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Abstract— A possibility of estimating the finite-length performance of sparse-graph code ensembles gives two opportunities:
to compare different codes of the same length in a context very
close to real, practical applications and to perform the parameter
optimization for a given code length [2]. We need a finite-length
approximation that is valid for any code ensemble. The scaling
approach seems to be a tool, general enough to provide such an
approximation. However, the analytical derivation of parameters
of the scaling approximation has been successful only for LDPC
codes [1]; despite several attempts [25], [20], no such result was
proposed for other code ensembles.
In this paper, we focus on the finite-length performance of
turbo-like codes, by applying the scaling approach to this case. In
particular, by assuming the transmission over the binary erasure
channel, we conjecture the scaling law and derive its scaling
parameter. As examples, we present the performance estimation
for Repeat-Accumulate codes [11], parallel turbo codes [8] and
TLDPC codes [5], in all cases matching well the numerical results.
Index Terms— Iterative decoding, turbo-like codes, finitelength performance, binary erasure channel.

I. I NTRODUCTION
Sparse-graph codes are very attractive for a large range of
communication systems applications, due to their close-tocapacity behaviour under iterative decoding of a reasonably
low complexity. The asymptotic analysis of iterative decoding
is well developed. It gives rise to a linear programming
optimization of the parameters of a code ensemble, with the
aim of obtaining the iterative decoding threshold as close
as possible to the theoretical limit. However, the optimized
parameters are not necessarily optimal in the finite-length
setting: obtaining the best iterative decoding threshold does
not imply obtaining the best slope of the ensemble error curve.
Hence, the asymptotic optimization is not sufficient for design
of sparse-graph codes of moderate codelengths, and some
finite-length approximation taking into account the slope of
the error curve is required.
The question which arises at this point is how to estimate
the finite-length performance for sparse-graph codes. The error
curve of a code ensemble can be seen as a sum of two
contributions: the error-floor curve (the erasure-floor curve
on the erasure channel) and the waterfall curve. The errorfloor curve takes into account the errors of sublinear size.
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Typically such errors come from the local configurations in
the code structure, which makes the decoder converge to an
erroneous decision. Those configurations are called stopping
sets on the erasure channel and trapping sets in general.
Therefore, to estimate the error-floor curve we enumerate the
trapping (stopping) sets and apply the union bound. In the
literature, there are several interesting works presenting such
an estimation for different families of sparse-graph codes, on
the binary erasure channel [10], [16], [19], [21], [28], as well
as on other channels [24].
The waterfall curve is given by errors whose sizes are linear
in the codelength. They are caused by a non-zero correlation
between the messages exchanged during the iterative decoding.
The scaling approach was recently proposed for the waterfall
curve estimation and was successfully applied for irregular
LDPC codes over the BEC. In [1], [2], the authors present the
form of the scaling law and a method to compute explicitly
its parameters. Moreover, they present the linear-programming
algorithm to optimize the parameters of the LDPC code
ensemble as a function of the target error probability for a
given value of the channel noise parameter. In [9], the proof
of the scaling law for Poisson LDPC ensembles on the BEC
is given.
Two research directions arise from the aforementioned
results. The first is to generalize it to binary memoryless
symmetric channels, other than the BEC. Step one of this
generalization was first presented in [13] and further developed
in [14]. It concerns the waterfall curve estimation for LDPC
codes (regular and irregular).
According to the general scaling hypothesis [15], one supposes that, in the waterfall region, the error probability of any
sparse-graph ensemble follows a scaling law. Hence, another
research direction is the generalization of the scaling approach
for different code ensembles. We are interested in extending
the known methods for LDPC codes to other sparse-graph
ensembles, in particular to those which can be decoded in a
turbo-like way, such as Repeat-Accumulate (RA) codes [11],
[17], turbo codes [8], Tail-biting Trellis LDPC codes [6],
Zigzag-Hadamard codes [22].
In this work, some code structures, different from LDPC
codes, are investigated. We consider turbo-like ensembles that
allow for one-dimensional optimization of their parameters.
Assuming that the transmission takes place on the BEC, we
conjecture the scaling law for them, and we show the method
of calculating its scaling parameters.
We also want to mention two previous attempts that have
been made in the similar direction. The first work [25]
concerns the computation of scaling parameters for Repeat-
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Accumulate codes over the binary erasure channel, by basing
on the covariance evolution. Unfortunately, the estimations,
obtained in [25], do not match numerical results for short
block lengths. The second work [20] gives an estimation of
the block-error rate of parallel turbo codes, also over the
binary erasure channel. The estimation is based on a scaling
function, the parameter of which can be calculated through
the computation of correlations between the messages at each
iteration of the decoding. However, the analytical computation
of the aforementioned parameter is not available and has to
be done numerically.
The paper is organized as follows. We give the necessary
details about the turbo-like codes in Section III and discuss the
form of its scaling law in Section IV. We present the details of
the derivation of the scaling parameter in Sections V and VI.
Section VII is devoted to the numerical estimation of the shift
parameter. In Section VIII we compare numerical results for
different turbo-like ensembles with the estimations calculated
using the scaling approach. Finally, we conclude the paper by
discussion in Section IX.
This work is partly presented in the conference papers [4]
and [3].
II. N OTATION
Symbols representing vectors are marked in bold, matrices
are denoted by uppercase letters, their elements - by square
brackets, transposition - by (.)T . × or . denotes the matrix
multiplication, ∗ - the element-wise matrix multiplication. We
omit the superscript of the iteration number when we assume
the asymptotic case, i.e. that it goes to infinity.
III. T URBO -L IKE E NSEMBLES
In this section we give the necessary notions about turbolike codes by presenting their structural particularity and
the iterative decoding algorithm and the density evolution
calculation.
A. Structure
Any sparse-graph code ensemble on some length N can
be presented by means of some base code and of a bipartite
graph. Let us define what the base code is.
Definition 1 (Base Code): The base code is a linear code
of length M or a juxtaposition of several codes of total length
M . We say that the base code has a convolutional structure
if it can be seen as the serial concatenation of small identical
codes C. Such small codes are called local codes.
For instance, a convolutional base code is represented by
the rectangle in Fig.1. Its Tanner graph is a chain of nodes
corresponding to r local codes C in the structure of the base
code. White circles at the end of the chain represent the
initial and the final state nodes. It is also worth to notice
that a convolutional base code has a time-invariant trellis
representation, where a trellis section corresponds to a local
code. We will use this representation later on in the paper. For
more details about trellises see, for example, [18].
We are ready to make the following definition.

