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Some Results on MAP Decoding of Non-Binary LDPC Codes over the BEC

Vishwambhar Rathi and Iryna Andriyanova

Abstract—In this paper, the transmission over the Bi-

nary Erasure Channel (BEC) using Non-Binary LDPC

(NBLDPC) codes is considered. The concept of peeling

decoder and stopping sets is generalized to NBLDPC codes

and then used to give a combinatorial characterization of

decoding failures of NBLDPC codes, the Belief Propagation

(BP) decoder is used. Then, the residual ensemble of codes

resulted by the BP decoder is defined and the design

rate and the expectation of total number of codewords of

the residual ensemble are computed. The decoding failure

criterion combined with the density evolution analysis helps

us to compute the asymptotic residual degree distribution

for NBLDPC codes. Our approach to compute the residual

degree distribution on the check node side is not efficient

as it is based on enumeration of all the possible connections

on the check node side which satisfy the decoding failure

criterion. So, the computation of the asymptotic check node

side residual degree distribution and further part of our

analysis is performed for NBLDPC codes over GFm
2 with

m = 2. In order to show that asymptotically almost every

code in such LDPC ensemble has a rate equal to the

design rate, we generalize the argument of the Maxwell

construction to NBLDPC codes, defined over GF2
2. It is

also observed that, like in the binary setting, the Maxwell

construction, relating the performance of MAP and BP

decoding holds in this setting.

I. INTRODUCTION

There are two main research directions in the setting

of Non-Binary Low Density Parity Check (NBLDPC)

codes. One direction is to analyze performance of

NBLDPC codes when transmission takes place over a

non-binary input channel [2]–[10]. The other direction,

which is of interest to us, is to analyze the performance

of NBLDPC codes when transmission takes place over

a binary input channel. It was reported in [11] that

by having non-binary alphabets, performance of a code

under iterative decoding can be improved significantly.

After this work, the performance of NBLDPC codes

under iterative decoding for transmission over binary

input channels has been of interest to many researchers

[12]–[16]. Though there is no clear understanding of the

iterative decoding performance of NBLDPC codes, there

are some partially established results. However, nothing

much is known about the performance of NBLDPC

codes over the binary input channel under the optimal

maximum a posteriori (MAP) decoding. To the best

of our knowledge, the only attempt was made in [13],

where the density evolution analysis for NBLDPC codes

for the BEC and BP decoding was presented. Using

the BP estimates, upper bounds on the MAP decoding

thresholds were derived which were conjectured to be

tight. The main basis of this conjecture was that the

Maxwell construction of [17], which relates the MAP

and BP performance in the binary setting, should also

hold in the non-binary setting.

The aim of this paper is to investigate the MAP

decoding performance of NBLDPC codes when trans-

mission takes place over the BEC. Towards this goal,

our approach is to generalize the arguments of [17] from

the binary to the non-binary setting. In the rest of the

paper we will assume that the underlying channel is the

binary erasure channel (BEC).

First consider the binary case. The basic idea of [17],
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relating the MAP performance to the BP performance is

the following. For the binary case there are two decoders,

the BP algorithm and the peeling decoder. The peeling

decoder was introduced in [18]. Although these two

decoders look different, they are in fact identical if their

final estimates on bits are considered. The difference

between these two decoders is that of the schedule to

update erased bits. In the peeling decoder, the erased

bits are updated serially. On the other hand, in the BP

decoder the erased bits are updated in parallel. The

peeling decoder associates to every code and erasure

set a residual graph. If the erasure probability is below

the BP threshold then the residual graph is empty as all

the bits are known almost surely. It was shown in [18]

that if the erasure probability is above the BP threshold

then for most instances of the erasure set and graph,

the residual graph has a degree distribution close to the

average residual degree distribution. It was also shown

that conditioned on the residual degree distribution, the

induced probability distribution is uniform over all the

graphs with the given degree distribution.

The entropy of the transmitted codeword conditioned

on the channel observation is given by the logarithm of

the number of codewords which are compatible with the

observation. Thus, the idea of bounding the conditional

entropy for an erasure probability above the BP thresh-

old is the following (for erasure probability below the

BP threshold, the conditional entropy is zero). As we

discussed, the peeling decoder almost surely results in

an LDPC ensemble, whose degree distribution is given

by the average residual degree distribution. Thus the

normalized logarithm of the number of codewords which

are compatible with the typical channel observations is

lower bounded by the design rate of the average residual

ensemble. The design rate only gives a lower bound since

some check equations might be dependent. A criterion

was derived in [17] which, when satisfied, guarantees

that the lower bound is tight, i.e., the actual rate of the

ensemble is equal to its design rate. We generalize these

arguments to the non-binary setting.

Let us consider the non-binary case following the

same sequence as in the binary one. Note that the BP

decoder for non-binary codes is defined in [13].

We define the peeling decoder and give its decoding

failure criterion for the non-binary case. Based on the

decoding failure criterion, we define stopping sets in

the non-binary setting. We refer to stopping sets as

stopping constellations to distinguish them from the

binary setting. Then we show the equivalence of the

peeling and the BP decoder by showing that both of

them get stuck in the largest stopping constellation.

We prove that the residual graph resulted by the BP

decoder has degree distribution concentrated around the

average degree distribution. We also show that condi-

tioned on the degree distribution of the residual graphs,

all the graphs which are compatible with this degree

distribution have the same probability. Thus, the residual

graphs are elements of an appropriately defined residual

ensemble whose degree distribution is given by the

average residual degree distribution. We show how the

average residual degree distribution can be computed by

using the fixed points of density evolution of the BP

decoder. Our approach to compute the residual degree

distribution on the check node side is not efficient as it

is based on enumeration of all the possible connections

on the check node side which satisfy the decoding failure

criterion. So, the computation of the asymptotic check

node side residual degree distribution and further part

of our analysis is performed for NBLDPC codes over

GFm
2 with m = 2. We generalize the criterion of [17]

to the case of GF2
2, which, when satisfied shows that

almost all the codes in the ensemble have their rate equal
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to the design rate. If this criterion is satisfied by the

average residual degree distribution then we show that

the conditional entropy of the transmitted codeword is

equal to the design rate of the average residual ensemble.

We also observe that the Maxwell construction, relating

the performance of the MAP and the BP decoder, also

holds in the setting of NBLDPC codes over GF2
2.

The paper is organized in the following way. In

Section II we give definitions and notations, give an

algebraic definition of BP decoder, and define stopping

constellation for NBLDPC code. We discuss the peeling

decoder, and the equivalence of the peeling and the

BP decoder for the NBLDPC codes in Section III. In

Section IV we define the non-binary residual ensemble,

compute its design rate, and derive the expression for

the average total number of codewords in a residual

ensemble. We also show that the residual codes resulted

by the BP decoder form a residual ensemble whose

degree distribution is given by the average residual

degree distribution. Section V contains the treatment

of the particular case of NBLDPC codes defined over

GF2
2 . In this section, we compute the average residual

check node degree distribution for NBLDPC ensemble

defined over GF2
2. We also derive a sufficient condition

which guarantees that the asymptotic rate of the residual

ensemble is equal to its design rate. This allows us

to show the equality between the rate of the residual

ensemble and the conditional entropy of the transmitted

codewords. Finally, we conclude in Section VI with a

discussion on possible extensions of our result to the

case of GFm
2 with m > 2.

II. PRELIMINARIES

We consider transmission over the Binary Erasure

Channel (BEC) with erasure probability ε (denoted by

BEC(ε)), using a code from the NBLDPC ensemble

EGL(n,λ,ρ,m) defined in [13]. In order to define

EGL(n,λ,ρ,m), we first define the standard ensemble

of bipartite graphs G(n,λ,ρ) in the following definition

[19].

Definition 1 (Ensemble of bipartite graphs G(n,λ,ρ)):

Let λ (ρ) be the degree distribution of the variable

(check) nodes from edge perspective. The variable

nodes represent the codeword’s symbols and the check

nodes represent parity check constraints. We denote

the blocklength by n which is equal to the number of

variable nodes. λi(ρ j) denotes the fraction of edges

which are connected to a variable (check) node of

degree i ( j). G(n,λ,ρ) contains all the bipartite graph

with degree distribution (λ,ρ) and block length n.

Instead of defining the ensemble G(n,λ,ρ) in terms of

degree distribution from edge perspective, we can equiv-

alently define it in terms of degree distribution (Λ,Γ)

from node perspective. Λi (Γ j) denotes the fraction of

variable (check) nodes with degree i ( j).

We denote the set of neighbors of a node x by N (x).

The set of all the neighbors of a node x excluding

the neighbor y is denoted by N (x)\y. Before defining

EGL(n,λ,ρ,m), we recall that the general linear group

GLm
2 over the binary field is the set of all m×m invertible

matrices over the binary field. In other words, GLm
2 is

the set of all linear bijective mappings f : GFm
2 7→ GFm

2 .

Definition 2 (Non-binary LDPC ensemble EGL(n,λ,ρ,m)):

For a bipartite graph G ∈ G(n,λ,ρ), we label each edge

of G with a linear bijective mapping f : GFm
2 7→ GFm

2 .

For a particular edge, f is chosen uniformly at random

from GLm
2 and this choice is independent of the choice

of mappings for other edges. The variable nodes take

values in GFm
2 and a check node c represent parity
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check equations of the form

∑
i∈N (c)

fic(xi) = 0,

where fic is the edge label connecting variable node i and

check node c. The NBLDPC ensemble EGL(n,λ,ρ,m)

is the set of all such codes defined for all ∀G∈G(n,λ,ρ).

For degree distribution (Λ,Γ) from node perspec-

tive, we denote the equivalent NBLDPC ensemble by

EGL(n,Λ,Γ,m). In the asymptotic limit of blocklength

n, EGL(n,λ,ρ,m) and EGL(n,Λ,Γ,m) are denoted by

EGL(λ,ρ,m) and EGL(Λ,Γ,m).

The design rate of an ensemble is the rate under

the assumption that all the parity check constraints are

independent. The design rate of EGL(n,Λ,Γ,m) is given

by

Rdes = 1− ∑i iΛi

∑ j jΓ j
.

We denote a codeword by X and its channel output by Y .

The entropy of a codeword conditioned on the channel

output is given by H(X |Y ). When we want to emphasize

the code G to which X belong to, we write HG(X |Y ).

In order to transmit a codeword symbol xi ∈ GFm
2

corresponding to variable node i, we transmit the m

binary bits representing the symbol xi. As we assume

transmission over the BEC, the received symbols, which

are vectors of length m, contain either known values of

bits (0 or 1) or erasures. Hence, the messages of the

BP decoder have a very specific form. The messages

are real vectors of length 2m and the αth component

of the message gives the a posteriori probability that

the corresponding symbol is α, α ∈ GFm
2 . It was shown

in [13] that the error probability performance of the

BP decoder is independent of the transmitted codeword.

Thus in the rest of the paper, we assume that the all-zero

codeword is transmitted unless mentioned otherwise. The

messages under the all-zero codeword assumption have

the following properties [13]:

1) The non-zero entries of a message are all equal.

2) The indices corresponding to non-zero entries of a

message form a subspace of GFm
2 . Thus each mes-

sage is equivalent to a subspace. This means that if

the entries corresponding to α and β, α,β ∈ GFm
2 ,

are non-zero, then so is the entry corresponding to

α+β.

3) The variable-node side operation is equivalent to

taking the intersection of the subspaces corre-

sponding to the incoming messages.

4) The edge operation is equivalent to mapping a sub-

space of GFm
2 of dimension k to another subspace

of GFm
2 of the same dimension.

5) The check-node side operation is equivalent to

taking the sum of the subspaces corresponding to

the incoming messages.

