard decision” on ci.

V. SIMULATION RESULTS

We describe here some simulation results. For simplicity,
we assume that the channel SNR is known at receiver, so
that only fading gains need be estimated. In all figures, curves
with triangle markers refer to perfect CSI at receiver, those
with square markers to joint channel estimation/decoding, and
those with circle markers to no CSI at receiver.

Figure 4 shows the word error probability (WER) versus
signal-to-noise ratio (SNR) achieved by a binary (3, 6) root-
LDPC code of length 200 used for transmission over a block-
fading channel with F = 2 and fixed fading coefficients 1.0
and 0.5 under three scenarios: Perfect CSI at receiver, joint
channel estimation/decoding, and no CSI at receiver. It is
seen how the joint estimator/decoder (5 estimation rounds,
250 decoding iterations in total) behaves close to the perfect
CSI scenario with 250 decoding iterations and is even better
than the perfect CSI scenario with 50 decoding iterations. This
result shows that the channel has been well estimated during
the estimation rounds, which enables a correct functioning
of the channel decoder. The joint channel estimation/decoder
offers a better performance than 50 decoding iterations with
the perfect CSI, due to the fact that, before the last decoding
round, the channel decoder has already obtained some a priori
information about the coded bits from previous rounds.
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Fig. 5. Simulation results. Word error probability (WER) versus signal-to-
noise ratio (SNR) achieved by a binary (3, 6) root-LDPC code of length 200
used for transmission over a block-fading channel with F = 2 and fading
coefficients: a) 1.0 and 0.5 (continuous lines); b) 1.0 and 1.0 (dashed lines);
c) 1.0 and 0.1 (dotted lines). The number of decoding iterations is 50, the
number of channel estimation rounds for the joint estimator/decoder is 5.

Figure 5 shows the word error probability (WER) versus
signal-to-noise ratio (SNR) achieved by a binary (3, 6) root-
LDPC code of length 200 used for transmission over a block-
fading channel with F = 2 and three fading cases: 1) fixed
�1 = �2 = 1 (balanced transmission); 2) fixed �1 = 1
and �2 = 0.5; 3) fixed �1 = 1 and �2 = 0.1 (unbalanced
transmissions). It is seen than in all three cases the joint
channel estimator-decoder behaves close to the perfect CSI.

Figure 6 presents simulation results for F = 2, where
fading coefficients are random and Rayleigh-distributed, with
unnormalized density

p(R) =
R

a2
e−R

2/2a2

The value of the parameter a is 1 for the first block and
0.5 for the second one. Even in this situation the joint
estimator/decoder exhibits an excellent performance. Finally,
Figure 7 presents the mean-square error (MSE) in the channel
estimation the for all the previous cases.

Although our simulation results cannot be directly compared
with those in [8] (root-LDPC codes have been specially
designed for block-fading channels and hence have better
performances than traditional LDPC codes), one can see how
our iterative estimation/decoding scheme yields MSE values
smaller than those obtained with the estimator of [8]. Note
that the order of MSE error of our scheme is already below
0.2 after the first channel estimation, thanks to the fact that
the degree of repetition nodes in our scheme is on the order
of several hundreds, which enables us to immediately achieve
a quite good estimation of fading coefficients.

VI. CONCLUSION

In this paper, we have presented an iterative algorithm
of blind channel estimation/decoding, applied to root-LDPC
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Fig. 6. Simulation results. Word error probability (WER) versus signal-to-
noise ratio (SNR) achieved by a binary (3, 6) root-LDPC code of length 200
used for transmission over a block-fading channel with F = 2 and Rayleigh
fading coefficients with parameter a = 1 for the first block and a = 0.5 for
the second block. The number of decoding iterations is 50, the number of
channel estimation rounds for the joint estimator-decoder is 5.
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Fig. 7. Simulation results. Mean square error (MSE) versus signal-to-noise
ratio (SNR) achieved by a binary (3, 6) root-LDPC code of length 200 used
for transmission over a block-fading channel with F = 2. The three lower
lines correspond to three cases of Fig. 5, the bold line to the case considered
in Fig. 6.

codes. The proposed scheme enables an excellent estimation of
the fading coefficients, and exhibits a performance very close
to that obtained with perfect CSI available at receiver. The
mean square error (MSE) of the proposed channel estimator
is within the range 0.02− 0.001 already after several channel
estimation iterations while existing channel estimators at our
knowledge have the MSE around 0.1. Such a good estimation
of fading coefficients ensures a good working regime for the
root-LDPC decoder, allowing thus to get the full-diversity
peformance.

Additional work may consider

∙ Complexity issues: At the moment, the scheme is based
on the standard sum–product algorithm, so one may
consider less complex iterative algorithms.

∙ Various approximations of continuous pdfs: in addition
to the simple numerical integration gradient methods and
particle filtering methods are available in the literature:
see, for example, [6], [7]. The use of different approxima-
tions affects greatly the performance and the complexity
of the estimation/decoder scheme.
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