Definition 2 (Turbo-Like Sparse-Graph Code): Let CB be a
convolutional base code of length M, having r local codes
in its structure. Then the structure of a turbo-like code CT L
of length N < M is represented by a Tanner graph with N
variable nodes and a convolutional node corresponding to CB ,
such that there are λi N edgesPconnected to variable nodes
imax
of degree i, i = 1 . . . imax ,
i=1 λi = 1. Each variable
node of degree i is randomly connected to i positions of the
convolutional node. The obtained turbo-like code CT L is the
set of all the binary assignments of variable nodes such that
the words induced from variable nodes to the convolutional
node in the Tanner graph form codewords of CB .
The Tanner graph of a turbo-like code is given in Fig. 1.
Black circles represent variable nodes and the rectangle - the
convolutional node.
N
M
base code with
r local codes
Fig. 1.

Tanner graph of a turbo-like code.

Let us recall some notation to describe sparse-graph codes.
Notation : We define the degree distribution of variable nodes
from the edge perspective as
λ(x) =

iX
max

λi xi−1 .

i=1

Also, we define the degree distribution of edges of degrees
higher than 1 to be

X
X
λi
i−1
P
λ̃(x) =
λ̃i x
=
xi−1
,
λ
i
i>1
i>1
i>1
and their average degree as
1
λ̄ = Pimax
i=2

λ̃i /i

.

Definition 3 (Turbo-Like Ensemble): A turbo-like code ensemble of length N , parametrized by λ(x) and CB , is the set
of all the turbo-like codes with the degree distribution λ(x)
and the base code CB .
Below we give several examples of turbo-like codes.
Example [(c, d) Repeat-Accumulate codes (RA)] (c, d) RA
codes can be seen as a class of turbo-like codes. Their base
code is usually called the accumulator code. It contains parity
codes of length d + 2 as local codes. The Tanner graph of
the accumulator code is given in Fig.2. Unfilled circles in the
figure represent state nodes which connect parity nodes.
The variable nodes in the RA Tanner graph have degrees c
and 1, degree-1 variable nodes are connected to the state nodes
and degree-c variable nodes are connected to parity nodes,
λ(x) = λ1 + λc xc−1 . Variable nodes of degree c correspond
to information bits and those of degree 1 - to redundancy bits
in the code structure.
♦
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At the end of the decoding process, a posteriori probabilities
at the variable nodes of degree > 1 are calculated.
C. Concentration and Density Evolution

Fig. 2. Tanner graph of the accumulator code. ⊕ are parity nodes of degree
d and ◦ are state nodes.

Example [Parallel turbo codes] The Tanner graph of parallel
turbo codes contain two convolutional nodes and variable
nodes of degree 2 and 1, therefore, λ(x) = λ1 + λ2 x. Variable
nodes of degree 2 correspond to information bits and those of
degree 1 - to redundancy bits in the code structure.
♦
Example [Tail-biting Trellis LDPC codes (TLDPC)] The
structure of the TLDPC base code is represented in Figure 3.
Its Tanner graph contains a cycle formed by check and state
nodes, as well as other check nodes connected to the cycle.
Hence, we distinguish two types of check nodes, those within
the cycle and those outside of it. The degree of the i-th check
node of the first or of the second type
P is denoted by ai or bi
correspondingly, i = 0, . . . , r − 1; i (ai + bi ) = M . It is
simple to verify that the parity equation for a check node in
the cycle is given by
si+1 + si +

bi
X

xj = 0

j=1

and for a check node outside of it
ai
X
xj = 0,
si +

The density evolution technique serves to study the iterative
decoder behaviour in the average ensemble case, in the limit of
large blocklengths. In the following, we consider a turbo-like
ensemble and suppose that the transmission takes place over
the binary erasure channel (BEC). We focus on the fixed-point
equation of the density evolution for such an ensemble.
Assume that the all-zero codeword was transmitted and
that the estimations obtained in the decoding process are
independent. The latter is not true in general, because the
extrinsic probabilities computed for two positions of the same
convolutional code for some finite length are not independent.
However, this technical difficulty is overcome by considering
the window BCJR decoding algorithm, exactly in the same
way as it has been proposed for turbo codes in Chapter 6.4 of
[27]. Given such a decoding algorithm for convolutional codes,
we can show the concentration result for turbo-like ensembles.
As the proof of the concentration follows the lines of the proof
done for LDPC codes [26], we will be brief here and will
simply make the statement:
Theorem 1 (Concentration for turbo-like codes): Let
a
code C, chosen randomly from the turbo-like ensemble T of
length N , be used for the transmission over the BEC with the
erasure probability . Then the erasure probability P(C, , l)
after l iterations of iterative decoding satisfies
P{|P(C, , l) − EC 0 ∈T [N ] [P(C 0 , , l)]| > δ} ≤ e−αN

j=1

where x’s and s’s are the corresponding variables of the
variable nodes and the state nodes. Note that TLDPC codes
may have a non-zero fraction λ1 . In the particular case when
all the ai are equal to 1 and the degree of the variable nodes
connected to check nodes of the first type is exactly 1, we
obtain the Repeat-Accumulate code structure.
♦
a0
a1
am−1
b0
s0

b1

bm−2

bm−1

s1
sm−1

Fig. 3.