In general, we note that the messages of the BP decoder

are not subspaces of GFm
2 but are its cosets. However,

under the all-zero codeword assumption they are indeed

subspaces which allows us to simplify the analysis.

Based on the properties listed above, we say that the

dimension of a message Ψ, call it Dim(Ψ), is k if the

number of non-zero entries of Ψ is 2k. By a slight

abuse of notation, we denote the subspace of indices

corresponding to non-zero entries of the message Ψ also

by Ψ. Note that the subspaces corresponding to initial

messages have a specific form. An initial message of

dimension k has the set of basis vectors {ei1 , . . . ,eik},

where ei is a vector of length m with ith component

equal to 1 and the remaining components equal to

zero. This corresponds to the message where the bits

i1, . . . , ik are erased and the rest of them are known. In

such a subspace, the bit i j, j ∈ {1, . . . ,k} can take both

the values 0 and 1 independently of the values of the
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remaining m− 1 variables. We denote the set of such

messages by Mini and M denotes the set of all messages

of the BP decoder. Note that Mini is a strict subset of

M .

Using the subspace interpretation of messages for

transmission over the BEC, we define the BP decoder

in terms of this interpretation. We divide lth iteration of

the BP decoder into four stages. We denote a message

from a node x to node y in the lth iteration and jth stage

by Ψ
(l, j)
x,y , j ∈ {1,2,3,4}.

BP Decoder:

Input: Channel output and bipartite graph representation

of the NBLDPC code.

If any message in the current iteration is different from

its value in the previous iteration, repeat the following

four stages.

First Stage: During the lth iteration, where l > 1, in

the first stage variable node v computes and sends the

message Ψ
(l,1)
v,c towards the check node c, c ∈ N (v),

which is given by

Ψ
(l,1)
v,c = Cv∩

(
∩ j∈N (v)\cΨ

(l−1,4)
j,v

)
,

where Ψ
(l−1,4)
j,v is the message received by v from the

check node j in the 4th (final) stage of previous iteration.

If l = 1, then Ψ
(1,1)
v,c = Cv, where Cv is the subspace

corresponding to the channel erasures for variable node

v.

Second stage: The second stage corresponds to multiply-

ing Ψ
(l,1)
v,c by the edge label fvc. We denote the resulting

message by Ψ
(l,2)
v,c , fvcΨ

(l,1)
v,c .

Third stage: In the third stage, check node c computes

the message Ψ
(l,3)
c,v which is to be sent to the variable

node v,

Ψ
(l,3)
c,v = ∑

i∈N (c)\v
Ψ

(l,2)
i,c .

Fourth stage: The fourth and final stage corresponds

to multiplying the message Ψ
(l,3)
c,v by the inverse of the

mapping fvc and the resulting message is denoted by

Ψ
(l,4)
c,v , f−1

vc Ψ
(l,3)
c,v . The variable node v is equally likely

to take any value in the subspace B(l)
v ,

B(l)
v = Cv∩

(
∩i∈N (v)Ψ

(l,4)
i,v

)
.

Output: Final estimates of the variable nodes B =

{Bv}v∈V ,

Bv = Cv∩
(
∩i∈N (v)Ψ

(4)
i,v

)
,

where we drop the iteration number to indicate that

messages have converged. The convergence of the BP

decoder is shown in the next section.

Note that at the end of each iteration of the BP

decoder, there is a state assignment B(l) = {B(l)
v }v∈V for

variable nodes. In general, we define a state assignment

E = {Ev}v∈V to be assignment of a subspace Ev to vari-

able node v such that v can only take values belonging

to Ev. Also, all the variable node values, belonging to

Ev, have the same probability. We call the output of the

BP decoder, B = {Bv}v∈V , the BP state assignment. We

define the channel state assignment C as C = {Cv}v∈V ,

where Cv is the subspace corresponding to the channel

erasures for the variable node v.

Based on the concept of state assignment, we intro-

duce the following terminology which will be useful in

analyzing the peeling decoder. We say that a check node

c is active with respect to state assignment E if there

exists v ∈N (c) such that Ev∩ f−1
vc

(
∑i∈N (c)\v ficEi

)
is

a strict subset of Ev, where fic is the mapping on the edge

connecting variable node i ∈N (c) to the check node c.

We call v and c an active pair. Also any check node of

degree 1 is active if its neighboring variable node has

a state of non-zero dimension. It becomes inactive once

its connected variable node is assigned the subspace of
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dimension zero. We say that a check node c satisfies

the decoding failure criterion with respect to the state

assignment E if

Ev ⊆ f−1
vc

 ∑
i∈N (c)\v

ficEi

 ,∀v ∈N (c). (1)

In other words, if c satisfies the decoding failure criterion

with respect to the state assignment E then it is inactive

with respect to state assignment E. Next, we define the

concept of stopping constellation for NBLDPC codes.

Definition 3: A stopping constellation is a state as-

signment E = {Ev}v∈V , where Ev ∈ Mini. The state

assignment is such that there are no active pairs of nodes,

i.e., for every variable node v and each check node

c connected to v, Ev ⊆ f−1
vc

(
∑i∈N (c)\v ficEi

)
. Thus all

the check nodes satisfies decoding failure criterion with

respect to E if E is a stopping constellation.

We denote the number of mappings belonging to GLm
2

which map a given subspace of dimension k to another

given subspace of dimension k by g(m,k). It is given by:

g(m,k) = |GLm
2 |

m

k

−1

, (2)

where

m

k

 is the Gaussian binomial coefficient which

denotes the number of different subspaces of dimension

k of GFm
2 and is given bym

k

=

 1, if k = 0 or k = m,

∏
k−1
l=0

2m−2l

2k−2l , otherwise.

We obtain (2) by noticing that the number of elements

in GLm
2 which map a subspace V to V1 is equal to the

number of elements in GLm
2 which map V to V2, where

the dimensions of V,V1 and V2 are equal to k.

Let A be a subspace of GFm
2 and f ∈ GLm

2 . Then the

subspace f A denotes the image of A under f . In future

we will use the two simple facts f (A∩B) = ( f A)∩( f B),

f (A+B) = ( f A)+ ( f B), where f ∈ GLm
2 and A, B are

subspaces of GFm
2 . Finally, we recall the binomial and

multinomial notation(
n
j

)
,

n!
j!(n− j)!

,(
n

j1, · · · , jk

)
,

n!
(n−∑

k
l=1 jl)!∏

k
l=1 jl!

.

In the next section we define the peeling decoder. Then,

we prove that the BP and the peeling decoder get stuck

in the largest stopping constellation compatible with the

channel output.

III. PEELING DECODER

We define the peeling decoder.

Peeling Decoder:

Input: Channel output and bipartite graph representation

of the NBLDPC code.

1) Initialize the state assignment E with the channel

state assignment C. Thus, the variable node v is

assigned the state Ev = Cv.

2) Take any active pair: let v be the variable

node and c be the check node. Set Ev = Ev ∩

f−1
vc

(
∑i∈N (c)\v ficEi

)
.

3) If there is no active pair, terminate. Otherwise,

repeat Step 2.

Output: The final state assignment E = {Ev}v∈V .

Observe that the peeling decoder always terminates

as the execution of Step 2 decreases the dimension of

the state of v. We show in Lemma 3.1 that the final

output does not depend on the choice of active pair in

Step 2. Thus, we can choose any active pair. Note that in

the binary setting, the possible states of variable nodes

are 0 and 1. Hence an active pair of nodes corresponds

to a check node which has the corresponding variable
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node as the only variable node with state 1 (erased).

The remaining attached variable nodes are assigned the

state 0 (known). This corresponds to a check node of

degree 1 in the setting of the peeling decoder for binary

codes [18].

We define the union G of two stopping constellations

E = {Ev}v∈V and F = {Fv}v∈V as Gv = Ev+Fv, v∈V ,

where Ev +Fv is the sum of subspaces Ev,Fv. We claim

that G is also a stopping constellation. We want to prove

that Gv ⊆ f−1
vc

(
∑i∈N (c)\v ficGi

)
, ∀c ∈ N (v), ∀v ∈ V .

Now,

f−1
vc

 ∑
i∈N (c)\v

ficGi

 = f−1
vc

 ∑
i∈N (c)\v

fic (Ei +Fi)

 ,

= f−1
vc

 ∑
i∈N (c)\v

( ficEi + ficFi)

 ,

= f−1
vc

 ∑
i∈N (c)\v

ficEi


+ f−1

vc

 ∑
i∈N (c)\v

ficFi

 ,

⊇ Ev +Fv = Gv.

We say that a stopping constellation E is a subset of

state assignment S if

Ev ⊆ Sv,Sv ∈Mini,∀v ∈ V .

As the union of two stopping constellations is a

stopping constellation, there is a unique largest stopping

constellation which is a subset of a state assignment.

Note that the largest stopping constellation of a state

assignment always exists as the all-zero state assignment

is a stopping constellation. Consider the peeling decoder.

In what follows we prove that the peeling decoder gets

stuck in the largest stopping constellation which is a

subset of the channel state assignment.

Lemma 3.1: Consider transmission over the BEC us-

ing an NBLDPC code which is decoded by the peeling

decoder. After the termination of the peeling decoder,

the final state assignment to the variable nodes is the

largest stopping constellation E which is a subset of the

channel state assignment C.

Proof: Let F be the final state assignment. First

note that F is a stopping constellation as this is the

only condition for the peeling decoder to terminate. Now

Fv ⊆Cv, ∀v ∈V , which follows from the fact that every

update of the state of v by the peeling decoder satisfies

this property. We prove by contradiction that F is the

largest stopping constellation which is a subset of C.

To prove by contradiction, assume that E is the largest

stopping constellation. Then F must be a strict subset of

E. Otherwise, by taking the union of E and F we could

obtain a stopping constellation larger than E, which is

also a subset of C. Hence F is a strict subset of E.

Now, consider the variable node v which is the first node

whose state changes when acted on by a check node c

such that its intersection with Ev is a strict subset of

Ev. This is only possible if there are nodes in N (c)

whose state already satisfies this property. But that is

not possible as v is the first node for which this happens.

Hence we prove the claim that F = E.

In the following lemma we show that the BP decoder

converges by showing that during an iteration, the mes-

sage on any edge is a subspace of the message on the

same edge during previous iteration.

Lemma 3.2: Consider transmission over the BEC(ε)

using NBLDPC code and decoded by the BP decoder.

Let Ψ
(l,k)
v,c ,k ∈ {1,2} (resp. Ψ

(l,k)
c,v ,k ∈ {3,4}) be the

message from variable node v to check node c (resp.

check node c to variable node v) in the kth stage of the
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lth iteration. Then for all edges vc and l ≥ 2,

Ψ
(l,k)
v,c ⊆Ψ

(l−1,k)
v,c ,k ∈ {1,2}, Ψ

(l,k)
c,v ⊆Ψ

(l−1,k)
c,v ,k ∈ {3,4}.

(3)

Hence the BP decoder converges.

Proof: We first observe that if in the lth iteration,

for all the edges vc

Ψ
(l,1)
v,c ⊆Ψ

(l−1,1)
v,c , (4)

then Ψ
(l,2)
v,c ⊆ Ψ

(l−1,2)
v,c ,Ψ

(l,k)
c,v ⊆ Ψ

(l−1,k)
c,v ,k ∈ {3,4}. This

can be easily seen by noting that

Ψ
(l,2)
v,c = fvcΨ

(l,1)
v,c ⊆ fvcΨ

(l−1,1)
v,c = Ψ

(l−1,2)
v,c ,

which implies

Ψ
(l,3)
c,v = ∑

i∈N (c)\v
Ψ

(l,2)
i,c ⊆ ∑

i∈N (c)\v
Ψ

(l−1,2)
i,c = Ψ

(l−1,3)
c,v .