Tanner graph of the TLDPC base code.

B. Turbo Scheduling
The iterative decoding for turbo-like codes is performed
as follows. At the initial phase, the a priori probabilities of
the code bits (variable nodes) are computed. Each decoding
iteration then consists of two steps, corresponding respectively
to the computation of extrinsic and intrinsic messages:
1) Computation of the extrinsic probabilities of bits of
degrees > 1 at the convolutional node(s), usually with
the help of the BCJR algorithm [7], and then they are
passed to the corresponding variables nodes;
2) Computation of intrinsic probabilities at the variable
nodes of degree > 1 and passing them to the convolutional node(s).

for any given δ > 0, where α is a positive parameter not
depending on N.
Now the ensemble average can be used as an indicator of
the behaviour of individual codes in a given turbo-like family.
Let us focus on the average erasure probabilities at the fixed
point, i.e. when the number of iterations goes to infinity, at
the limit of large blocklengths. To do this, we essentially
follow the lines of the discussion in [23], generalizing it to
turbo-like ensembles. Consider a turbo-like code of infinite
length. Assume the transmission takes place over the BEC
with the erasure probability . Perform the iterative decoding
until the decoder reaches the fixed point, i.e. the extrinsic and
intrinsic probabilities do not change with iterations. Denote by
x (or y) the corresponding average erasure probability at the
input (or at the output) of the base code decoder1 . Notice that
y = y(x, ) is determined by the structure of the convolutional
code. Then the following holds:
x − λ̃(y(x, )) = 0

(1)

To be more complete, let us recall how to determine y(x, ).
We consider the BCJR decoding on the convolutional trellis,
where each trellis section corresponds to a local code in the
Tanner graph of Figure 1. Denote by f i (or by bi ) the forward
(or backward) state of the trellis section i. Any state can
be represented as a vector of length 2m , m ≥ 1, and, due
1x

and y are usually called intrinsic and extrinsic probabilities
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to the transmission over the BEC, is of special form: it has
exactly 2k non-zero entries, each of them being equal to 2−k ,
0 ≤ k ≤ m. The number
of« all possible
forms for the
„
„ special
«
P
m
.
state vectors is m
,
where
is
the
2-Gaussian
k=0
k
.
2
2
binomial coefficient. Let S be the set of all those special forms
under the all-zero codeword assumption, and let its cardinality
be p, so that S = {s1 , . . . , sp }. To each section i of the
convolutional trellis, we associate the forward and backward
transition-probability matrices Fi and Bi with elements
Fi [u, v]
Bi [u, v]

(l)

(l)

=

P(fi+1 = su |fi

=

(l)
P(bi

=

= sv , , x),

(l)
su |bi+1

= sv , , x),

u, v = 1, . . . , p. Note that Fi and Bi are irreducible aperiodic
stochastic matrices, and they have unique stationary vectors,
which we denote by f and b correspondingly.
Let each trellis section carries s positions of degree > 1.
Denote by ej , j = 1 . . . s, the event that the extrinsic message
from the j-th position is erased. Define s matrices, T1 . . . Ts ,
with following elements:
Tj [u, v] = P(ej |f [u], b[v], , x),

j = 1 . . . s,

u, v = 1, . . . , p. The average extrinsic probability is thus equal
to
s
1X T
f .Tj .b.
y(x, ) =
s j=1
The iterative decoding threshold ? is defined as the largest
erasure probability below which the equation (1) has a unique
solution x = 0. The average intrinsic (or extrinsic) probability
at the decoding threshold is denoted by as x? (or y ? ).
IV. S CALING L AW
In the waterfall region the scaling approach seems to be a
good tool for predicting the behaviour of the error probability
and it gives very good results when applied to LDPC codes.
The scaling analysis is based on the dynamics of the decoding
process, i.e. on evolution of the decoder state with iterations.
According to the general scaling hypothesis [15], one supposes
that, in the waterfall region, the error-probability of any sparsegraph code ensemble follows a scaling law.
For finite-length turbo-like codes, as for any sparse-graph
codes in general, one can follow the process of decoding by
observing the number of not yet revealed variable nodes and
the number of still erased intrinsic messages, exactly as it
is described in Section III of [14]. We will not repeat the
derivation of [14] here. It is nevertheless important to mention
that we make two following assumptions:
Assumption 1: A given turbo-like ensemble is unconditionally stable, i.e. its iterative threshold is not determined by
the stability condition. For instance, this is the case for turbo
codes, RA codes and for the most of TLDPC codes presented
in literature.
Assumption 2: Consider a transmission over the binary
erasure channel with the help of a code, randomly chosen
from some given turbo-like ensemble. Let H ? be the random
variable2 which denotes the number of not revealed variable
2H?

is equivalent to Ĥx∗ in [14].

nodes at the moment of the decoding process when the average
intrinsic erasure probability is x? . Then the distribution of H ?
is assumed to be Gaussian with mean ? .
By taking into account the assumptions and by following
the derivation in [14], we obtain the two following conjectures
for turbo-like ensembles:
Conjecture 1 (Basic Scaling Law for Turbo-like Codes):
Assume the transmission was made over the BEC with
the erasure probability . Then the average block erasure
probability PB for a given turbo-like ensemble of length N
having n bits of degree > 1 is approximated by

√ ?
n( − )
,
(2)
PB ' Q
α
where ? is the iterative decoding threshold and α is the scaling
parameter depending only on the code ensemble.
Conjecture 2 (Refined Scaling Law for Turbo-like Codes):
Assume the transmission was made over the BEC with the
erasure probability . Then the average block erasure
probability PB for a given turbo-like ensemble of length N
having n bits of degree > 1 is approximated by

√ ?
n( − βn−2/3 − )
,
(3)
PB ' Q
α
where ? is the iterative decoding threshold, α and β are the
scaling and the shift parameters which only depend on the
code ensemble.
In summary, the conjectures are similar to those given in the
case of LDPC codes [1], due to the fact that the scaling law
is supposed to hold for all sparse-graph codes (over several
assumptions). However, the expressions of parameters of the
scaling law for turbo-like codes are not the same, because of
the different structure of the base code. The main result of this
paper consists of analytical derivation of the scaling parameter
α for turbo-like code ensembles. We also give a simple yet
efficient procedure of estimation of the shift parameter β,
which is based on results given in [1] and [12].
V. D ERIVATION OF THE S CALING PARAMETER α
The expression of α is computed as follows [14]:
r
∂ 2 (x)
ν
?
α=
|
lim
(x
−
x
)
;
?
→?
∂x2
λ̄

(4)

(x) is implicitly defined by the density evolution equation
(1) and (? , x? ) is the critical point of the equation which is
assumed to be unique for simplicity3 . ν in (4) is the variance of
the number of erased messages coming out of variable nodes
of degree > 1 for  > ? , calculated at the limit of large
codelengths when the number of iterations goes to infinity.
Thus, if m(l) is the number of erased messages coming out
from variable nodes of degrees > 1 at the l-th decoding
iteration, the variance is calculated as
E[(m(l) )2 ] − E[m(l) ]2
.
(5)
l→∞ n→∞
λ̄n
Notice that in order to compute α, we need to compute
∂ 2 (x)
?
∂x2 |? , ν and then take the limit  →  . The most difficult
ν = lim lim

3 The

example of more that one critical point is presented in Section VIII-C
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part here is to compute ν, and the main result of this paper
is essentially the determination of this parameter for turbolike codes. The shift parameter β still should be estimated
numerically, although we need to do it only once for a given
code ensemble.
It turns out that for turbo-like ensembles over the BEC α
can be defined explicitly. Here is the statement of our main
result:
Lemma 1 (Variance of number of erased messages):
Assume a turbo-like ensemble of infinite length. For any
 > ? , when l → ∞,
0

ν=

2

(λ̃ (y)) γ
+ O(1 − λ̃0 (y)pC )−1
(1 − λ̃0 (y)pC )2

(6)

where x and y are intrinsic and extrinsic erasure probabilities
at the corresponding critical point,
γ = (1 − y)pT E − ypELR

(7)

and the quantities pC , pT E and pELR are given by equations
(15), (16) and (17) respectively.
Remark λ̃0 (y)pC → 1 while  → ? , and in order to
compute α according to (6), we only need to take into account
the first term as it is dominant.

•
•

•
•
•
•

Totally
T Erased (TE): Both extrinsic messages are erased,
ekext edext , independently of the intrinsic messages
Erased-Known (EK): The extrinsic message at position T
k is erased, the other extrinsic message is known,
ekext ēdext 5 , independently
T of the intrinsic messages
Known-Erased (KE): edext ēkext , independently of intrinsic messages
Copy at position k (Ck): the intrinsic erasure at position
d implies the extrinsic erasure at position k, edint ⇒ ekext
Copy at position d (Cd): ekint ⇒ edext
Totally
T Known (TK): Both extrinsic messages are known,
ēkext ēdext , independently of intrinsic messages

The probabilities of the erasure events at some iteration l
depend on the type t, channel erasure probability  and average
intrinsic erasure probabilities x(l−1) , . . . , x(l−t−1) . For our
purpose, we are interested in calculating the probabilities of
events TE, EK, KE, Ck and Cd.
Consider the trellis of a convolutional base code being
a concatenation of identical local codes and let each trellis
section correspond to a local code. Consider the trellis sections
carrying positions k and d, and all the sections between these
two. This forms the chain of length of t + 1 sections (see
Fig.4), we enumerate them from 0 to t.
ext.

VI. P ROOF OF L EMMA 1
Now we focus on the computation of the variance of the
number of erased messages ν in the computation tree for a
code from given turbo-like ensemble. Previously, in the case
of LDPC codes, the components of the computation tree were
variable nodes and check nodes. Notice that they now are
variable nodes of degree > 1 and convolutional nodes. The
main difficulty in this case lies in determining the joint erasure
probability for two arbitrary positions in a convolutional code.
In the calculation of ν, we will proceed in two steps:
- first, we will study the erasure events for two positions
of a convolutional code during the BCJR decoding.
- then we will compute the variance ν by generalizing the
method that has been applied to LDPC codes in [2].
A. Erasure Propagation in Convolutional Trellises
For our purpose, we consider two arbitrarily chosen positions in a convolutional trellis with degrees > 14 . To determine
the relation between intrinsic or extrinsic messages at two
positions, we define the following type t:
Definition 4 (Relation between positions in a trellis):
For two positions of degree > 1 in a convolutional trellis,
corresponding to local codes Ci and Cj of the convolutional
code, we put into correspondence the triplet t = (k, d, t),
where k is the current number of the first position in Ci ,
d is the current number of the second position in Cj , and
t = |i − j|.
The relation between the erasure events at two positions
can be determined uniquely by the type t. If we denote their
intrinsic and extrinsic erasures by ekint , ekext , edint and edext
correspondingly, the following events can be distinguished:
positions connected to variable nodes of degrees > 1

ext.

k

int.
d

0

t
0

t+1
t

t + 1 sections
Fig. 4. Representation of the chain with t + 1 trellis sections and of two
positions k and d. Double circles represent trellis sections, small circles states. Trellis section are enumerated from 0 to t. Sates are enumerated from
0 to t + 1. Intrinsic messages at two positions of interest are given in blue,
extrinsic ones - in red.