Finally, we get for the 4th stage,

Ψ
(l,4)
c,v = f−1

vc Ψ
(l,3)
c,v ⊆ f−1

vc Ψ
(l−1,3)
c,v = Ψ

(l−1,4)
c,v .

Thus we only need to prove that for l ≥ 2 and all the

edges vc, Ψ
(l,1)
v,c ⊆ Ψ

(l−1,1)
v,c . We prove it by induction.

First consider the case l = 2. Let C be the channel state

assignment. Then,

Ψ
(2,1)
v,c = Cv∩

(
∩ j∈N v\cΨ

(1,4)
j,v

)
⊆Cv = Ψ

(1,1)
v,c .

Thus our assertion holds true for l = 2. Assume that our

assertion holds for iteration number l, i.e. (4) is true.

Consider the (l +1)th iteration. By contradiction, assume

that there is an edge v′c′ for which Ψ
(l+1,1)
v′,c′ ( Ψ

(l,1)
v′,c′ . This

implies that ∃ j ∈ N (v)\c for which Ψ
(l,4)
j,v′ ( Ψ

(l−1,4)
j,v′ .

This contradicts (4). Hence we prove (3). The conver-

gence of BP now follows trivially.

Before proving that the BP decoder gets stuck in the

largest stopping constellation which is a subset of the

channel state assignment, we prove the following useful

lemma.

Lemma 3.3: Let E = {Ev}, v ∈ V , be the largest

stopping constellation contained in the channel state

assignment C. Then during BP decoding, the state Ev

is a subset of all the outgoing and incoming messages

to the variable node v. Also the state assignment E is a

subset of the BP state assignment B = {Bv}v∈V .

Proof: Note that the initial message from a variable

node v is Cv and Ev⊆Cv by definition of E. Also, the in-

coming message from a check node c to a variable node

v in the first iteration is Ψ
(1,4)
c,v = f−1

vc

(
∑i∈N (c)\v ficCi

)
.

This implies that Ψ
(1,4)
c,v contains Ev as Ei ⊆Ci, i∈N (c)

and E forms a stopping constellation. Now, by induction

we can prove the desired result. Assume that Ψ
(l−1,1)
v,c and

Ψ
(l−1,4)
c,v contain the state Ev, ∀v ∈ V , ∀c ∈N (v). This

implies that Ψ
(l,1)
v,c and Ψ

(l,4)
c,v also contain Ev as

Ψ
(l,1)
v,c = Cv∩

(
∩ j∈N (v)\cΨ

(l−1,4)
j,v

)
,

Ψ
(l,4)
c,v = f−1

vc ∑
i∈N (c)\v

ficΨ
(l,1)
i,c ⊇ f−1

vc ∑
i∈N (c)\v

ficEi ⊇ Ev,

and E is a stopping constellation. The second claim of

the lemma can be proved by noting that

Bv = Cv∩
(
∩i∈N (v)Ψ

(4)
i,v

)
and

Ev ⊆Cv,Ev ⊆Ψ
(4)
i,v ,∀i ∈N (v).

So, we prove that Ev ⊆ Bv. Here we have dropped the

superscript corresponding to iteration number to denote

the converged messages.

From the previous lemma we see that the BP state

assignment of a variable node v satisfies Bv ⊇ Ev. If we

prove that the BP state assignment also forms a stopping

constellation, then Bv = Ev, as E is the largest stopping

constellation contained in the channel state assignment

C, B contains E, and C contains B. In the following
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theorem we prove that B is a stopping constellation.

Theorem 3.1: Consider transmission over the BEC

using NBLDPC code which is decoded by the BP de-

coder. Let Ψ
(4)
c,v be the incoming message to the variable

node v from check node c and Ψ
(1)
v,c be the message from

v to c when the BP decoder has converged. Let C be the

channel state assignment. Then the BP state assignment

B = {Bv}, Bv = Cv ∩i∈N (v) Ψ
(4)
i,v ,∀v ∈ V is the largest

stopping constellation contained in C.

Proof: We need to prove that

Bv ⊆ f−1
vc ∑

i∈N (c)\v
ficBi.

For the sake of simplicity assume that the check node

c is of degree 3 and let N (c) = {v,v1,v2}. Also note

that Bv = Ψ
(4)
c,v ∩Ψ

(1)
v,c as Ψ

(1)
v,c = Cv ∩

(
∩i∈N (v)\cΨ

(4)
i,v

)
.

So, we need to prove that

f−1
vc

(
fv1c

(
Ψ

(4)
c,v1
∩Ψ

(1)
v1,c

)
+ fv2c

(
Ψ

(4)
c,v2
∩Ψ

(1)
v2,c

))
⊇Ψ

(4)
c,v∩Ψ

(1)
v,c.

As the decoder has converged,

Ψ
(4)
c,v = f−1

vc

(
fv1cΨ

(1)
v1,c + fv2cΨ

(1)
v2,c

)
,

Ψ
(4)
c,v1

= f−1
v1c

(
fvcΨ

(1)
v,c + fv2cΨ

(1)
v2,c

)
,

Ψ
(4)
c,v2

= f−1
v2c

(
fv1cΨ

(1)
v1,c + fvcΨ

(1)
v,c

)
.

This implies that

f−1
vc fv1c

(
Ψ

(4)
c,v1
∩Ψ

(1)
v1,c

)
= f−1

vc fv1cΨ
(1)
v1,c∩

(
Ψ

(1)
v,c + f−1

vc fv2cΨ
(1)
v2,c

)
and

f−1
vc fv2c

(
Ψ

(4)
c,v2
∩Ψ

(1)
v2,c

)
= f−1

vc fv2cΨ
(1)
v2,c∩

(
Ψ

(1)
v,c + f−1

vc fv1cΨ
(1)
v1,c

)
.

Let P = f−1
vc fv1cΨ

(1)
v1,c, Q = f−1

vc fv2cΨ
(1)
v2,c. Then we need

to prove that(
P∩
(

Ψ
(1)
v,c +Q

))
+
(

Q∩
(

Ψ
(1)
v,c +P

))
⊇Ψ

(1)
v,c∩(P+Q) .

(5)

To do this, let d ∈Ψ
(1)
v,c∩(P+Q), then d ∈Ψ

(1)
v,c. Also d =

p+q, where p∈ P,q∈Q. This implies that p∈Ψ
(1)
v,c+Q

and q ∈Ψ
(1)
v,c +P. Hence p ∈

(
P∩
(

Ψ
(1)
v,c +Q

))
and q ∈(

Q∩
(

Ψ
(1)
v,c +P

))
. Hence p + q ∈

(
P∩
(

Ψ
(1)
v,c +Q

))
+(

Q∩
(

Ψ
(1)
v,c +P

))
. This proves (5) and also implies that

B is a stopping constellation. From Lemma 3.3 it follows

that B is the largest stopping constellation contained in

C.

In the next section we define the residual NBLDPC

ensemble resulted by the BP decoder. We compute the

design rate and expectation of total number of codewords

of the residual ensemble. Then we show how we can

derive the residual degree distribution from the fixed

points of density evolution for the BP decoder. This will

enable us to compute the conditional entropy when the

block length tends to infinity.

IV. RESIDUAL DEGREE DISTRIBUTION AND

COUNTING ARGUMENT

Assume that the BP decoder has converged. In the

previous section we saw that the BP decoder assigns

state Bv to a variable node v, Bv ∈ Mini, v ∈ V . We

say that the BP state of v is Bv. A variable node v can

only take values belonging to its BP state Bv. Thus in

the resulting graph, which we call the residual graph,

every variable node is characterized by its degree and

state. So the residual degree distribution on the variable

node side is given by Ω = {ΩlV}, where ΩlV denotes

the fraction of variable nodes which have degree l and

BP state V . Similarly, we define Ωlk to be the fraction of

variable nodes which can only take values in a subspace

August 2010 DRAFT



10

of dimension k. More precisely,

Ωlk = ∑
V :Dim(V )=k,V∈Mini

ΩlV .

From Lemma 3.1 we know that the BP state assign-

ment is such that every check node satisfies the decoding

failure criterion. In order to define the degree distribution

of the check node side, we define the set Sr which

consists of all the r-tuples of subspaces which satisfy

the decoding failure criterion. More precisely,

Sr =

{
(V1, . . . ,Vr) : Vi ∈M ,Vi ⊆

r

∑
j=1, j 6=i

Vj,∀i ∈ {1, . . . ,r}

}
.

(6)

Using the definition of Sr in (6), we define the residual

check node degree distribution Φ = {Φrs}. For s ∈ Sr,

Φrs denotes the fraction of check nodes with degree

r and for every such check node c, the state of its

neighboring variable nodes when acted on by the cor-

responding edge labels satisfies s = {V1, . . . ,Vr}. More

precisely, Vi = fvicBvi , where vi ∈ N (c), Bvi is the

BP state of vi and fvic is the edge label of the edge

connecting vi and c. We say that the check node c is of

type (r,s) and its ith socket is restricted to the subspace

Vi. We do not distinguish between two types of check

nodes (r,s1) and (r,s2), where s2 is identical to s1 up

to some permutation. Hence only one arbitrary but fixed

representative is included in Sr.

We denote the ensemble of all the residual graphs

with block length n and degree distribution (Ω,Φ) by

RESEGL(n,Ω,Φ,m) (RESEGL(Ω,Φ,m) in the asymp-

totic limit). Thus the ensemble RESEGL(n,Ω,Φ,m) has

nΩlV number of variable nodes of degree l which can

only take values in subspace V , V ∈Mini. Similarly, there

are n(1−R)Φrs check nodes with type (r,s), s ∈ Sr,

where Sr is defined in (6). Here R is the design rate of the

initial ensemble EGL(Λ,Γ,m) which results in the resid-

ual ensemble. From now on, we say that R is the initial

rate of the residual ensemble RESEGL(n,Ω,Φ,m). Note

that in the residual graph the total number of variable

and check nodes is the same as in the original graph.

All the bipartite graphs with state assignments and edge

labels such that they have degree distribution Ω and

Φ are included in the ensemble RESEGL(n,Ω,Φ,m).

There are restrictions on the edge labels and graph

connections. For example, the sockets from a variable

node restricted to subspace V1 of dimension k can only

connect to a check node socket restricted to subspace

V2 and Dim(V2) = k. The edge label on such an edge is

restricted to those mappings which map subspace V1 to

V2.

In order to determine the design rate of the residual

degree distribution, we need to determine the num-

ber of constraints imposed by a check node of type

(r,s). In the next lemma we prove that the number

of binary constraints imposed by a check node of

type (r,s) is Dim(∑r
i=1 Vi), where s = (V1, . . . ,Vr). We

also compute the design rate of the residual ensemble

RESEGL(n,Ω,Φ,m).

Lemma 4.1: Consider a check node of degree r which

represents the parity-check equation

r

∑
i=1

xi = 0, (7)

where xi can only take values in the subspace Vi ⊆GFm
2 .

Then the number of binary constraints imposed by such

a check node is Dim(∑r
i=1 Vi). Using this, the design

rate of the residual ensemble RESEGL(n,Ω,Φ,m) with

initial rate R is given by

Rres = 1− (1−R)
∑r ∑s∈Sr ΦrsDim(s)

∑l ∑V∈Mini
ΩlV Dim(V )

. (8)

Proof: Define the map f : V1× ·· ·×Vr 7→ ∑
r
i=1 Vi,

f (x1, · · · ,xr) , ∑
r
i=1 xi. Then the number of binary con-
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straints imposed by (7) is equal to ∑
r
i=1 Dim(Vi) −

Dim(kernel f ). By rank-nullity theorem [20],

Dim(Image f )+Dim(Kernel f ) =
r

∑
i=1

Dim(Vi) .