Let  be the channel erasure probability and x be the
intrinsic erasure probability. Recall from Section III-C that
fi and bi are forward and backward states of the i-th trellis
section. We begin the computation by considering the TE
event.
1) TE Event: We compute pT E (t) directly as
X
pT E (t) =
P(ekext , edext , f0 , ft , b1 , bt+1 )
f0 ,ft ,b1 ,bt+1

=

X

P(f0 ) · P(ekext , ft |f0 , b1 )

f0 ,ft ,b1 ,bt+1

·P(edext , b1 |ft , bt+1 ) · P(bt+1 ),
where fi ∈ S and bj ∈ S for i ∈ {0, 1, t} and j ∈
{1, t, t + 1}.6 Now we need to find P(ekext , ft |f0 , b1 ) and
P(edext , b1 |ft , bt+1 ). Both these quantities depend on values
at positions in the chain of Fig. 4 (except the two positions
under consideration). We make the following notation:
5 We

denote by ū the event complementary to u.
that S is the set of possible state vectors under all-zero codeword
assumption
6 Recall

4 i,e,

int.
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Notation Let x (or e) denote the set of positions in the chain
of degree higher than 1 (or of degree 1), excepting the two
positions under consideration.
Note that if a local code contains s positions of degrees
greater than 1 and r positions of degree 1, then the length of
x is K = s(t + 1) − 2 and the length of e is M = r(t + 1).
By conditioning on the values of x and e, we obtain that
X
X
P(f0 ) · P(bt+1 )
P(x, e)
pT E (t) =
x,e

f0 ,bt+1

·P(ekext |x, e, f0 , b1 )

· P(edext |x, e, ft , bt+1 ),

where P(ekext |x, e, f0 , b1 ) and P(edext |x, e, ft , bt+1 ) are conditionally independent. Thus,
X
X
wt(e) (1 − )1−wt(e) xwt(x)
pT E (t) =

Then, for u, v = 1, . . . , p,
WT E
RT E

= F

(8)

t−1
Y

!
F

xi ,ei

i=1
!
t−1
Y
xi ,ei

F

× Tdxt ,et ,

× (B x,xt ,et )T .

i=1

2) EK and KE Events: It can be shown that, similarly to
(8), the expressions for pEK (t) and pKE (t) are given by
X
X
wt(e) xwt(x) (1 − )1−wt(e)
pEK (t) =
x∈{0,1}K e∈{0,1}M

· (1 − x)1−wt(x) · [f T . (WEK ∗ REK ) .b],
X
X
wt(e) xwt(x) (1 − )1−wt(e)
pKE (t) =
x∈{0,1}K e∈{0,1}M

· (1 − x)1−wt(x) · [f T . (WKE ∗ RKE ) .b],
where matrices WEK and REK have elements
WEK [u, v]

where wt(·) is the Hamming weight of a binary vector, and
WT E and RT E are matrices with following elements:

(x) ×

= Tkx0 ,e0 ×

x∈{0,1}K e∈{0,1}M

(1 − x)1−wt(x) · [f T . (WT E ∗ RT E ) .b],

x0 ,e0

REK [u, v]

= P(ēdext |f = su , x, e, b = sv , x),
=

P(ekext |f

(11)

= su , x, e, b = sv , 1 − x),(12)

while for the KE event we have
WT E [u, v]
RT E [u, v]

= P(edext |f = su , x, e, b = sv , x)
=

P(ekext |f

= su , x, e, b = sv , x)

(9)

WKE [u, v]

= P(edext |f = su , x, e, b = sv , 1 − x), (13)

(10)

RKE [u, v]

= P(ēkext |f = su , x, e, b = sv , x).

for u, v = 1, . . . , p. In other words, the elements of WT E
(RT E ) are conditional probabilities of the erasure event edext
(ekext ) given the end states of the trellis chain, configurations
e and x for positions of degree 1 and of higher degrees in
the chain, and the intrinsic erasure probability P(ekint ) = x
(P(edint ) = x).
There is another way, perhaps more intuitive, to obtain
pT E (t): by considering all the erasure configurations at the
trellis chain which give us this erasure event. Notice that erasures at two different trellis positions cannot be compensated
by the decoding of the convolutional code, if there exist four
codewords, equal to (0, 0), (0, 1), (1, 0) and (1, 1) at these two
positions respectively, which are compatible with the received
erasure configuration. By calculating the probability of this
event conditioned on the received erasure configuration and
by summing over all the possible erasure configurations, we
obtain again (8).
Let us compute matrices WT E and RT E . First note that x
and e can be seen as sets of subvectors, x = (x0 , . . . , xt )
and e = (e0 , . . . , et ), where xi (ei ) is the set of values at
positions of degree > 1 (equal to 1) of the i-th local code.
Denote by F xi ,ei the forward transition matrix for the i-th
section given xi and ei , i = 1 . . . t − 1. F xi ,ei is a 0 − 1
matrix. Moreover, notice that the backward transition matrix
B xi ,ei = (F xi ,ei )T . We also define F x0 ,e0 (x) (or B xt ,et (x))
to be the forward (or backward) transition-probability matrix
for the section 0 (or t), given corresponding subvectors of x
and e, and the erasure intrinsic probability for the position k
(or d) equal to x. Finally, let Tdx,e be a matrix, the [u, v]-th
element of which is
Tdx,e [u, v] = P(edext |f [u], b[v], x, e).