As Dim(Image f ) = Dim(∑r
i=1 Vi), we obtain that the

number of binary constraints imposed by (7) is equal to

Dim(∑r
i=1 Vi). This proves the first part of lemma. Using

this, we obtain that the number of binary constraints

imposed by check nodes of RESEGL(n,Ω,Φ,m) is

given by

n(1−R)∑
r

∑
s∈Sr

ΦrsDim(s).

The number of unconstrained bits is given by

n∑
l

∑
V∈Mini

ΩlV Dim(V ) .

Hence the design rate of the residual ensemble is

Rres = 1− (1−R)
∑r ∑s∈Sr ΦrsDim(s)

∑l ∑V∈Mini
ΩlV Dim(V )

.

This proves the lemma.

From now onwards, we denote the number of con-

straints imposed by a check node of type (r,s) with

Dim(s) = Dim(∑r
i=1 Vi), where s = (V1, . . . ,Vr). The

design rate Rres of the ensemble RESEGL(n,Φ,Ω,m)

is a lower bound on the rate of every code in the

ensemble RESEGL(n,Φ,Ω,m). This is due to the fact

that when we compute the design rate, we assume

that all the parity-check equations are independent.

However, in a code some parity-check equations might

be dependent. A criterion for binary LDPC ensembles

was derived in [17] which, when satisfied, guarantees

that the design rate is equal to the actual rate. To-

wards generalizing this criterion for residual ensembles

RESEGL(n,Φ,Ω,m), we compute the expectation of N,

the total number of codewords in a randomly chosen

code from RESEGL(n,Φ,Ω,m).

Lemma 4.2: Let N (E1, . . . ,Em) be the number of

codewords in a randomly chosen element of the en-

semble RESEGL(n,Φ,Ω,m) such that, for each such

codeword there are Ek edges to which the non-zero

values are assigned and which are connected to variable

nodes only taking values in the subspace of dimension

k, k ∈ {1, . . . ,m}. Let N be the total number of code-

words in a randomly chosen code from the ensemble

RESEGL(n,Φ,Ω,m). Then,

E(N) =
n∑l lΩl1

∑
E1=0

· · ·
n∑l lΩlm

∑
Em=0

E(N (E1, . . . ,Em)) , (9)

and

E(N (E1, . . . ,Em)) =

m

∏
k=1

coef
(

∏l

(
1+
(
2k−1

)
ulk
)nΩlk ,uEk

k

)
g(m,k)Ek

(n∑l lΩlk
Ek

)
× coef

(
∏
r

∏
s∈Sr

qs (v1, . . . ,vm)n(1−r)Φrs ,
m

∏
k=1

vEk
k

)
,

where s ∈ Sr, s = {V1, . . . ,Vr} and Sr is defined in (6).

The function qs(v1, . . . ,vm) is given by

qs(v1, . . . ,vm) = ∑
(i1...ik)⊆{1,...,r}

qi1...ik

k

∏
j=1

v
Dim

(
Vi j

). (10)

In (10), qi1...ik is the number of permissible edge labels

assigned to the edges corresponding to
(
Vi1 , . . . ,Vik

)
which will yield a valid codeword when the remaining

edges corresponding to {V1, . . . ,Vr}\{Vi1 , . . . ,Vik} carry

the value zero.

Proof: The proof is given in Appendix B.

To compute the quantity qi1...ik appearing in (10), we

will make use of the following lemma.

Lemma 4.3: Let xi be a non-zero element of GFm
2 ,

Mi ∈ GLm
2 and i ∈ {1, . . . ,r}. Let

Zr =

{
(M1, . . . ,Mr) :

r

∑
i=1

Mixi = 0

}
,
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and

N Zr =

{
(M1, . . . ,Mr) :

r

∑
i=1

Mixi = y

}
,

where y is some fixed non-zero element of GFm
2 . Then,

Fr = |Zr| =
|GLm

2 |r

2m

(
1+

(−1)r

(2m−1)r−1

)
,

Gr =
∣∣N Zr

∣∣ =
|GLm

2 |r

2m

(
1− (−1)r

(2m−1)r

)
.

Proof: Note that the sequence {Fr}∞
r=1 satisfies the

following recursive relation:

Fr+1 =
|GLm

2 |
2m−1

(|GLm
2 |r−Fr) .

This follows from the fact that if we look at a particular

set of r terms, they must not sum to zero in order to make

sure that r+1 terms sum to zero. Also, there are |GLm
2 |

2m−1

elements in GLm
2 which maps a given non-zero element

x to another non-zero element y, where x,y ∈ GFm
2 . By

solving the recursion, we get

Fr =
|GLm

2 |r

2m

(
1+

(−1)r

(2m−1)r−1

)
.

Similarly, the sequence {Gr} satisfies the recursive re-

lation

Gr+1 =
|GLm

2 |
2m−1

((2m−2)Gr +Fr) .

The solution of this relationship yields

Gr =
|GLm

2 |r

2m

(
1− (−1)r

(2m−1)r

)
.

In the remainder of this section, we show how we can

compute the average residual degree distribution in the

limit of infinite block length. First we show that every

element of a residual ensemble has uniform probability

conditioned on the event that a random residual graph

has the degree distribution of the considered residual

ensemble.

Lemma 4.4: Let RESEGL(n,Ω,Φ,m) be a residual

ensemble. Conditioned on the event that a random

residual graph is an element of RESEGL(n,Ω,Φ,m),

it is equally likely to be any element of the ensemble

RESEGL(n,Ω,Φ,m).

Proof: The proof is given in Appendix C.

We denote the ensemble corresponding to the average

residual degree distribution by RESEGL(n,Ω,Φ,m,ε).

We prove the following concentration result on the

degree distribution of a random residual graph around

the average residual degree distribution.

Lemma 4.5: Let RESEGL(n,Ω,Φ,m,ε) be the

average residual degree distribution of the ensemble

EGL(Λ,Γ,m) assuming the transmission over

the BEC (ε). The residual degree distribution

of a random residual graph G is denoted by

RESEGL(n,ΩG,ΦG,m,ε). Then, for any δ > 0,

lim
n→∞

P{d ((Ω,Φ) ,(ΩG,ΦG))≥ δ}= 0.

The distance d(·, ·) is the L1 distance

d
(
(Ω,Φ) ,

(
Ω̃,Φ̃

))
= ∑

l,V
|ΩlV−Ω̃lV |+∑

r
∑

s∈Sr
|Φrs−Φ̃rs|,

(11)

where V ∈Mini.

Proof: The proof is given in Appendix A.

Asymptotically, Ω and Φ depend on the probability

density of the messages of the BP decoder which can

be evaluated by density evolution. The density evolution

equations for NBLDPC ensemble are derived in [13].

Following the notation in [13], we denote the fixed

point probability of the event that the message from a

variable(check) node of degree l is of dimension i by

Pv(i,l)(Pc(i,l)). Then

ΩlV =
Λl Pv (k,l+1)(m

k

) , (12)

where V ∈Mini and Dim(V ) = k. Note that we use l+1

as we take into account all the incoming messages while
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computing the estimate of a symbol. We divide by
(m

k

)
,

which is the number of initial subspaces of dimension

k, to compute the probability of a specific subspace of

dimension k.

Deriving the residual degree distribution on the check

node side is less straightforward than on the variable

node side. Towards this end, observe that we can de-

termine the BP estimate of a symbol if we know the

incoming and the outgoing messages to this symbol

on one of its connected edges when the BP decoder

has converged. Hence if we know all the incoming

messages to a check node, we can determine the final

estimates of the symbols connected to this check node.

Thus from the fixed points of density evolution we can

determine the residual degree distribution on the check

node side. More precisely, consider a check node of

degree r. Let V1, . . . ,Vr be the incoming messages which

are independently distributed according to {Pv(i)}m
i=0.

Then the state of the check node is{
V1∩

(
∑
j 6=1

Vj

)
, . . . ,Vr∩

(
∑
j 6=r

Vj

)}
, (13)

which is an element of Sr, Sr having been defined in

(6). Thus determining Φ amounts to determining all the

elements of Sr for all the check node degrees r and to

compute the probability distribution over Sr. In the next

section we show how this can be done for the particular

case of m = 2.

V. PARTICULAR CASE OF m = 2

The explicit characterization of quantities in (13) is

still not known for all values of m and seems to be

difficult to obtain analytically. In what follows we lead

the analysis for the simple case of the smallest value of m

greater than 1, that is m = 2. For m = 2, we compute the

check node distribution and prove the equality between

the conditional entropy and the rate of the residual

ensemble.

A. Calculating the Check Node Distribution for m = 2

Note that there are five different subspaces of GF2
2.

There is one each of dimension zero (containing the

origin only) and of dimension two (GF2
2). There are

three different subspaces of dimension one which we

number in an arbitrary but fixed way. The sum of two

different subspaces of dimension one gives the subspace

of dimension two. More precisely, let S1,S2,S3 be the

subspaces of dimension one and T be the subspace of

dimension two. Then,

T = Si +S j, i, j ∈ {1,2,3}, i 6= j. (14)

We denote by n0(n2) the number of subspaces of dimen-

sion 0(2) in the state s ∈ Sr of a check node. Similarly,

the number of different subspaces of dimension one is

given by n1(i), i ∈ {1,2,3} and let

n1 =
3

∑
i=1

n1(i).

Now, we enumerate all the possible states of a check

node of degree r which satisfy the decoding failure cri-

terion and derive their probabilities in terms of the fixed

points of density evolution. Recall that if the converged

incoming messages to a check node are {V1, . . . ,Vr}, its

state is given by (13).

1) Every state s for which n2≥ 2 satisfies the decoding

failure criterion. Its probability is given by

Φrs =
(

r

n0,n1(1),n1(2),n1(3)

)
Pv(2)n2

×
(

Pv(1)
3

)n1(1)+n1(2)+n1(3)

Pv(0)n0 . (15)

The equation (15) can be easily understood by observing
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that if

∃k ∈ {1, . . . ,r},k 6= i,Dim(Vk) = 2,

then

Vi∩

(
∑
i6= j

Vj

)
= Vi.

So, the socket i is restricted to its corresponding incom-

ing message Vi.

2) When s is such that n2 = 1, for s to satisfy the de-

coding failure criterion we need n1(i) > 0, n1( j) > 0, and

i 6= j. In this case the sockets are also restricted to their

corresponding incoming messages. So, the probability is

the same as given by (15).

3) Every state for which only one of

n1(1),n1(2),n1(3) is positive and greater than one

with n2 = 0 satisfies the decoding failure criterion. Lets

us assume w.l.o.g that n1(1) > 1. The probability of

such a state s is given by

Φrs =
(

r

1,n1(1)−1

)
Pv(2)

(
Pv(1)

3

)n1(1)−1

Pv(0)r−n1(1)−1

+2
(

r

1,n1(1)

)(
Pv(1)

3

)n1(1)+1

Pv(0)r−n1(1)−111n1(1)<r

+
(

r

n1(1)

)(
Pv(1)

3

)n1(1)

Pv(0)r−n1(1), (16)

where 11n1(1)<r is equal to one if n1(1) < r and zero

otherwise. In order to understand (16), observe that for

n2 = 0 to hold, at most one of the incoming messages

can be of dimension two. If there are more than one

incoming messages of dimension two, then the state of

the check node has n2 ≥ 2. The first term on the right

hand side of (16) corresponds to the case when one of

the incoming message is of dimension two, n1(1)− 1

incoming messages are equal to S1, and rest of messages

are equal to the subspace of dimension zero. By (13), we

see that such a combination of messages results in the

desired check node state s. The second summation term

of (16) corresponds to the case where n1(1) incoming

messages are equal to S1 and one message is equal to

S2 or S3. This choice of S2 or S3 explains the factor

2 in the second summation term. From (13), we see

that this combination of incoming messages corresponds

to desired state s. The last term takes care of the case

when there are n1(1) incoming messages equal to S1 and

remaining messages are equal to subspace of dimension

zero.

4) Consider a state s for which two different subspaces

of dimension one are present at least twice and the re-

maining subspace of dimension 1 is absent with n2 = 0. It

can be seen that s satisfies the decoding failure criterion.

Assume w.l.o.g. that n1(1)≥ 2,n1(2)≥ 2, n1(3) = 0, and

n2 = 0. Its probability can be derived by using arguments

similar to the derivation of (14) and (16). The probability

is given by

Φrs =
(

r

n1(1),n1(2)

)(
Pv(1)

3

)n1(1)+n1(2)

Pv(0)r−n1(1)−n1(2).

5) Every state s for which all the subspaces of di-

mension one are present at least once i.e. n1(i) > 0,

∀i ∈ {1,2,3} and n2 = 0 satisfies the decoding failure

criterion. The probability of such a state is given by

Φrs =
(

r

n1(1),n1(2),n1(3)

)(
Pv(1)

3

)n1

Pv(0)r−n1 .

(17)

Note that in this case each socket is also restricted to its

incoming message. This explains (17).

6) Every state s for which n0 = r satisfies the decoding

failure criterion. Its probability is given by

Φrs = Pv(0)r +rPv(0)r−1 (Pv(1)+Pv(2))

+3
r!

(r−2)!

(
Pv(1)

3

)2

Pv(0)r−2. (18)

The first term on the right hand side of (18) is obvious

as it corresponds to the case when all the incoming
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messages have dimension zero. The second term is for

the following combination of messages. One of the

messages is a subspace of dimension one (two) and the

remaining messages are subspaces of dimension zero.

As the dimension of the intersection of a subspace of

dimension one (two) with a subspace of dimension zero

is zero, this combination of incoming messages results

in the desired state. The remaining terms are derived in

a similar way.

In next subsection we show that under appropriate

technical conditions, the average conditional entropy of

the transmitted codeword is given by the design rate of

the average residual ensemble.

B. Equality between the Conditional Entropy and the

Rate

In order to derive a sufficient condition which guaran-

tees that asymptotically almost every code in the residual

ensemble has its rate equal to the design rate, we first

find the generating function qs(v1,v2) defined in (10).

Consider a check node of degree r with a state s such

that there are n0 sockets corresponding to subspaces

of dimension zero, n1 (i) sockets corresponding to sub-

space i of dimension one, i ∈ {1,2,3} and n2 sockets

corresponding to subspace of dimension two. Then the

generating function for this check node type is given by

qs (v1,v2)=∑
S1

{(
n2

i

)
Fivi

2

(
n1(1)

j1

)(
n1(2)

j2

)(
n1(3)

j3

)

2 j1+ j2+ j3v j1+ j2+ j3
1

}
+∑

S2

{(
n2

i

)
Givi

2

(
n1(1)

j1

)(
n1(2)

j2

)
(

n1(3)
j3

)
2 j1+ j2+ j3v j1+ j2+ j3

1

}
, (19)

where Fi,Gi are defined in Lemma 4.3, S1 corresponds

to summation over the terms such that j1(1), j1(2), j1(3)

are all even or all odd, and S2 is the complement of S1.

A simplification of qs (v1,v2) yields

qs (v1,v2) = f (v1)
(

(1+6v2)n2 +3(1−2v2)n2

4

)
+((1+2v1)n1 − f (v1))

(
(1+6v2)n2 − (1−2v2)n2

4

)
,

(20)

where

f (v1) =
3

∏
i=1

(1+2v1)n1(i)− (1−2v1)n1(i)

2

+
3

∏
i=1

(1+2v1)n1(i) +(1−2v1)n1(i)

2
.

In the following lemma we upper bound the difference

between the growth rate of the expectation of the total

number of codewords and the design rate of the residual

ensemble.

Lemma 5.1: Let N be the total number of code-

words of a randomly chosen code from the ensemble

RESEGL(n,Ω,Φ,2). Then for ∀u1 ∈ [0,∞), ∀u2 ∈ [0,∞)

lim
n→∞

log(E(N))
n

−Rres ≤ θ(u1,u2).

The function θ(u1,u2) for u1 ∈ [0,∞) and u2 ∈ [0,∞) is

defined as follows.

θ(u1,u2)=∑
l

Ωl1 log2

(
1+ul1

2

)
+∑

l

Ωl2 log2

(
1+3ul2

4

)
+(1− r)∑

r
∑

s∈Sr
Φrs log

(
hs(u1,u2)2Dim(s)

)
− t+1(1) log2 (t+1(1))− t+2(1) log2 (t+2(1)) , (21)

where

hs(u1,u2) = p(u1)
t+2(u2)n2 +3t−2(u2)n2

4
+(

tn1
+1(u1)− p(u1)

) t+2(u2)n2 − t−2(u2)n2

4
,
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t+1(u1) = ∑
l

lΩl1
1+ul−1

1
1+ul1

, t−1(u1) = ∑
l

lΩl1
1−ul−1

1
1+ul1

,

t+2(u2) = ∑
l

lΩl2
1+3ul−1

2
1+3ul2

, t−2(u2) = ∑
l

lΩl2
1−ul−1

2
1+3ul2

,

p(u1) =
3

∏
i=1

t+1(u1)n1(i)− t−1(u1)n1(i)

2

+
3

∏
i=1

t+1(u1)n1(i) + t−1(u1)n1(i)

2
.

Proof: Let E1 = ne1 ∑l lΩl1, E2 = ne2 ∑l lΩl2,

e1 ∈ [0,1] and e2 ∈ [0,1]. By (9),

lim
n→∞

log(E(N))
n

= sup
e1,e2

lim
n→∞

log(E(N(e1,e2)))
n

.

By using Lemma 4.2 and the Hayman approximation of

[21] for the coef term, we get

φ(e1,e2) = lim
n→∞

log2 (E [N (e1,e2)])
n

:=

inf
u1,u2,v1,v2

φ1 (e1,e2,v1,v2,u1,u2) ,

where

φ1 (e1,e2,v1,v2,u1,u2) = ∑l Ωl1 log2 (1+ul1)

−e1 log2(u1)∑
l

lΩl1 +∑
l

Ωl2 log2
(
1+3ul2

)
−e2 log2(u2)∑

l

lΩl2 +(1−R)∑
r

∑
s∈Sr

Φrs log(hs(v1,v2))

−e1 (log2(v1)+1)∑
l

lΩl1− e2 (log2(v2)+ log2(6))∑
l

lΩl2

−
(

∑
l

lΩl1

)
h(e1)−

(
∑
l

lΩl2

)
h(e2) .

Hence we would like to compute supe1,e2
φ(e1,e2), where

e1 ∈ [0,1] and e2 ∈ [0,1]. Thus,

sup
e1,e2

φ(e1,e2) = sup
e1,e2

inf
v1,v2,u1,u2

φ1 (e1,e2,v1,v2,u1,u2) .

(22)

We find an upper bound on supe1,e2
φ(e1,e2).

Towards this end, first take the derivative of

φ1 (e1,e2,u1,u2,v1,v2) with respect to e1 and e2

and equate it to zero. This gives

e1 =
2u1v1

1+2u1v1
, e2 =

6u2v2

1+6u2v2
.

We substitute this in the expression for

φ1 (e1,e2,u1,u2,v1,v2). After that we take the derivative

with respect to u1, u2 and equate it to zero. Solving for

v1 and v2, we obtain

v1(u1) =
1
2

∑l lΩl1
ul−1

1
1+ul1

∑l lΩl1
1

1+ul1

, v2(u2) =
1
6

∑l lΩl2
3ul−1

2
1+3ul2

∑l lΩl2
1

1+3ul2

.

Substituting the expression for v1(u1) and v2(u2) in the

expression for e1 and e2, we get

e1(u1) =
∑l lΩl1

ul1
1+ul1

∑l lΩl1
, e2(v) =

∑l lΩl2
3ul2

1+3ul2

∑l lΩl2
.

Let θ(u1,u2)= φ1 (e1(u1),e2(u2),v1(u1),v2(u2),u1,u2)−

Rres. By rearranging terms, we get the desired expression

for θ(u1,u2).

Now, we give the criterion which, when satisfied,

yields that almost every code in the residual ensemble

has its rate equal to the design rate.

Lemma 5.2: Let G be a code chosen uniformly at

random from the residual ensemble RESEGL(n,Ω,Φ,2)

and let RG be its rate. If the function θ(u1,u2) defined

in (21) satisfies

θ(u1,u2)≤ 0, ∀u1 ∈ [0,∞),u2 ∈ [0,∞),

then there exists B > 0 and a positive integer n0 such

that, for any η > 0,

P(|RG−Rres|> η)≤ e−Bnη.

In addition, there exists C > 0 such that, for n > n0,

E(|RG−Rres|)≤C
log(n)

n
,

where Rres is the design rate of the residual ensemble

RESEGL(n,Ω,Φ,2). Thus, almost every code in the
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residual ensemble has its rate equal to its design rate.

Proof: This follows from the same arguments as

that of Lemma 7 of [17].

We now prove some properties of the function

θ(u1,u2) defined in (21), which will help us in show-

ing that the conditional entropy of NBLDPC ensemble

EGL(Λ,Γ,2) is given by the design rate of the average

residual ensemble. By Lemma 5.2, the maximum of

the function θ(u1,u2) determines if the rate of of the

residual ensemble is equal to its design rate. We prove

that θ(u1,u2) attains its maximum in the unit square

[0,1]2.

Lemma 5.3: Consider the ensemble

RESEGL(Ω,Φ,2). Then the function θ(u1,u2) defined

in (21) attains its maximum inside the unit square.

The function θ(u1,u2) depends smoothly on its

residual degree distribution. More precisely, there

exist constants B1,B2,B3 > 0 such that, for any two

residual degree distributions RESEGL(Ω,Φ,2) and

RESEGL
(
Ω̃,Φ̃,2

)
, having the same maximum left

degree and the same maximum check node degree, the

corresponding functions θ(u1,u2) and θ̃(u1,u2) satisfy

for u1,u2 ∈ [0,1],

∣∣θ(u1,u2)− θ̃(u1,u2)
∣∣≤ d

(
(Ω,Φ) ,

(
Ω̃,Φ̃

))
(
B1(1−u1)2 +B2(1−u1)(1−u2)+B3(1−u2)2) ,

(23)

where d(·, ·) is the L1 distance defined in (11).

Proof: We refer the reader to Appendix D for the

proof.

We now show the equality between the design rate of

the residual ensemble and the conditional entropy of the

transmitted ensemble.

Theorem 5.1: Consider transmission over BEC(ε).

Let G be a code chosen uniformly at random from the

NBLDPC ensemble EGL(n,Λ,Γ,2) and let HG (X |Y )

be its conditional entropy 1. Let RESEGL(n,Ω,Φ,2,ε)

be the average residual ensemble of EGL(n,Λ,Γ,2).

Consider the corresponding function θ(u1,u2) for

RESEGL(n,Ω,Φ,2,ε) defined in (21). Assume that

(u1,u2) = (1,1) is a unique global maximum of θ(U1,u2)

for u1 ∈ [0,∞),u2 ∈ [0,∞), with

∂2θ(u1,u2)
∂u2

1

∂2θ(u1,u2)
∂u2

2
−
(

∂2θ(u1,u2)
∂u1∂u2

)2
∣∣∣∣∣
u1=1,u2=1

> 0,

(24)

∂2θ(u1,u2)
∂u2

1

∣∣∣∣
u1=1,u2=1

< 0.

(25)

Then

lim
n→∞

1
n
E(HG(X |Y )) = Rres,

where Rres is the design rate of the average residual

ensemble RESEGL(n,Ω,Φ,2,ε).