(14)

In both cases u, v = 1, . . . , p.
3) Copy Events: Now we only need to compute the probabilities of copy events. We use the following lemma:
Lemma 2:
pCk (t) = P(ekext |edint ) − P(ekext |ēdint )
pCd (t) = P(edext |ekint ) − P(edext |ēkint ).
Proof: It is easy to see that
P(ekext )

= P(ekext |ēdint ) + P(edint )[P(ekext |edint )
−P(ekext |ēdint )]
= P(ekext |ekint 6⇒ edext ) + P(edint )pCk (h),

which directly gives us the expression for pCk (t). The case
of pCd (t) is treated similarly and we omit the calculation.

Developing the expression for pCk (t) for t > 0, we obtain
pCk (t) = f T .Tk .(B T )t−1 .(Bd (1) − Bd (0)T .b,
pCd (t) = f T .Td .(B T )t−1 .(Bk (1) − Bk (0)T .b,
where we denote by Bd (z) the backward transition-probability
matrix B of the trellis section, for which the erasure probability of the position d is z.
4) Quantities pC , pT E and pELR : Having defined the
erasure events for two positions at distance t in a convolutional
code, we are ready to define the following quantities

X
1 X
pCk/Cd (0, k, d)
pC =
s
1≤k≤s 1≤d≤s,d6=k

∞
X X
+
[pCk (k, d, t) + pCd (k, d, t)] , (15)
1≤d≤s t=1

7

pT E =

1 X
{
s

X

pT E (0, k, d)

1≤k≤s 1≤d≤s,d6=k

+2

∞
X X

pT E (k, d, t)}, (16)

1≤d≤s t=1

pELR =

1 X
{
s

To compute the i-th term of the sum, consider the path
between the root edge and an edge at depth i. Figure 5
represents such a path. We label the variable nodes (circles)
from 0 to i and the convolutional nodes (blocks) from 1̂ to
(l)
î. Denote by ea→b the event that the message going from the
node a to the node b is erased at the iteration l.

X

pEK/KE (0, k, d)
1≤k≤s 1≤d≤s,d6=k
∞
X X
+
[edext (k, d, t) + pKE (k, d, t)]},
1≤d≤s t=1

(17)

Fig. 5. Path of depth i in the computation tree. Circles represent variable
nodes, blocks - convolutional nodes.

where pEK/KE (0, k, d) (pCk/Cd (0, k, d)) can define either the
event EK or KE (either the event Ck or Cd), depending on how
positions k and d are located in the same trellis section.
We also need to define one more quantity, which will be
useful further in the calculation.
Definition 5: Let Et be the event ekext for the k-th position
of the j-th convolutional node at iteration l −j +1 irrespective
of the value of the position d at distance t at the previous
iteration.
By definition, the probability of Ej is

We are interested in the correlation between messages of
type a → b̂. As there are messages going at the same and at the
opposite direction and will contribute differently to (18), we
represent ν (l) as the sum of two contributions, from messages
directed in the same and opposite way respectively. We denote
(l)
(l)
these contributions as ν→
and ν↔
.
2) Variance of Erased Messages Directed in the Same Way:
Consider two messages going out from variable nodes at
distance i from each other at some iteration l and directed
in the same way as it is shown in Fig. 6. As before, the
blocks represent convolutional nodes and circles represent
variable nodes. We depict by red arrows the messages with
the corresponding iteration numbers on which the message
going out from the i-th variable node is dependent.

P(Et )

=

(l−j+1)

pT E

(t) + pdEK (l − j + 1)(t),

if the position k precedes the position d and
P(Et )

(l−j+1)

= pT E

(l−j+1)

(t) + pKE

(t),

if the position d precedes the position k in the trellis.
B. Computing ν
We begin the second part of our calculation in which we
calculate the variance ν itself, by using the quantities defined
in the previous part. The proof consists of computing the
expression ν (l) for finite number of iterations l (at infinite
length) and taking the limit l → ∞ afterwards and is similar
to the one presented for LDPC codes.
1) Two Contributions of ν: Consider a turbo-like code
and suppose the transmission takes place over BEC with
the erasure probability . Perform l iterations of the iterative
decoding. Take at random an edge in the corresponding Tanner
graph and consider a message going from the variable node
to a convolutional node. As the code is assumed to be of
infinite length, then the convolutional code is of infinite length
as well. So, any two distinct positions of it are located far from
each other and the extrinsic probabilities calculated for these
positions are independent as if they came from two separate
convolutional codes. Then the computation tree of the edge
under consideration, which consists of the variable and the
convolutional nodes, can be assumed to be tree-like.
We say that an edge in the computation tree is at depth
i from the root edge if the path connecting them contains i
convolutional nodes. Let there are Ni edges at the depth i
(l)
correlated with the root message and denote by ei the event
that the message sent from a variable node to a convolutional
node at the depth i is erased at the iteration l. Then we can
compute ν (l) as follows
∞
X
(l) (l)
(l)
(l)
ν (l) =
Ni (P(e1 , ei ) − P(e1 )P(ei ))
(18)
i=0

Fig. 6.

(l)

Illustration to the computation of ν→ .

Evaluating conditional probabilities along the chain, we can
show that
P(e

(l)

(l)

(l)

, e0→b1 ) − P(e

i→[
i+1

(l)

)P(e0→b1 ) =

i→[
i+1

(1−x(l−i+1) )x(l−i)

i
Y

(l−i+g−1)

[pCk/Cd

(tg )·

iX
max


c−2
λ̃c y (l−i+g)
],

c=2

g=1

where the triplets tg are uniquely defined by the edge 0 → 1̂ to
ˆ 1 in the computation tree. We thus calculate
the edge i → i +
(l)
ν→
= (1 − x(l−i+1) )x(l−i)

l Y
i
X

(l−i+g−1)

λ̃0 (y (l−i+g) )pC

.

i=1 g=1

For  > ? and l → ∞, we obtain that
ν→

=

x(1 − x)

λ̃0 (y)pC
.
1 − λ̃0 (y)pC

3) Variance of Erased Messages Directed Oppositely: The
computation of ν↔ is more involved that the one of ν→ .
Consider two messages going out from variable nodes at
distance i from each other at some iteration l and directed
in the opposite way (see Fig. 7). To make the computation
we consider the messages at the previous iterations on which
the aforementioned messages are dependent and we study the
relations between them.
(l)
Let Utj denotes the event that the erasure e0→b0 was
k
generated by the erased message eext of the j-th convolutional
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By conjecturing the refined scaling law, we conjecture that
(N ) = ? − βn−2/3 .