Proof: This theorem is a straightforward general-

ization of [17, Thm. 10]. So the proof is very similar to

that of [17, Thm. 10]. Together, (24) and (25) guarantee

that the point (u1,u2) = (1,1) is a maximum and imply

that
∂2θ(u1,u2)

∂u2
2

∣∣∣∣
u1=1,u2=1

< 0. (26)

By (25, 26), the assumption that the point (1,1) is a

global maximum of θ(u1,u2) and

θ(1,1) = 0,
∂θ(u1,u2)

∂u1

∣∣∣∣
u1=1,u2=1

= 0,

∂θ(u1,u2)
∂u2

∣∣∣∣
u1=1,u2=1

= 0,

there exist constants δ,C1,C3 > 0 and C2 such that ∀u1 ∈

1The notation of the conditional entropy has been defined in Section
II.
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[0,1],u2 ∈ [0,1],

θ(u1,u2)≤−δ
(
C1(1−u1)2 +C2(1−u1)(1−u2)

+C3(1−u2)2) ,
and

(
C1(1−u1)2 +C2(1−u1)(1−u2)+C3(1−u2)2)> 0,

∀u1 ∈ [0,1),u2 ∈ [0,1).

Using Lemma 5.3, we observe that there exist η > 0 such

that for every residual degree distribution pair (Ω̃,Φ̃),

which satisfies d
(
(Ω,Φ),(Ω̃,Φ̃)

)
≤ η, its corresponding

function θ̃(u1,u2) is upper bounded in the interval u1 ∈

[0,1],u2 ∈ [0,1] by

θ̃(u1,u2)≤−
δ

2
(
C1(1−u1)2 +C2(1−u1)(1−u2)

+C3(1−u2)2) .
Thus Lemma 5.2 is applicable to RESEGL

(
n,Ω̃,Φ̃,2

)
,

and the design rate R̃res of RESEGL
(
n,Ω̃,Φ̃,2

)
is equal

to its average rate R̃. Let Q (η) be the set of residual

ensembles whose degree distribution pair
(
Ω̃,Φ̃

)
satis-

fies d
(
(Ω,Φ),(Ω̃,Φ̃)

)
≤η. Let Pε

(
R̃
)

be the probability

that a random residual graph belongs to the residual en-

semble R̃ = RESEGL
(
n,Ω̃,Φ̃,2

)
. Then the conditional

entropy of the ensemble RESEGL(n,Λ,Γ,2) is given by

1
n
E [HG(X |Y )] = ∑

R̃
Pε

(
R̃
)

R̃,

= ∑
R̃ ∈Q (η)

Pε

(
R̃
)

R̃+ γ(n,η).

By Lemma 4.5 and the fact that R̃≤ 1, the term γ(n,η)

satisfies

lim
n→∞

γ(n,η) = 0.

Now,∣∣∣∣1nE [HG(X |Y )]−Rres

∣∣∣∣ ≤ ∑
R̃ ∈Q (η)

Pε

(
R̃
)
|R̃−Rres|

+γ
′(n,η),

≤ ∑
R̃ ∈Q (η)

Pε

(
R̃
)
|R̃res−Rres|

+γ
′(n,η),

where by Lemma 5.2

lim
n→∞

γ
′(n,η) = 0.

Note that there exists a constant C > 0 such that

|R̃res−Rres| ≤Cd
((

Ω̃,Φ̃
)
,(Ω,Φ)

)
.

This implies that

lim
n→∞

∣∣∣∣1nE [HG(X |Y )]−Rres

∣∣∣∣≤Cη.

As we can chose η to be arbitrarily small, the proof is

completed.

Remark 1: We note that the design rate of the residual

ensemble is always a lower bound on the normalized

average conditional entropy of the code. This is because

of the fact that the design rate is always a lower bound

on the actual rate of a code.

In the next subsection we give an example to show

how we can compute the MAP threshold from the

computation of conditional entropy.

C. Example

Consider the ensemble EGL(λ,ρ,2), where λ(x) =

0.51x + 0.49x2 and ρ(x) = x2. Its BP threshold is equal

to εBP = 0.758. For ε = 0.789, the design rate of the

average residual ensemble becomes zero. Thus from the

remark following the proof of Theorem 5.1, ε = 0.789

is an upper bound on the MAP threshold. However, for

ε ≥ 0.789 the function θ(u1,u2) corresponding to the
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ebp51x+49x2-x2m2.pdf

εBP = 0.758
εMAP = 0.789

acfg=rate

abeg=rate

bcd=def

gf

e

d

c
b a

ε
1.0

1.0

Fig. 1: EBP curve for EGL
(
0.51x+0.49x2,x2,2

)
. The MAP

threshold is 0.789 as computed by the Maxwell construction.
The point ε = 0.789 corresponds to the erasure probability such
that the areas bcd and de f are equal.

average residual degree distribution is non-positive for

u1,u2 ∈ [0,1]. Also, the assumptions of Theorem 5.1

are satisfied by θ(u1,u2) for ε ≥ 0.789. So, the rate

of the average residual ensemble is equal to its design

rate for ε ≥ 0.789 which is equal to the normalized

conditional entropy of the ensemble EGL(λ,ρ,2). The

design rate of the average residual ensemble becomes

zero for ε = 0.789 and so does the average conditional

entropy. This implies that the MAP threshold is equal to

ε = 0.789 and the upper bound on the MAP threshold

obtained via the design rate is tight. The MAP threshold

of the corresponding binary ensemble is given by 0.78.

There is another possible approach of computing

the MAP threshold, which is via the Extended-Belief-

Propagation Generalized-EXIT (EBP GEXIT) function

[17]. In order to define the EBP GEXIT function, let us

write the check node side density evolution map as

P(l)
c = Gc

(
P(l)

v

)
,

where P(l)
c (P(l)

v ) is the probability distribution of the

dimension of the message emanating from the check

(variable) node side in the lth iteration. Similarly, we

write the density evolution map on the variable node

side as

P(l+1)
v = Gv

(
ε,P(l)

c

)
.

Thus the density evolution recursion can be written as

P(l+1)
v = G(ε,P(l)

v ) = Gv

(
ε,Gc

(
P(l)

v

))
. (27)

We also define another map corresponding to the variable

node side, where we do not take into account the

channel observation of a variable node. But, we take

into account all the incoming messages to this variable

node. This corresponds to estimating the variable node

from extrinsic observations. Let us denote the resulting

distribution as Pl
v,ext and the corresponding map by Gv,ext.

Then,

Pl
v,ext = Gv,ext

(
P(l)

c

)
.

Now, the EBP GEXIT function is a parametric function

of the fixed point pairs (εh,Ph
v) of the density evolution

map given in (27), i.e., Ph
v = G

(
εh,Ph

v
)
, where h ∈ [0,1]

is the normalized entropy of Ph
v , i.e.,

1
2

2

∑
i=0

iPh
v(i) = h.

For the EBP GEXIT function, the x-coordinate is εh and

the y-coordinate is hext, where hext is the BP extrinsic

entropy of a bit, i.e.,

hext =
Ph

v,ext(1)
3

+
εh Ph

v,ext(1)
3

+Ph
v,ext(2), (28)

where Ph
v,ext = Gv,ext

(
Gc(Ph

v)
)
. Note that the first term of

(28) takes care of the fact that among the three subspaces

of dimension one, the value of a given bit is completely

erased in one of them. The second term corresponds to

the subspace of dimension one in which both the bits

take the same value. So, for one to be erased another

one should also be erased. The last term takes care of

the subspace of dimension two.

When we compute the EBP GEXIT function for this

ensemble and apply the Maxwell construction of [17],

we get the MAP threshold equal to εMAP = 0.789 (Fig. 1)
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which is equal to the actual MAP threshold. Thus the

Maxwell construction seems to hold in the setting of

NBLDPC ensembles. In brief, the Maxwell construction

computes the MAP threshold by finding the erasure

probability such that the areas de f and bcd, shown in

Fig. 1, are equal.

VI. CONCLUSION

We have generalized the concepts of peeling decoder

and stopping constellations for NBLDPC codes. Then

we showed that both the peeling and BP decoder get

stuck in the largest stopping constellation contained in

the channel state assignment.

We defined the average residual degree distribution

for NBLDPC ensembles and showed how it can be

computed for m = 2. For the particular case of m = 2, we

generalized the criterion of [17] which, when satisfied,

yields that the actual rate of the residual ensemble is

equal to its design rate. This enabled us to compute the

conditional entropy and consequently the MAP threshold

of the NBLDPC ensemble. There are two main diffi-

culties in generalizing these results to larger values of

m. Firstly, an efficient method is required to enumerate

all the check node states satisfying the decoding fail-

ure criterion and compute their probabilities. Secondly,

in order to generalize Theorem 5.1, it is not known

how the global maximum of the corresponding function

θ(u1, · · · ,um) can be found.

We presented an observation in Section V-B that the

Maxwell construction of [17] seems to hold for m = 2.

It will be of interest to investigate if the Maxwell con-

struction holds in full generality and prove it analytically

as has been done in the binary setting [17].
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APPENDIX A

PROOF OF LEMMA 4.5

Proof: Consider a code G chosen randomly from

the ensemble EGL(n,Λ,Γ,m). We know from Lemma

3.1 and Theorem 3.1 that both the BP and the peeling

decoder results in the same residual graph. Let us de-

note the residual degree distribution of the graph G by

{ΩG,ΦG}. We prove the concentration of the residual

degree distribution by analyzing the peeling decoder.

To simplify analysis, we define the peeling decoder in

the following way. We pick at random an active check

node and update a subspace of the largest dimension.

We assume an arbitrary but fixed ordering if there are

more than one subspaces of the largest dimension. Note

that in one round of the peeling decoder, improving the

state dimension of a variable node by i can be seen as

i rounds of the decoding where each of them gives an

improvement only by 1 dimension. Thus, for simplicity

of analysis, we suppose that at each round of the peeling

decoder we improve the dimension only by 1.

We use the Wormald’s approach [22] to show the

concentration of the residual degree distribution. The

Wormald’s approach was used in [18] to analyze the

peeling decoder for binary LDPC codes. We will follow

the exposition given in [23, Appendix C.4]. We think

of each round of peeling decoder as one time step. We

show that the residual degree distribution at any time

t ≤ tS−ηn will be close to the average, where tS is the

time at which the peeling decoder stops and η is any

positive constant which can be chosen arbitrarily small.

We then show that for time t, tS−ηn≤ t ≤ tS, the residual

degree distribution does not change “significantly”. This

will prove the concentration of the final residual degree

distribution.

To prove the concentration for t ≤ tS − ηn, let us

verify that the necessary conditions of the Wormald’s

method are satisfied [23, Thm. C.28, pp. 491]. To do

this, we write down the average change in residual

degree distribution for one step of the peeling decoder.

At time t, let Wlk(t) denote the number of variable

nodes of degree l with the state dimension k. Let Prs(t)

denote the number of check nodes of degree r and state

s = (V ′1, . . . ,V
′
r). We denote the set of active check nodes

by Ac. Among the set Ac, the subset of check nodes

which update a subspace of dimension k is denoted by
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Ac(k) and corresponding to state s is denoted by Ac(s).

To simplify notation, we do not include the time t in

Ac,Ac(k), and Ac(s).

The average change in the number of variable nodes

of degree l of the state dimension k is given by

E[Wl0(t +1)−Wl0(t)|W (t),P(t)] =
|Ac(1)|
|Ac|

lWl1(t)
∑d dWd1(t)

,

(29)

E[Wlk(t +1)−Wlk(t)|W (t),P(t)]=−|Ac(k)|
|Ac|

lWlk(t)
∑d dWdk(t)

+
|Ac(k +1)|
|Ac|

lWl,k+1(t)
∑d dWd,k+1(t)

, 1≤ k ≤ m−1, (30)

E[Wlm(t +1)−Wlm(t)|W (t),P(t)]=−|Ac(m)|
|Ac|

lWlm(t)
∑d dWdm(t)

.

(31)

The first term in (30) is the average number of variable

nodes of initial dimension k, improving their dimension

at step t +1, and the second term is the average number

of variable nodes improving their dimension from k +1

to k. In (29) and (31), which represent cases k = 0 and

k = m, we have only one of these terms.

After update at the variable node side, we update the

state of check nodes connected to the updated variable

node. To describe the changes at the check node side, we

denote the average change in the number of check nodes

of state s, connected to the variable node of interest,

given that the chosen active check node has changed

its state from s1 to s2 by D(s|s1→ s2). More precisely,

D(s|s1→ s2) is defined as

D(s|s1→ s2) = E[Prs(t +1)−Prs(t)|W (t),P(t),s1→ s2],

and can be calculated as follows

D(s|s1→ s2) =
∑l(l−1)Wl,k+1(t)

∑d Wd,k+1(t)

(
∑r,s′:s′ 6=s Ẽr,s′(t)
∑d dWd,k+1(t)

−
Er,s(t)

∑d dWd,k+1(t)

)
+O(1/n) , (32)

where Ẽr,s′(t) denotes the number of sockets of di-

mension k + 1 connected to check nodes of state s′

of degree r which change their dimension to k when

the corresponding check nodes change their state to

s. Similarly, Er,s(t) denotes the number of sockets of

dimension k connected to check nodes of state s of

degree r which change their dimension to k−1 when the

corresponding check nodes change their state s to some

other state. Then, the first term in (32) is the expectation

of the number of edges going out of the variable node

under consideration. The first term in the brackets is the

average number of check nodes changing their state from

s′ to s when the variable node changes the dimension

from k +1 to k. The second term in the brackets is the

average number of check nodes changing their state from

s to some other state.

We compute E[Prs(t + 1)−Prs(t)|W (t),P(t)] by con-

ditioning on the following three events.

1) The initial state of the chosen active check node

is s and is changed to another state.

2) The initial state is s′ and is changed to s.

3) the initial and final states are not equal to s.

Then

E[Prs(t +1)−Prs(t)|W (t),P(t)] =

|Ac(s)|
|Ac|

(−1+D(s|s→ s′))+
|Ac(S̃)|
|Ac|

(1+D(s|S̃→ s))

+
|Ac(S̄)|
|Ac|

D(s|S̄→ S̄′)+O(1/n), (33)

where s′ is the resulting state corresponding to changing

s, S̃ is the set of active check nodes which result in

s, S̄ is the set of active check node states other than

s and S̃, and S̄′ is the resulting set of check node

states corresponding to changing S̄. The ratios in all the

three terms correspond to the probability of choosing the

desired check node state. The −1 in the first term is to

take care of the fact that we are updating the check node
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state s. The 1 in the second term is present due to the

fact that changing a state in S̃ results in s. The other

terms are self explanatory by definition.

We need to verify that the conditions of Theorem C.28

of [23] holds. The first condition requires that the change

in the number of variable (check) nodes of a given state

is uniformly bounded. This is true as:

max{max
l,k
|Wlk(t +1)−Wlk(t)| ,max

r,s
|Prs(t +1)−Prs(t)|}

≤ lmax.

The second condition corresponding to the expected

change is verified by (29-31, 33). Moreover, the form

of (29-31, 33) is very similar to those in the binary

case given in [23, Thm. 3.106]. So, the proof of the

the Lipschitz continuity and initial concentration are

the same. Therefore, all the necessary conditions of

[23, Thm. C.28] are satisfied. This results in the fol-

lowing concentration result on the degree distribution

{ΩG(t),ΦG(t)} for 0≤ t ≤ tS−ηn and δ > 0

lim
n→∞

P
(
d
(
(Ω(t),Φ(t)),(ΩG(t),ΦG(t))

)
≥ δ
)
= 0, (34)

where (Ω(t),Φ(t) is the average degree distribution at

time t. Recall that the average residual degree distri-

bution at time tS is (Ω,Φ) and that of the code G is

(ΩG,ΦG). By the triangular inequality on the distance,

we get the following upper bound:

P(d ((Ω,Φ),(ΩG,ΦG))≥ δ)≤

P(d ((Ω,Φ),(Ω(tS−ηn),Φ(tS−ηn)))≥ δ)+

P
(
d
(
(Ω(tS−ηn),Φ(tS−ηn)),(ΩG(tS−ηn),ΦG(tS−ηn))

)
≥ δ
)
+

P
(
d
(
(ΩG(tS−ηn),ΦG(tS−ηn)),(ΩG,ΦG)

)
≥ δ
)
. (35)

Note that

d
(
(ΩG(tS−ηn),ΦG(tS−ηn)),(ΩG,ΦG)

)
≤ cη, (36)

d ((Ω(tS−ηn),Φ(tS−ηn)),(Ω,Φ)) ≤ cη. (37)

By choosing η sufficiently small in (34), we can make

the RHS of (35) zero when n tends to infinity. Hence we

obtain the desired concentration of the residual degree

distribution.

APPENDIX B

PROOF OF LEMMA 4.2

Proof: The proof of (9) is straight forward. Now,

E [N (E1, . . . ,Em)] = ∑
w∈W (E1,...,Em)

P(w is a codeword)

=|W (E1, . . . ,Em) |P(w is a codeword) . (38)

Here W (E1, . . . ,Em) denotes the set of words which will

yield Ek edges to which the non-zero values are assigned

and which are connected to variable nodes taking values

only in a subspace of dimension k, k ∈ {1, . . . ,m}. Now,

|W (E1, . . . ,Em) |=
m

∏
k=1

coef
(

∏
l

(
1+
(

2k−1
)

ulk
)nΩlk

,uEk
k

)
.

(39)

The factor 2k − 1 in the coef term takes into account

that there are 2k−1 non-zero symbols in a subspace of

dimension k. We have to compute P(w is a codeword),

where w ∈W (E1, . . . ,Em) is some fixed word. Then

P(w is a codeword) =
|G (w)|

|RESEGL(n,Ω,Φ,m)|
, (40)

where G (w)⊆ RESEGL(n,Ω,Φ,m) is the set of codes

for which w is codeword. The total number of graphs in

RESEGL(n,Ω,Φ,m) is given by

|RESEGL(n,Ω,Φ,m)|=
m

∏
k=0

(
n∑

l

lΩlk

)
!g(m,k)n∑l lΩlk .

(41)
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The factorial terms correspond to permutations of edges

coming from variable nodes of different dimensions.

There are g(m,k) mappings which map a given subspace

of dimension k to another given subspace of dimension

k. This explains the power term.

Next, we count the number of graphs for which w is

a codeword. This number is given by

|G(w)|= coef

(
∏
r

∏
s∈Sr

qs(v1, . . . ,vm)n(1−r)Φrs ,
m

∏
k=1

vEk
k

)
(
n∑lΩl0

)
!
(

g(m,0)n∑l lΩl0
)

m

∏
k=1

(
Ek!
(

n∑
l

lΩlk−Ek

)
!g(m,k)n∑l lΩlk−Ek

)
. (42)

The factorial terms in (42) correspond to permuting

edges among their class. This means that the edges which

are attached to a variable node restricted to a subspace

of dimension k and carrying a non-zero values can

only be permuted among themselves. The power terms

correspond to assigning permissible elements of GLm
2 to

the edges which carry the value zero. The generating

function qs(v1, . . . ,vm) for a check node with the state s

is self explanatory by its definition. By combining (38,

39, 40, 41, 42), we get the desired result.

APPENDIX C

PROOF OF LEMMA 4.4

Proof: First consider the binary case. We show

that for every residual graph with the desired degree

distribution, the probability of erasure patterns resulting

the graph is the same. Note that the edge connection

in the original graph is same as in the residual graph.

Consider the residual graph A. Take two variable nodes

v1 and v2 and two edges e1 (connected to v1) and e2

(connected to v2). We swap the end of these edges on

the check node side. Call this new graph A′. Consider

the case when v1 and v2 are erased in A (their state is

equal to 1). Clearly, the erasure pattern which results in

A also results in A′. So, this is trivial. Consider the case

when v1 and v2 are known in A. If v1 and v2 were also

initially known then this erasure pattern also results in

A′ (by initially we mean the output of the channel). If

the erasure pattern is such that v1 is known but v2 is

erased, then for this erasure pattern we will construct

another erasure pattern of equal probability for A′. We

do this by making both v1 and v2 known initially, but

we erase another variable node which was known in the

erasure pattern of A. As v2 is known in A and was

erased initially, it was revealed at some stage of the

peeling decoder. Before this stage, the peeling decoder

is identical for both A and A′. When v2 is revealed, all

the edges connected to the check node are known. By

backtracking the peeling decoder, we can find a node

which was known initially. Now we erase this variable

node and still the output of the peeling decoder is the

same as in the case when v2 is known. If initially v1

and v2 are erased then we construct an erasure pattern

where both v1 and v2 are known, but we erase two

other variable nodes which were known in A. By similar

arguments as in the previous case, it can again be shown

that the peeling decoder will result in A′.

We apply the same sequence of arguments to the the

non-binary case to prove the lemma.

APPENDIX D

PROOF OF LEMMA 5.3

Proof: To prove the lemma, we will consider the

following cases

1) u1 ∈ [1,∞) and u2 ∈ [0,1],

2) u2 ∈ [1,∞) and either u1 ∈ [0,1] or u1 ∈ [1,∞).

We will use the following facts and notations:

• t−2(u2)(t−1(u1)) is non-negative for u2(u1) ∈ [0,1]

and non-positive for u2(u1) ∈ [1,∞);
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t+2(u2)(t+1(u1)) is non-negative for

∀u2(u1) ∈ [0,∞).

• By counting different types of edges, we get

(1−R)∑
r

∑
s∈Sr

Φrsn1 = ∑
l

lΩ1l, (43)

(1−R)∑
r

∑
s∈Sr

Φrsn2 = ∑
l

lΩl2. (44)

1) Case u1 ∈ [1,∞) and u2 ∈ [0,1]. We have that

t−2(u2) is non-negative for u2 ∈ [0,1]. Moreover,

u1t+1(u1) = t+1

(
1
u1

)
, t−1

(
1
u1

)
=−u1t−1 (u1) .

We use these relationships in p
(

1
u1

)
and obtain

p
(

1
u1

)
=

un1
1
4

(t+1 (u1)
n1 +

3

∑
i=1

t+1 (u1)
n1(i) (−t−1 (u1))

n1−n1(i)).

As t−1 (u1) is non-positive for u1 ∈ [1,∞), we get

p
(

1
u1

)
≥ un1

1 p(u1) .

Rewriting hs(u1,u2) as

hs(u1,u2)= p(u1)t−2(u2)n2 +
t+1(u1)n1

4
(t+2 (u2)

n2 − t−2 (u2)
n2) ,

and using above relationships, we obtain

hs

(
1
u1

,u2

)
≥ un1

1 hs (u1,u2) .

Substituting this and (43) in θ

(
1
u1

,u2

)
, we obtain

θ

(
1
u1

,u2

)
≥ θ(u1,u2) ,

for u1 ∈ [1,∞) and u2 ∈ [0,1].

2) Consider the case when u2 ∈ [1,∞). To show that

θ(u1,u2) does not attain its maximum when u2 ≥ 1 and

u1 ∈ [0,∞], we consider the sign of its first derivative over

u2. If it is non-positive for u2 ≥ 1, than the function in

this region is decreasing and this will prove the desired

result. Notice that here we consider the case when n2 > 0

(when n2 = 0, it is trivial to show that θ(u1,u2) is a

decreasing function for u2 ≥ 1). Denote

a(u1) =
t+1(u1)n1

4
,

b(u1) =
1
4

3

∑
i=1

t+1(u1)n1(i)t−1(u1)n1−n1(i).