(l)

Illustration to the computation of ν↔ .

Fig. 7.

node happened at iteration l − j + 1. The probability of Utj
is then expressed as
P(Utj )

(l−g)

P(Etj )Πj−1
g=1 [pCk/Cd (tg ) · ·

=

iX
max

c−2

],
λ̃c y (l−g)

c=2

where the triplets tg are uniquely defined by the edge 0 → 1̂
ˆ 1 in the computation tree. By evaluating
to the edge i → i +
the conditional probabilities for the chain of Fig. 7, we obtain
(l)

(l)

(l)

) − P(e0→b0 )P(e

P(e0→b0 , e

i→[
i+1

(l)

P(e0→b0 )

l
X

P(Utj )(P(e

j=1

(l)

)=

i→[
i+1

(l)

(l)
|e 0 , Utj )−
i→[
i+1 0→b

P(e

(l)

(l)

(l)

(l)

|e 0 , Utj ) − P(e
[ 0→b

i→i+1

) = (
[

iX
max

i→i+1

·Πi−j
h=1



iX
max



λ̃c y

(l−h)

 c−2
λ̃c y (l)
)
!

·

Remark Describing the numerical estimation of β, we assumed that the given code ensemble has only one critical point.
If the code ensemble has several but distinguishable critical
points, it is easy to estimate two thresholds 1 (N ) and 2 (N )
from the numerical data: errors coming from different critical
points are distinguishable by their weight.

)),

c=2

c−2

β = n2/3 (? − (N )).

VIII. E XAMPLES

i→[
i+1

with
P(e

Notice that (N ) can be estimated numerically by simulating
the block erasure probability of a chosen ensemble around the
value 1/2, and the value of asymptotic iterative threshold ?
is given by the density evolution equation. Therefore,

(l−h)
pCk/Cd (ti−h+1 )

In this section we apply our calculation to different turbolike ensembles to obtain their scaling parameter and to estimate the slope of their average error probability curves in the
waterfall region. We also estimate their shift parameters β’s
using the approach explained in the previous section. Then
we compare the obtained approximations with the numerical
results.

c=2



(l+j−i) (l)
(l+j−i)
· P(ebj→j |e0→b0 , Utj ) − P(ebj→j ) .
Here there are two case to distinguish: j ≤ i−j and j > i−j.
For more details see Appendix. At the fixed point, i.e. for
 > ? and l → ∞, the expression simplifies and is equal to
P(ebj→j |e0→b0 , Etj ) − P(ebj→j ) =

pT E (tj ) − yP(Etj )
P(Etj )

A. Repeat-Accumulate codes
Let us apply the aforementioned results to the case of rightregular RA codes with the degree of check nodes equal to d.
For simplicity we define the following quantities:
p⊕ = (1 − x)d ,

.

s=

(1−p⊕ )
1−p⊕ ,

a=

1−s
,
1−x

y = 1 − (1 − s)ap⊕ ;

Therefore, ν↔ is calculated as
∞
i
X
λ̃0 (y)  0
(λ̃0 (y))2 γ
ν↔ =
λ̃ (y)pC γ =
i
pC
(1 − λ̃0 (y)pC )2
i=1

then the fixed point density evolution equation can be written
as
λ̃(y) − x = 0.

with

Further, we find
γ = (1 − y)pT E − ypELR ,

(19)
pC

which is the expression stated in (7).
VII. N UMERICAL E STIMATION OF S HIFT PARAMETER β
In this section we give a simple but efficient procedure of
numerical estimation of the shift parameter β for a given turbolike ensemble. This estimation requires the simulation of the
ensemble performance around the block erasure probability
1/2.
Consider a turbo-like code ensemble of length N , having
n bits of degrees > 1, and assume the transmission over
the binary erasure channel. We define the threshold of this
ensemble:
Notation [[12]]: The threshold (N ) of a code ensemble of
length N , having n bits of degrees > 1, is the smallest erasure
probability such that the average erasure probability of the
ensemble is at least one half, i.e.
(N ) = inf{ s.t. PB ≥ 1/2}.

2

= a p⊕




2d
−d−1 .
1 − p⊕

and

γ = (1 − y) (d − 1)(1 − a2 p⊕ )


2dp⊕
( − s)2
+
y 2 + 2a(1 − s) − a2 p⊕ − a
1 − p⊕
2


2dp⊕
−s
+
a(1
−
p
)
y
+
a
.
⊕
(1 − p⊕ )2

The three last equations are everything that we need to find
the terms in the expression (4) for α.7
As an example, consider the (3, 3) RA ensemble that is of
rate 1/2 and for which we have ? = 0.44478, y ? = 0.6322
and x? = 0.1778. The scaling parameter α in this case is equal
to 0.44436. The shift parameter β, estimated numerically, is
equal to 0.45.
7 for

more details about obtaining pC and γ see [4]
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Figure 8 compares simulation results (solid lines) with the
finite-length estimations for information lengths 1024, 2048,
4096 and 8192, obtained with the basic (dotted lines and filled
signs) and the refined (unfilled signs) scaling approach. Notice
that the estimated curves have the same slope as the simulated
ones and their refined scaling law seems to approximate very
well the behaviour of the word error probability.