Then after some calculations, we obtain the following

expression for ∂θ

∂u2
:

∂θ

∂u2
=

1
ln2

(1−R)∑
r

∑
s∈Sr

Φrsn2

t+2(1)
C1 ·C2, (45)

where

C1 = ∑
l, j

l jΩl2Ω j2
ul−2

2 (3ul
2−3lu j

2− l +1)

(1+3ul
2)2(1+3u j

2)
,

C2 =
3a(u1)(u2−1)t+2(u2)n2−1

a(u1)t+2(u2)n2 +b(u1)t−2(u2)n2
+

b(u1)(1+3u2)t−2(u2)n2−1

a(u1)t+2(u2)n2 +b(u1)t−2(u2)n2
.

Consider the term C1. We rewrite it as

C1 = −∑
l
(lΩl2)2 (l−1)ul−2

2

(1+3ul
2)2

+

∑
l>1

∑
j<l

l jΩl2Ω j2
C3

(1+3ul
2)2(1+3u j

2)

with

C3 = −3ul+ j−2
2 (3( j−1)ul

2 +3(l−1)u j
2 +(l + j))

+3(u j2−2
2 +ul−2

2 )− (l−1)ul−2
2 − ( j−1)u j−2

2 .

Note that the first sum gives us a negative term. The

sign of the second term depends on the sign of C3. The

dominant terms in C3 are u2 j+l−2
2 and u2l+ j−2

2 (remember

that u2 ≥ 1) which have negative coefficients as l > 1.

So, C3 is non-positive for u2 ≥ 1, as well as the whole

term C1.

Now consider the term C2. Notice that

b(u1)
a(u1)

=
3

∑
i=1

(
t−1(u1)
t+1(u1)

)n1−n1(i)
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while 0≤ t−1(u1)
t+1(u1) ≤ 1 for 0≤ u1 ≤ 1 and −1≤ t−1(u1)

t+1(u1) < 0

for u1 > 1. Therefore, 0 ≤ b(u1)
a(u1) ≤ 3 for u1 ∈ [0,1] and

−3≤ b(u1)
a(u1) < 0 for u1 > 1. Then we have

a(u1)t+2(u2)n2 +b(u1)t−2(u2)n2 ≥ a(u1)(t+2(u2)+3t−2(u2))

= ∑
l

lΩl2
4

1+3ul
2
≥ 0.

for u2 ≥ 1, thus the denominator of C2 is positive.

We need to consider the numerator of C2. We will

treat two cases n2 > 2 and n2 ≤ 2 separately. Let n2 > 2.

Notice that when b(u1)t−2(u2)n2−1 is positive, then the

numerator is positive as well. We only need to verify

the cases when b(u1)t−2(u2)n2−1 is negative, i.e. either

when u1 ≤ 1 and n2 is even, either when u1 ≥ 1 and

n2 is odd. The expression under consideration takes its

smallest values for n2 = 3 and u1 ≥ 1:

a(u1)t+2(u2)n2−13[u2−1]+b(u1)t−2(u2)n2−1[1+3u2]

≥ a(u1)[t2
+2(u2)(3u2−3)−3t2

−2(u2)(1+3u2)]

= 6a(u1)∑
l, j

l jΩl2Ω j2[
3ul+ j−1

2 −5ul+ j−2
2 +3ul

2 +3u j
2

(1+3ul
2)(1+3u j

2)

−
ul−1

2 +u j−1
2 +u2 +1

(1+3ul
2)(1+3u j

2)
],

which is non-negative for u2 ≥ 1 as the polynomial

3ul+ j−1
2 − 5ul+ j−2

2 + 3ul
2 + 3u j

2− ul−1
2 − u j−1

2 − u2− 1 is

non-negative. Thus, in the case of n2 > 2 the term C2

in (45) is non-negative which implies that θ(u1,u2) is a

decreasing function when u2 ≥ 1.

Now let us consider a special case when n2 ≤ 2.

Then the sign of ∂θ

∂u2
can be both positive and negative

depending on u1 and u2, and our previous reasoning

works only if u1 ∈ [0,1) (the numerator of C2 is positive

both for n2 = 1 and n2 = 2). So suppose u1 ≥ 1.

Using (43, 44) we rewrite the expression for θ(u1,u2)

θ(u1,u2) =

(1−R)∑
r

∑
s∈Sr

Φrs log

{
2dim(s)

4
[g+1(u1)n1g+2(u2)n2

+ g−2(u2)n2

(
4p(u1) f1(u1)n1

t+1(1)n1
−g+1(u1)n1

)]}
, (46)

where the functions g+1(u1),g−1(u1),g+2(u2) and

g−2(u2) are defined as

g±1(u1) = f1(u1)
t±1(u1)
t+1(1)

, g±2(u2) = f2(u2)
t±2(u2)
t+2(1)

,

with

f1(u1)=∏
l

(
1+ul1

2

) Ωl1
t+1(1)

, f2(u2)=∏
l

(
1+3ul2

4

) Ωl2
t+2(1)

.

The g functions satisfy the following properties.

0≤ g+1(u1)≤ 1,∀u1 ∈ [1,∞) g−1(u1)≤ g+1(u1),∀u1 ∈ [1,∞),

0≤ g+2(u2)≤ 1,∀u2 ∈ [1,∞).

First let n2 = 1. The first condition implies dim(s)=2.

Also, at least two different subspaces of dimension 1

are present. Let z(u1,u2) be the expression inside the

logarithm in (46). Then

z(u1,u2) =
f2(u2)
t+2(1) ∑

l

lΩl2

1+3ul2{
3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i)+ g+1(u1)n1+

ul−1
2

(
3g+1(u1)n1 −

3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i)

)}
.

(47)
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If we show that z(u1,u2)≤ g+2(u2), then we prove that

z(u1,u2)≤ 1 as g+2(u2)≤ 1. By (47) it suffices to prove

3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i)+g+1(u1)n1 +ul−1
2 (3g+1(u1)n1

−
3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i).

)
≤ 1+3ul−1

2 ,

which simplifies to

3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i) +g+1(u1)n1 −1

≤ ul−1
2

(
3−3g+1(u1)n1 +

3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i)

)
.

As u2 ≥ 1 and the coefficient of ul−1
2 is positive, the

above equation holds if

3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i) +g+1(u1)n1 −1

≤ 3−3g+1(u1)n1 +
3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i),

(48)

which simplifies to

g+1(u1)n1 −1≤ 3−3g+1(u1)n1 .

This holds as g+1(u1)≤ 1 for u1 ∈ [1,∞), so we proved

the desired result for n2 = 1.

Now let n2 = 2. The expression for z(u1,u2) becomes

z(u1,u2) =
f2(u2)2

t+2(1)2 ∑
l, j

l jΩl2Ω j2

(1+3ul2)(1+3u j
2)

s(u1,u2)

with

s(u1,u2) = g+1(u1)n1 [2ul−1
2 +2u j−1

2 +8ul+ j−2
2 ]

+
3

∑
i=1

g+1(u1)n1(i)g−1(u1)n1−n1(i)[1−ul−1
2 −u j−1

2 +ul+ j−2
2 ].

Then, if we show that s(u1,u2)≤ (1+3ul−1
2 )(1+3u j−1

2 ),

then z(u1,u2)≤ 1 and we prove the desired result. As

−3≤ ∑
3
i=1 g+1(u1)n1(i)g−1(u1)n1−n1(i)

g+1(u1)n1
≤ 0

for u1 ≥ 1, we have

s(u1,u2) ≤ g+1(u1)n1 [2ul−1
2 +2u j−1

2 +8ul+ j−2
2 ]

≤ 2ul−1
2 +2u j−1

2 +8ul+ j−2
2

≤ (1+3ul−1
2 )(1+3u j−1

2 )

as needed.

Now we need to prove (23). Consider |θ− θ̃| where

θ and θ̃ are expressed as it is shown in (46), i.e. in the

form

θ = (1−R)∑
r

∑
s∈Sr

Φrs log2 z(Ω,u1,u2),

where we denote z(u1,u2) by z(Ω,u1,u2), to stress the

dependence on Ω. By using

|a1a2−b1b2| ≤ |a1−b1||a2 +b2|+ |a1 +b1||a2−b2|,

we obtain that

|θ− θ̃| ≤ (1−R)∑
r

∑
s∈Sr
|Φrs− Φ̃rs|| log2 z(Ω,u1,u2)

+ log2 z(Ω̃,u1,u2)|+ |Φrs + Φ̃rs|| log2 z(Ω,u1,u2)

− log2 z(Ω̃,u1,u2)|.

Consider the term

| log2 z(Ω,u1,u2)+ log2 z(Ω̃,u1,u2)|.

Let also n2 = 0 and n1 > 0, which yields

z(Ω,u1,u2) = z(Ω1,u1,u2) = g+1(u1)n1 +g−1(u1)n1 .

First, let us show that

(logz(Ω1,u1,u2))2 ≤ c2(1−u1)4, (49)
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where c is a positive constant. We consider the sign of

the derivative

∂

∂u1
{c2(1−u1)4−(logz)2}=−4c2(1−u1)3−2

logz
z

∂z
∂u1

Notice that logz|u1=1 = 0. Moreover, for n1 ≥ 2,

∂ logz
∂u1

|u1=0 = 0,
∂2 logz

∂u2
1
|u1=0 = 0.

If we expand z(Ω1,u1,u2) at u1 = 1, the biggest term of

the Taylor series in u1 is of the order (u1−1)3. Hence,

by choosing the constant c large enough, we obtain

∂

∂u1
{c2(1−u1)4− (logz)2} ≤ 0

, for u1 ∈ [0,1]. As the function c2(1−u1)4− (logz)2 is

0 for u1 = 1, so is positive for u1 ∈ [0,1) and that (49)

holds. This implies

| log2 z(Ω1,u1,u2)+ log2 z(Ω̃1,u1,u2)| ≤ c(1−u1)2,

as desired. By using the same argument, we can show

that the sum of two logarithms is ≤ c(1− u2)2 when

n1 = 0 and n2 > 0 and that it is ≤ c(1− u1)(1− u2)

when n1 > 0 and n2 > 0.

Now consider the term

| log2 z(Ω,u1,u2)− log2 z(Ω̃,u1,u2)|.

Once again, let n2 = 0 and n1 > 0 first. Denote by

T =
log2 z(Ω,u1,u2)

(1−u1)2 .

By using the multivariate mean value theorem (p.172,

[24]) with respect to Ω’s, we obtain that

|T − T̃ | ≤ d({Ω,Φ},{Ω̃,Φ}) max
Ω′1,Ω′2

|OT (Ω′1,Ω
′
2)|

with

OT =
(

∂T
∂Ω11

, . . . ,
∂T

∂Ωlmax1
,

∂T
∂Ω12

, . . . ,
∂T

∂Ωlmax2

)
.

One can be shown that ∂T
∂Ωi

is a continuous func-

tion for u1 ∈ [0,1] for any Ωi ∈ Ω, therefore,

maxΩ′1,Ω′2
|OT (Ω′1,Ω

′
2)| can be bounded by some con-

stant c1 > 0. This implies

| log2 z(Ω,u1,u2)− log2 z(Ω̃,u1,u2)|

≤ c1d({Ω,Φ},{Ω̃,Φ})(1−u1)2.

The bounds ≤ cd({Ω,Φ},{Ω̃,Φ})(1−u2)2 when n1 = 0

and n2 > 0 and ≤ cd({Ω,Φ},{Ω̃,Φ})(1− u1)(1− u2)

when n1 > 0 and n2 > 0 can be obtained in the same

way.
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