Notice that λ1 = 0 and that the code ensemble has rate 1/2.
Let us also define the following quantities:
p = 1 − (1 − x)3 , q = 1 − (1 − x)2
p2
p
,
s2 = 1−p(1−p)
s1 =
1 − p(1 − p)
1
[1 + s22 − (1 − s1 )2 + q(1 − s22 + (1 − s1 )2 )];
2
then the fixed point density evolution equation can be written
as
λ(y) − x = 0.
y=

Fig. 8. Simulated performances (solid lines) of the (3, 3) RA ensemble on
the BEC compared to the estimations obtained by the basic (dotted lines and
filled signs) and refined (unfilled signs) scaling approach.

B. Parallel Turbo Codes
In the general case of turbo codes, no simplifications can be
made as with RA codes and we simply apply the calculation
of Section V directly. Let us apply it to an example.
1+D 2
1+D 2
Consider the (1, 1+D+D
2 , 1+D+D 2 ) turbo ensemble of rate
1/3, for which ? = 0.642831, y ? = 0.6240 and x? = 0.4011.
Using Lemma 1, we calculate the scaling parameter α, which
is equal to 0.331. By numerical estimation, we also estimate
that β = 0.17 Figure 9 compares simulation results with
the finite-length estimation for information lengths 512, 1024
and 2048. Also, we obtain a very good approximation of the
performance estimation.

2

2

1+D
1+D
Fig. 9. Simulated performances (solid lines) of the (1, 1+D+D
2 , 1+D+D 2 )
turbo ensemble on the BEC compared to the estimations obtained by the basic
(dotted lines and filled signs) and (unfilled signs) refined scaling approach.

C. TLDPC Codes
As an example, take the TLDPC ensemble for which ai =
bi = 3 for all i ∈ [0, m − 1]8 and the degree distribution λ(x)
of which is
λ(x) = 0.61441700231x + 0.02989470758x7
+ 0.007007531202x8 + 0.2858599574x19 .
8 Let

us denote the ensemble as (3, 3) TLDPC

and it has two critical points, (?1 , x?1 ) = (0.483, 0.3865) and
(?2 , x?2 ) =
= (0.482975, 0.19075). As in the case of Repeat-Accumulate
codes, the quantities pC and γ can be computed explicitly,
and we can find two scaling parameters, α1 and α2 , corresponding to two critical points. We obtain that α1 = 0.5192,
α2 = 0.8588. Numerically, we estimate that β1 = 1.18 and
β2 = 1.27. To obtain the total estimation of the word error
probability for (3, 3) TLDPc codes, we have that
PB = PB |α=α1 ,β=β1 + (1 − PB |α=α1 ,β=β1 )PB |α=α2 ,β=β2 .
In Figure 10 we compare the obtained estimations with the
simulated results.
IX. C ONCLUSION
In this paper we have conjectured the basic and refined
scaling laws for irregular turbo-like code ensembles, assuming
that the transmission takes place over the BEC. We have
also defined the form of their scaling parameter α by using
the techniques already applied for irregular LDPC codes. By
calculating α in the case of Repeat-Accumulate codes, of
parallel turbo codes and of TLDPC codes and by estimating
the shift parameter β numerically in these three cases, we
have obtained the finite-length approximations of the average
word error probability for the aforementioned code ensembles,
which match very well with the simulated results even for
moderate code lengths.
Our technique is based on the computation of different erasure events in the underlying convolutional-like codes of turbolike ensembles, and it is the generalization of the approach that
was presented in [2] in the case of LDPC ensembles.
In some cases the explicit calculation of the probabilities of
erasure events becomes challenging. For example, when the
number of trellis states of the base code is greater than 4,
the number of possible state vectors increases rapidly, which
makes the calculation quite heavy. These probabilities however
can be estimated numerically only by performing the ML
decoding of the underlying base code and should be done
only once for a given code ensemble.
Finally, notice that we have only considered one particular
(yet the most common) case when all local codes in the base
code structure are identical. With a bit of work the result can
be extended to a general case with different local codes.
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Fig. 10. Simulated performances of the (3, 3) TLDPC ensemble of rate 1/2
on the BEC compared to the estimations obtained by the basic and refined
scaling approach.
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A PPENDIX
First, notice that
P(e

(l)

(l)
|e 0 , Utj )
i→[
i+1 0→b

− P(e

(l)

)=

i→[
i+1
(l)
(l)
P(e [|e0→b0 , Etj )
i→i+1

− P(e

(l)

).

i→[
i+1

and, moreover,
P(e

(l)

(l)
|e 0 , Etj )
i→[
i+1 0→b

= P(e

(l)

|Etj ).

i→[
i+1

To find the last quantity we need to distinguish two different
cases: when j ≤ i − j and when j > i − j.
1) j ≤ i − j; it is easy to calculate that
P



el+j−i
|Etj
j→[
j +1



=

iX
max


c−2
λ̃c y (l+j−1)
;

c=2

2) j > i − j; let q (k) = 
tedious calculations
P



el+j−i
|Etj
j→[
j +1



Pimax
c=2

λ̃c y (k)

"
=q

(l+j−i)

c−2

, then after some

l+j−i−1
1 − pC
l−j+1
1 − pC


l−j+k
(l+j−i−k) l+j−i−k
X 1 − pl+j−i−n
q
(p
−
p
)
C
C
C

Πn−1
+
k=1
l−i+n
(l−j+k) (1 − pl−j+k )
1
−
p
q
C
C
n=2
j−i/2

Fortunately,P
at the threshold ? this quantity simplifies and is
imax
?
? c−2
equal to 
in both cases.
c=2 λ̃c (y )
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